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Abstract 

In this thesis we discuss some topics about topology and superstring backgrounds with 
D-branes. We start with a mathematical review about generalized homology and cohomol- 
ogy theories and the Atiyah-Hirzebruch spectral sequence, in order to provide an explicit 
link between such a spectral sequence and the Gysin map. Then we review the basic facts 
about line bundles and gerbes with connection. In the second part of the thesis we apply 
the previous material to study the geometry of type II superstring backgrounds. We first 
present the cohomological discussion about D-brane charges in analogy with classical electro- 
magnetism, then we use the geometry of gerbes to discuss the nature of A-field and B-field 
as follows from Freed- Witten anomaly, finally we discuss the K-theoretical approaches to 
classify D-brane charges. In the last part we discuss some topics about spinors and pinors 
with particular attention to non-orientable manifolds. 
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Introduction 



In this thesis we discuss some topics about topology and superstring backgrounds with D- 
branes. The idea is not to solve one single problem, but to deal with the topological and 
geometrical nature of some "protagonists" of superstring backgrounds, mainly for type II 
theories, solving the problems that appear while describing them. Actually, it happens that 
some topological statements can be generalized in a more abstract context, so that we are led 
to deal with purely mathematical topics, independently of their physical meaning. That's 
why the first two parts are dedicated to algebraic topology, beyond the physical usefulness 
of the subject, while in the third part we specialize to the string theory context. The forth 
part deals with pinors and spinors. 

Although it may not be evident reading this work, we used Freed- Witten anomaly as 
a "guide" (see [31], [20])- In fact, one of the main physical topics is the use of K-theory 
to study D-brane charges (see [51], [52], [66]), which is strongly motivated by Freed- Witten 
anomaly (see [32] and [21]), since, as we will see, one advantage of K-theory with respect 
to ordinary cohomology is that we can use the Atiyah-Hirzebruch spectral sequence to cut 
anomalous world-volumes. There are two main approaches in the literature, i.e. the Gysin 
map and the Atiyah-Hirzebruch spectral sequence, and we solved the problem of linking these 
two classifications of the same objects. Since Atiyah-Hirzebruch spectral sequence works for 
any cohomology theory (not only K-theory), we extended the result to the axiomatic setting. 
That's why in the first part we start with a description of homology and cohomology theories 
in general (see [23], [65], [35]). Moreover, the Freed- Witten anomaly is a world-sheet anomaly 
which can be seen from the superstring action, and to state and study it we are forced to 
consider the geometrical nature of the terms of this action, in particular of the A-field and 
the B-field. So the Freed- Witten anomaly is at the origin of the other physical topic, the 
geometrical classification of A-field and B-field configurations which are anomaly-free, using 
the geometry of gerbes. That's also the reason why in the second part of the thesis we give 
a description of line bundles and gerbes with the language of Cech hypercohomology (see 
|14j). Finally we discuss some topics about pinors and spinors, considering in particular 
the problem of linking pinors on a non-orientable manifold and spinors on its orientable 
double-covering. 

The work is organized as follows: 

• in part I we deal with the foundations of algebraic topology, discussing generalized 
homology and cohomology theories and presenting Borel-Moore homology, which we 
will need to deal with D-brane charges; moreover, we give a complete presentation of 
the topic of spectral sequences, in order to describe the Atiyah-Hirzebruch one, since 
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it will be useful for physical applications; as we already said, the setting of this part is 
much more general than the one needed in string theory; 

• in part II we review the theory of line bundles and gerbes, describing in particular the 
holonomy of connections on them; 

• in part III we apply part of the topological preliminaries to study superstring back- 
grounds with D-branes; the main topics are the cohomological description of D-brane 
charges in analogy with classical electromagnetism, the K-theoretical classification of 
D-brane charges, and the description and classification of A-field and B-field configu- 
rations that are anomaly-free; 

• in part IV we discuss pinors and spinors, with particular attention to non-orientable 
manifolds. 

The main results of the thesis are: 

• an explicit link between Gysin map and Atiyah-Hirzebruch spectral sequence for any 
cohomology theory, which, for the particular case of K-theory, shows how to link the 
two main K-theoretical classifications of D-brane charges; 

• the use of a suitable Cech hypercohomology group to classify allowed configurations of 
A-field and B-field, showing in particular the different nature of the gauge theories on 
a D-brane; 

• showing the appropriate version of Borel-Moore homology in order to describe D-brane 
charges from a cohomological point of view, considering then the analogous discussion 
within the K-theoretical viewpoint; 

• the explicit link between pinors on a non-orientable manifold and spinors on its ori- 
entable double-covering which are invariant by sheet-exchange. 

The presentation of all the topics involved is just partial and should be completed in different 
directions. One relevant example is the fact that in describing D-brane charges via K-theory 
and cohomology, we always consider the case of vanishing H-flux, both as a form ( 1.6. cLS cL 
gerbe curvature) and as an integral cohomology class (i.e. as the first Chern class of a gerbe). 
We consider the full generality only describing the nature of A-field and B-field. When the 
H-flux is turned on, K-theory and de-Rahm cohomology must be replaced by their twisted 
version (see [32], [66]). We will consider in future works these more general situations. 
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Chapter 1 
Foundations 

1.1 Preliminaries 

1.1.1 Singular homology and cohomology 

We assume the reader is familiar with the basic properties of singular homology and coho- 
mology, which can be found in detail in [3^3 . We briefly recall the definition. We denote 
by A n = {x G M. n+1 : x\ + • • • + x n+ \ = 1, Xj > Vi} the n-dimensional simplex with the 
euclidean topology. For < k < n, we denote by (A n ) k the k-th face of A n obtained "re- 
moving" the fc-vertex, i.e. (A n ) fc = A n PI {x : x/c+i = 0}. Given a topological space X, we 
consider its set of n-chains defined as the free abelian group generated by continuous maps 
from A n to X: 

C n (X,Z):= Z 

{cr":A"^X} 

and we define a boundary operator d n : C n (X, Z) — > C n _i(X, Z) given by: 

dn(a n ) :=^(- 1 ) fc K°^r 1 ) 

fc=0 

where i^" 1 : A n_1 — > (A n ) fc is the standard linear immersion. One can prove that d n _iod n = 
0, so that one can define the singular homology groups of X as: 

H n (X, Z) := Ker d n / Im d n+1 . 

Moreover we define the set of n-cochains of X as: 

C n (X, Z) := Hom(C n (X, Z), Z) ~ Z 

{cr":A"^X} 

and we define a coboundary operator 5 n : C n (X, Z) — > C n+1 (X, Z) given by: 

:= V {d n x) . 

We thus define the singular cohomology groups of X as: 

H n {X,Z) := KercT/InKT- 1 . 
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Given a pair of topological spaces (X, A) with Aclwe define the relative n-chains of 
(X, A) as: 

C n (X,A) := C n (X) / C n (A) 

and, since d n (C n (A)) C C n -i(A), we can project the boundary operator to C,(X, A). In this 
way we define the relative singular homology groups H n (X,A) = Kei d n / lmd n+ i. Analo- 
gously we define relative cohomology groups. 

The main properties of singular homology and cohomology are homotopy invariance, the 
exact sequence of the couple and the excision property: we will deal with these topics 
discussing generalized homology and cohomology theories. For a proof in the case of singular 
theory the reader can see [35] . 

We call {*} a fixed space with one point, unique up to isomorphism. Given a space X 
we consider the unique map fo : X — > {*}. We then define the reduced homology groups as 
H n (X) := Ker((/ )*) n : H n (X) -> #„{*}. Since H {*} = Z and H n {*} = for n ± 0, it 
follows that H n (X) is different from H n (X) only for n = 0, and, in this case, a map {*} — > X 
(inducing H {*} — > H (X)) determines a non-canonical splitting H (X) ~ H (X) © Z. 
Similarly, we define reduced cohomology groups as H n (X) := Coker(/Q) n : H n {*} — > H n (X), 
and we have an analogous non-canononical splitting H°(X) ~ if °(X)©Z. Both the splittings 
become canonical in the category of pathwise connected spaces, since in this case all the maps 
{*} — > X are homotopic so that they induce the same map in homology and cohomologyjj 

For S n the n-dimensional shpere with the euclidean topology, we recall that H n (S n ) ~ 
H n (S n ) ~ Z for every n > and H n (S k ) = H n (S k ) = for k ^ n. Thus, given a map 
/ : S n — >• S n it induces a map in homology (/*) n : Z — > Z (choosing the same isomorphism 
H n (S n ) ~ Z for both domain and codomain, i.e. the same orientation, otherwise it should 
be defined only up to a sign). We define: 

Definition 1.1.1 The degree of a continuous map f : S n — > S n is the integer number 

(/*)n(l)- 

For a fixed abelian group G we can define singular homology with coefficients in G con- 
sidering C n (X, G) := C n (X) ®i G and defining the boundary in the same way on the gener- 
ators. For cohomology we define C n (X, G) := Hom(C n (X), G) which is equivalent to define 
C n (X, G) := Hom(C n (X, G),G). For the relative case the same construction applies. 

1.1.2 Borel-Moore homology and cohomology with compact sup- 
port 

In the ordinary singular homology any chain, thus any cycle, must have compact support. 
However, there is a suitable notion of homology, called Borel-Moore homology (see [TTj). 
which takes into account also non-compact cycles, and, as we now show, it naturally appears 
on manifolds if we start from cohomology and we want to define the Poincare duals of non 

1 As we will see, if we consider the category of topological spaces with marked point we can define reduced 
homology and cohomology in such a way that the splitting is always canonical, simply considering the map 
{*} — > X sending * in the marked point instead of fo- 
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compactly-supported classes. It is usually treated in the literature in the sheaf-theoretic or 
simplicial version, thus we give a description analogous to the one of singular homology. 



Definition of Borel-Moore homology 

Given an n-chain k^n, we define its support as the union of the images of the n-simplices 
with non-zero coefficient, i.e. 1J CT „ | k n _^ cr n (A n ). The fact that only finitely many coefficients 
are non-zero implies that the support of any chain is compact. In particular, the support of a 
cycle is compact without boundaryJl Thus, for example in M 2 , the circle S 1 is the support of 
some homology cycles (for example, the one obtained triangulating S 1 with two half-circles), 
but an infinite line, e.g. one of the two coordinate-axes, is not. 

There is a different version of homology, called Borel-Moore homology, which takes into 
account also non-compact cycles. To define it, one might think that the right solution is to 
define chains using direct product instead of direct sum (the difference between direct sum 
and direct product is briefly recalled in appendix lA.ip . but in this way we would have no 



control on the geometry of their support: for example, any subset A C X, also very irregular, 
should be the support of a 0-chain, e.g. the one defined giving the coefficient 1 to the points 
of A and to the points of X \ A (actually, any subset should be the support of an n-chain 
for any n, since one can always consider n-simplices whose image is one point). Moreover, 
in this case we could not define the boundary operator: in fact, let us suppose in IR 2 to give 
coefficeint 1 to the 1-simplices made by the rays of the disc D 2 (or to infinitely many of 
them, not necessarily all) oriented from the origin to the boundary, and to all the others. 
In this case, applying the boundary operator the origin should have infinite coefficient, thus 
the boundary is not well-defiend. We thus need some conditions. We give the following 
definitions: 

Definition 1.1.2 

• A generalized n-chain on a topological space X is an element of the direct product: 

C' n (X,Z):= J] Z. 

{ff":A"^X} 



• The support of a generalized n-chain Yl a n k a n is \J a n | f. n ^ er n (A n ). 

• A generalized n-chain Yl a n ^ s ca ^ e d locally finite if for every x £ X there exists 
a neighborhood U C X of x such that there exist only finitely many simplices o~ n with 
non-zero coefficient whose image has non-empty intersection with U. 

On locally finite chains we can correctly define the boundary operator. In fact, let us consider 
such a chain Yla n anc ^ ^ us fi x an ( n ~ l)-simplex cr n ~ 1 which lie in the boundary of 
some a n with non-zero coefficient: we show that it must lie in the boundary of only finitely 
many of them. In fact, for every p in the image of <7 n_1 we choose a neighborhood realizing 
the definition of local finiteness, and, being the image compact, we extract a finite subcover. 

2 In general the support is not a manifold, it can have singularities. Actually, it can happen that there are 
homology classes in a smooth manifold which have no representatives made by smooth submanifolds (see 
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We have thus found a neighborhood of the image of a"" 1 which intersects only finitely many 
simplices a 11 with non-zero coefficient: since any simplex intersects its own boundary, only 
finitely many a n -s can have a n ~ l as boundary, so that we have no obstructions in extending 
the boundary operator also to infinite sums of this kind. We can now define Borel-Moore 
singular homology 

Definition 1.1.3 

• A Borel-Moore n-chain is a generalized n-chain which is locally finite and has closed 
support. 

• Calling d^ M the boundary operator extended to locally finite generalized n-chains and 
restricted to Borel-Moore ones, we define the Borel-Moore singular homology groups 
as: 

H* M (X,Z) := Kerd* M /Imd™ . 

Let us consider IR 2 and a Borel-Moore cycle whose support is a line, e.g the x-axes with 
a suitable triangulation. Of course it is not a cycle in ordinary homology, but if we add 
a point at infinity, i.e. we compactify IR 2 to S 2 , the line becomes a circle in S 2 , thus a 
cycle in ordinary homology. This is a general fact, actually one can prove that, for X + the 
one-point compactification of a space X, there is a canonical isomorphism H^ M (X, Z) ~ 
if n ((X + , {oo}), Z). Under suitable hypotesis of regularity (i.e. that {oo} is closed and a 
deformation retract of one of its neighborhoods, which always happens if X + is a manifold), 
if n ((X + , {oo}),Z) ~ H n (X + ,Z). Thanks to this isomorphism we can compute more easily 
the Borel-Moore homology groups. 

We now see some examples, comparing Borel-Moore homology with the ordinary one. For 

W 1 : 

H^ M (R n , Z) = Z H^ M (R n , Z) = 0\/k^n. 

This immediately follows from that fact that (IR n ) + ~ S n so that H^ M (R n , Z) ~ H k (S n , Z). 
We know that for ordinary homology the only non-zero group is Ho(R n , Z) = Z. The non- 
trivial cycle in (M n , Z) is the whole IR n itself: if we consider an infinite triangulation of it 
and we give coefficient 1 to each simplex of the triangulation we describe it as a Borel-Moore 
cycle, and one can show that it is not a boundary. For ordinary homology it is not a cycle 
since it is non-compact. Moreover, the origin (or any other point) is a non-trivial cycle in 
ordinary homology, that's why Ho(R n ,Z) = Z. This cycle becomes trivial in Borel-Moore 
homology: in fact, a half-line from the origin to infinity is a 1-chain whose boundary is 
exactly the origin@ that's why Hg M (R n , Z) = 0. 

As another example we compute Borel-Moore homology of IR n \ {0}. For this we use an- 
other isomorphism, since the one-point compactification is not a good space: if X is any com- 
pactification of X, under suitable hypoteses there is a canonical isomorphism H^ M (X, Z) ~ 

3 One may wonder why the origin becomes trivial in the Borel-Moore homology while, even in the one-point 
compactification, it remains a non-trivial cycle. The point is that to realize the isomorphism Hq M (W n , Z) ~ 
Hq((W 1 ) + , Z) a cycle in the Borel-Moore homology of K n becomes a cycle in (R™) + adding the point at 
infinty, as for the x-axes we considered in the previous example. Thus, to the origin of R™ we must also add 
the infinity point: we thus obtain a couple of points in 5™, which is the boundary of the segment linking 
them, and such a segment is exactly the completion of the half- line trivializing the origin in M™. 
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H n ((X,X\X),Z). We thus consider X = M n \{0} and X = S n and we call X \ X = {N,S} 
thinking to north and south poles. We thus have to compute H k ((S n , S n \ {N, S}),Z). We 
consider the long exact sequence: 

H k ({N, S}) H k {S n ) H k (S n , {N, S}) H k ^({N, S}) • • • 

We suppose n > 2. Then, for k > 2 the sequence becomes: 

-0 *H k (S n ) *H k (S n ,{N,S}) -0 

so that #f M (M n \ {0},Z) ~ H k (S n ), i.e. Z for k = n and for 2 < k < n - 1. This 
is different from ordinary homology in which, being W 1 \ {0} homotopic to S n ~ l , we have 
H k (M n \ {0},Z) = Z for k — n — 1 and otherwise (we are still in the case k > 2). The 
reason of the difference for k = n is still that the whole W 1 \ {0} is a cycle only in Borel- 
Moore homology, and it turns out that it is non-trivial. For k — n — 1, a non-trivial cycle 
for ordinary homology is the sphere S n ~ l embedded in M. n \ {0}, but it becomes trivial in 
Borel-Moore homology since it is the boundary of the chain made by the disk without the 
origin D n \ {0}, which is closed in W 1 \ {0} but it is not compact, thus it is a chain only in 
Borel-Moore homology. 

We remain with the cases k = 1 and k = 0. For k = 1 the sequence becomes: 

#i (S n , {N, S}) Z © Z — Z ■ ■ ■ 

where the map /3 is given by (3(n, m) = n — m. Thus, iJj BA/ (IR n \{0}, Z) ~ Ima = Ker (3 ~ Z. 
In ordinary homology Hi(M. n \ {0}, Z) = 0: the non-trivial Borel-Moore cycle is an open half- 
line from the origin to infinity. Finally, for k = the sequence is: 

-Z©Z — Z— — H (S n ,{N,S}) -0 

so that H^ M (R n \ {0},Z) = Im7, but Ker 7 = Im/5 = Z so that 7 = thus H^ M (W n \ 
{0}, Z) = 0. In ordinary homology iJo(K n \{0}, Z) = Z: the difference is due to the fact that 
a point, which is non-trivial in ordinary homology, becomes the boundary of the Borel-Moore 
cycle made by half a line from it to infinity or from it to the origin. 

We now make an important remark. As one can see from the previous examples, Borel- 
Moore homology is not invariant under homotopy, thus it is not an homology theory in the 
sense of Eilenberg and Steenrod (see [23]), as we will see. It is invariant under homeomor- 
phism, as one can see from the definition, thus it is a well-defined invariant of a topological 
space, but not up to homotopy. That's why it is less studied in the mathematical literature; 
however, as we will see soon, it naturally arises from Poincare duality on manifolds. 

Borel-Moore cohomology 

We can define Borel-Moore cohomology with the same procedure of the ordinary one, i.e. 
considering B.om(C^ M (X, Z), Z) and defining the coboundary operator. The cohomology 
we obtain, under suitable hypotesis that we now state, is the well-known cohomology with 
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compact support, i.e. the cohomology obtained restricting the boundary operator to cochains 
tp such that there exists a compact subset K v C X such that tp is zero an all chains with 
image in X \ K v . We call the associated cohomology groups H™ t (X, Z). The hypoteses 
we need are that X is Hausdorff and that there exists a countable family of compact sets 
{i£n}neN suc h that K n C hxt(K n+ i) and [j n&n K n = X- They are always satisfied if X is a 
manifold. 

To prove that compactly-supported cohomology coincides with Borel-Moore cohomology, 
let us consider a Borel-Moore chain Yl an k a n and a cochain tp with compact support K v . 
Then, for every point of K v we choose a neighborhood realizing the definiton of local finteness 
and, by compactness, we exctract a finite subcover of K^: in this way we find a neighborhood 
of intersecting finitely many simplices a n with non-zero coefficient, thus ^(Ilo-™ ^f™) ^ s 
well-defined. Viceversa, let us suppose that a cochain tp is well-defined on every Borel- 
Moore chain and has not compact support. Let us consider a countable family of compact 
sets {K n } n( z^ such that K n C Int(K n+ i) and \J n&i K n = X. Then, we fix an n-simplex cr™ 
such that <p((Ti) 7^ 0: up to change its sign, we can suppose that <£>(cr") > 0. There exists ri\ 
such that Imu" C K ni . Then, since tp has not compact support, we can fined another simplex 
o~2 whose image is contained in X\K ni such that tp(aV;) > 0. Keeping on in this way, we find 
infinitely many disjoint simplices {cr^j^gN such that tp(cr%) > and Im<^(crj?) C (K nk \K Uk J. 
Being them disjoint Yl k a% is locally finite; we now prove that it is closed. Let us fix x in the 
complement of the support: there exists k such that x G Int(K nk ) \ K nk2 , and the latter 
is open. In lnt(K nk ) \ K nk _ 2 there are two simplices, so that their image is closed (since 
it is compact and X is Hausdorff), so there exists a neighborhood of x contained in the 
complement. Hence the complement is open so that the support is closed. Therefore Hfe^fe 
is a Borel-Moore cycle, but tp has infinite value on it. That's why tp must have compact 
support. 

For a generic manifold, Poincare duality links ordinary homology (whose chains have 
compact support) with cohomology with compact support, and Borel-Moore homology with 
ordinary cohomology: we can say that Poincare duality respects the support. Thus, the 
Poincare dual of a generic cohomology class is naturally a Borel-Moore homology class. 
That's why Borel-Moore homology naturally appears on manifolds. 

Modified versions of Borel-Moore homology and cohomology 

We can introduce a suitable variation of Borel-Moore homology and compactly supported 
cohomology, which can be useful to describe D-brane charges. Let us consider a triple 
(X, Y, r) where X is a manifold, Y C X a submanifold and r : X — > Y a retraction (i.e. a 
surjective continuous map such that r(y) = yWy G Y). We want to define a homology whose 
cycles are "compact along Y via r" . We thus give the following definition: 

Definition 1.1.4 

• A (X, Y, r)-Borel-Moore n-chain is a generalized n-chain on X which is locally finite, 
has closed support and is such that the image of its support via r has compact closure 
in Y . 
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• Calling dn M the boundary operator extended to locally finite generalized n-chains 
and restricted to (X,Y,r)-Borel-Moore ones, we define the (X, Y, r)-Borel-Moore sin- 
gular homology groups as: 

H™(X,Y,r,Z) := Ker ™ / Im d°»™ . 

One particular case, which will be the interesting one for D-branes, is the one in which there 
exists a manifold Z such that X = Z x Y and r(z, y) = y, i.e. r is the natural projection. 
In this case, since we consider cycles which are compact on Y, they can go at infinity only 
along Z, that's why we have a canonical isomorphism: 

H* M (Z x Y, F, vry, Z) ~ H n ((Z + x Y, {oc} x Y),Z) 

or, for a generic compactification Z of Z, we have H^ M (Z x Y, Y, 7Ty, Z) ~ H n ((Z xY,(Zx 
Y)\(ZxY)),Z). 



Let us consider the example of R n = R m x R n ~ m . In this case we have H^ M (R n ,R n ~ m , 
vr n _ m ,Z) ~ H n ((S m x R n ~ m ,{N} x R n ~ m ),Z) ~ H k ((S m x R n ~ m )/({N} x R n ~ m ),Z), but 
since the latter space retracts on S m we obtain Z for k = m and otherwise. For ordinary 
homology we would have Z for k = and otherwise, while for Borel-Moore homology we 
would have Z for k = n and otherwise. The reason is that, for k = n, the whole R n is a 
non-trivial Borel-Moore cycle, but it is not a cycle in the modified version (for m < n) since 
it is non-compact also in the last (n — m)-directions. For k — m, one non-trivial cycle in 
the modified Borel-Moore homology is R m x {0}, which is not a cycle in ordinary homology 
since it is non-compact, and which is trivial in standard Borel-Moore homology since it is 
the boundary of {(v, w) G R m x R n ~ m : Vi > Vz = 1, . . . , m}; the latter is not a chain in 
modified Borel-Moore homology since it non-compact also in the last (n — rn) directions, 
thus it does not make the cycle R m x {0} trivial in this case. For k = 0, the origin, which is 
a non trivial cycle in ordinary homology, becomes trivial also in the modified Borel-Moore 
homology: it is enough to take a half-line going to infinity along the first k directions, e.g. 
on the first k coordinate half-axes. 

Remark: We must ask that the projection has compact closure since in general is not 
closed. For example in R x R the graph of the function y = tan(x) for x G (— |, |) has 
open projection on the first factor. However, since the closure of a set contains its boundary 
points, that fact of having compact closure is the right translation of the idea of not to go 
to infinity along Y. 

The cohomological version of this modified theory is defined analogously and it coincides 
with the cohomology which compact support along Y via r. The proof is the same considered 
for the general case. In particular, Poincare duality gives an isomorphism between modified 
Borel-Moore homology and cohomology. 
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Borel-Moore homology and currents 

Since Borel-Moore homology is isomorphic to ordinary cohomology via Poincare duality, it 
is also isomorphic to the cohomology of currents, and the same for the modified version. We 
analyze this isomorphism in more detail. We recall (see [33J) that, for X an n-dimensional 
manifold, there are two isomorphisms: 

p> x : H k dR {X) H k crn {X) 



<p 2 : H n _ k (X,R) H^ cpt (X) 

[r] — [S(v)] 

where T u (lp) := f x (w A <p) and S(T)(<p) := L<p for ip compactly-supported (n — fc)-form. It 
is easy to verify that ip^ 1 o <£> 2 : H n _ k (X, R) — > H^ Rcpt {X) is exactly Poincare duality. The 
previous isomorphisms means that currents encodes both homology and cohomology: for 
example, a 5-current supported over a cycle can be identified both with its support, which 
is a homology cycle, or with an approximating sequence of bump forms picked over such a 
supports, which are all cohomologous and determine the Poincare dual of the support. 

Of course a 5-current can be picked also over a non-compact cycle, since, beiing the test 
form tp compactly-supported by definition, the integral is well-defined. That's why currents 
are more naturally associated to Borel-Moore cycle, i.e. we can extend (p 2 to: 

^M, h™(x,m.) ^ HUx) 
[r] — [S(T)} 

and the fact that this is an isomorphism means that every current is cohomologus to a 8- 
current over a Borel-Moore cycle. The isomorphism v?f M can be defined without problems 
for the modified versions, assuming in both the l.h.s. and the r.h.s. the suitable compactness 
hypotesis. 

1.1.3 CW-complexes 

We denote by D n = {x G IR n+1 : < 1} the n-dimensional unit disc with the euclidean 
topology. 



Definition 1.1.5 A CW-complex is a topological space X obtained inductively from a se- 
quence of sets {Aq, A\, . . .} in the following way: 

• we declare X° = A with the discrete topology; 

• given inductively X n ~ l , for a G A n and D™ = D n x {a} we give a map (p a : dD™ 
X n ~ l and we declare: 

X n _ X n ~ x U aeAn D™ 



x ~ ip a (x) Vx G dD% \Ja G A n 
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• either A{ = for i > n, so that we declare X = X n , or we consider X = \J n X n and 
declare A C X open if and only if A H X n is open in X n for every n. 

Given a CW complex, we can define its cellular homology. In particular we consider: 

C n {X) =0Z d n (l x {a}) = DV) t 1 x 

for (-D™, -D^ -1 ) defined in the following way: 

• we consider S 1 ™" 1 = dD™ and the map <p a : S™ -1 — > X n ~ 1 \ 

• we consider the quotient X n ~ x / (X n_1 \Int -D^ -1 ), which is homeomorphic to a sphere 

Q/n— 1 

• we thus consider the composite map ip a p : S*™ -1 — > S'J 1 " : we define (D™, -D^ -1 ) as the 
degree of 

Thus we define the n-i/i cellular homology group as H n (X) = Ker 9 n / Im9„_i. Dualizing 
C n (X) and defining the coboundary as in the singular case we can define cellular cohomology. 
For A C X a sub-CW-complex, i.e., a subspace defined from subsets C Ai using the same 
attaching maps of X, we can define realtive cellular (co)homology groups as in the singular 
case. Moreover, for an abelian group G we can define cellular (co)homology with coefficients 
in G as in the singular case. 

1.1.4 Simplicial complexes 

We denote by A n = {x G W l+1 : x\ + ■ ■ ■ + x n+ \ — 1, Xi > Vi} the n-dimensional simplex 
with the euclidean topology. For < k < n, we denote by (A n ) k the fc-th face of A n obtained 
"removing" the /c-vertex, i.e. (A n ) k = A™ fl {x : x^+i = 0}. 

Definition 1.1.6 A simplicial complex is a topological space X which can be expressed as 
a union X = \J neN Uie/t n X™ , such that: 

• X™ is the image via an embedding (p™ : A n — > X of the interior Int(A n ); we call 
A? = (p?(A n ); 

• for every m- dimensional face (A')™ C A", there exists j G A m such that (pf(A'™) = 
Af; 

• A" fl A™ is empty or a face of both; for j = i, if A" fl A™ ^ then it is a proper face 
of both. 

We define its simplicial chains by: 

C re (X) = 0Z. 

An 
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For fixed A™ we denote (A") fc = ip™((A n ) k ) as an (n — l)-simplex, and we denote by fk(i) the 
corresponding element of A n _i. We thus define a boundary operator d n : C n (X) — > C n _i(X) 
by: 

n+l 

d n i = 5^(-i) fc / fe (*) ■ 

fe=l 

We thus define the simplicial n-homology group by H n (X) = Kerd n / lmd n+ i. A simplicial 
complex is a CW-complex since A n is homeomorphic to D n : one can prove that cellular 
homology and simplicial homology coincide on simplicial complexes, since the two boundaries 
coincide. 

With the same procedure used in the singular and cellular case, we can define simpli- 
cial cohomology groups, relative simplicial (co)homology groups and simplicial (co)homology 
groups with coefficients in G for a fixed abelian group G. 

For finite simplicial complexes we can define cohomology groups in a more direct way. 
If we apply the boundary operator to a simplex A" we obtain the alternated sum of the 
(n — l)-simplicies making the boundary of A": we can analogously define a coboundary 
operator in C n (X) that to a simplex A™ assigns the alternated sum of the (n + l)-simpicies 
containing A" in their boundary. For i £ A n we define A^ +l as the subset of A n+ i made by 
simplicies containing i in their boundary, and, for j £ we defined p(j) as the vertex to 

be removed to obtain i, i.e. f P (j)(j) = i- Then we define: 



Let us show that this coboundary operator is not different from the usual one. For finite 
simplicial complexes we have a canonical isomorphism: 

rj: C n (X)^C n (X) (12) 
i — > <fi 

where <fi(j) = Sij. This isomorphism is due to the fact that Hom(Z fcn ,Z) ~ Z fcn for k n = 
\A n \. We now prove that S n ((pi) = ips^i where in the l.h.s. we use the usual coboundary 
operator while in the r.h.s. we use ( 11. 1ft . In fact, for i £ A n : 

,n+2 



thus S n (ifi) = ^2j eA {i) (— l) p ^Vi which corresponds to (11.11) via (II. 2p . 

For infinite simplicial complexes, we do not have the isomorphism ( ll.2p but we have the 
analogous version rj' : T\a ^ C n (X). We can use (II .1 1 ) also on T\a ^ an( ^ with the same 
proof we see that it coincides with the usual coboundaryo One can ask what happens if we 



4 In this case the single simplicies and the morphisms <pi are not generators since the product is infinite, 
but 5 n is by definition extended linearly also to infinite sums, so it is enough to consider them. 
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use the boundary on the direct product and the coboundary on the direct sum: we obtain 
Borel-Moore simplicial homology and compactly-supported simplicial cohomology. In fact, 
in the simplicial context, the conditions of local finiteness and closure are automathic, so 
that the Borel-Moore n-chains are simply the elements of YIa ^- 

1.1.5 Categories of topological spaces 

We define the following categories: 

• Top (also denoted by Top x ) is the category whose objects are topological spaces and 
whose morphisms are continuous maps; 

• Top + (also denoted by Top^) is the category whose objects are topological spaces 
with a marked point (X, {x }) and whose morphisms / : (X, {x }) —> (Y, {yo}) are 
continuous maps / : X — > Y such that f(x ) = y ; 

• Top n is the category of n-uples of topological spaces, i.e., the category whose objects 
are n-uples of topological spaces (X, A\, . . . , A n -\) such that A n _i C • ■ • C A\ C X, 
and whose morphisms / : (X, A ly . . . , A n _i) — > (Y, B\, . . . , B n _i) are continuous maps 
f : X ^Y such that f{A-) C 

• Top^ is the category of n-uples of topological spaces with base-point, i.e., the category 
whose objects are (n + l)-uples of topological spaces (X, A±, . . . , Ai-i> {so}) such that 
Xq G A n _i C • • • C A\ C X, and whose morphisms / : (X, A\, . . . , A n _i, {xo}) — > 
(Y, Bi, . . . , B n _i, {yo}) are continuous maps / : X — > Y such that f(Ai) C Bi and 
fM = y - 

There are natural fully faithful embeddings of categories: 

Top x Top^ > Top 2 <^-> Top^ • • • (1.3) 

where the embeddings Top^ Top n+1 are obtained simply considering the marked point as 
a subspace, while the embeddings Top n <^-> Top+ can be defined sending (X, A\, . . . , 
to (XU {oo}, AiU {oo}, . . . , A n _i U {oo}, {oo}) and asking that the image of every morphism 
sends oo to oojj In this way, we define by composition embeddings Top n <^-> Top n+1 : the 
latter could also be defined via (X, A ly . . . , A n _i) — > (X, A\, . . . , A n _i, 0), and these two 
families of embeddings are equivalent for what follows; however, we always think to the one 
derived from (11. 3ft . 

We consider the following functors for n > 2: 

n n : Top n — Top^ (1.4) 

given by II n (X, At,..., A n _i) = (A u and U n (f : (X, Ax,..., A n _i) -> (Y, B 1? . . . , 

B n _i)) = (JU : (Ai, . . . , A n _ x ) - (fix, . . . , 5 n _0). 

5 We remark that we consider always X U {oo} and not the one-point compactification X + , even if X is 
non-compact (otherwise they coincide). That's because we get H n (X) ~ H n (X U {oo}, {oo}) while this is 
not true for X+. For example, ffi(R) ~ Fj,(RU {oo}, {oo}) = while {iV}) = ff^S" 1 ) = Z. 
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Definition 1.1.7 The lattice of a pair (X, A) £ Ob(Top 2 ) is the following diagram: 

(-M) 



(0,0) — (A, 0) 



(X,A) >(X,X) 



(A, A) 

where all the maps are the natural inclusions. 

We now consider the categories TopCWj which are defined as Topj asking that the n- 
uple (X, Ai, ... , A n _i) is homotopically equivalent to a CW-n-uple and that X is compactly 
generated. We put no constraints on the maps, since every map is nomotopic to a cellular 
map. If we ask that the spaces involved are homotopically equivalent to a finite CW-complex, 
we obtain the categories TopFCWj. We thus have a diagram with fully faithful embeddings: 



Topt 



Top 



TopCWC TopCW H 



Top 2 c 



TopCW 2 



■Top^ 



TopCW^ c 



TopFCWc TopFCW +c TopFCW 2 < TopFCW 

1.1.6 Basic operations on topological spaces 

Definition 1.1.8 Given a topological space X we define (endowing each real interval with 
the euclidean topology): 

• the cone of X as CX = X x [0, 1] / X x {1}; 

• the unreduced suspension of X as SX = (X x [0, 1] / X x {1}) / X x {0}; 

• the cylinder of X as Cyl(X) = X x [0, 1]. 

For a space with marked point (X, xq) we define the reduced suspension as SX = SX / {xo}x 
[0,1]. ' 

Given a couple of spaces with marked point (X, {xo}) and (Y, {yo}), we define: 

XVY = Xx{y }UYx{x } 
and of course X \/ Y G X x Y . We then define: 

X AY = X xY / XVY . 
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It is easy to prove that A is associative and commutative up to homeomorphism. If we 
consider the sphere S n = dD n with marked point {N} = (0, . . . , 0, 1) (thus, we do not embed 
S n from Top to Top + but we mark one of its points), it is easy to verify the homeomorphisms: 

S 1 A ■ ■ ■ A S 1 ~ S n S n A X ~ S n X 

(where S n X = S ■ ■ ■ SX iterated n times) . 

We have thus defined the following functors (in all cases the maps are trivially extended 
on X x [0, 1] and projected to the quotient): 

• C : Top n — > Top^ considering as marked point the vertex; 

• S : Top n -> Top n ; 

• Cyl : Top n -> Top n ; 

• V : Top,^ x Top+ — > Top^ considering as marked point the cross product of the two 
marked points; 

• A : Top* x Top+ — > Top ? ~[ considering as marked point X V Y/X V Y; 
. S n : Top+ - Top+. 

1.2 Eilenberg-Steenrod axioms 

We review the axioms of homology and cohomology, following mainly [23], [35] and [13] . 
Homology and cohomology theories are defined for appropriate subcategories of Top 2 , as the 
following definition states: 

Definition 1.2.1 A subcategory A C Top 2 is called admissible for homology and cohomol- 
ogy theories if the following conditions are satisfied: 

1. if (X, A) G Ob(A), then all the pairs and maps of the lattic^ of (X, A) belong to A; 

2. if (X, A) G Ob(„4) and I = [0, 1] with the euclidean topology, then (X x I A x I) G 
Ob (^4) and the maps go,gi '■ (X,A) —> (X x I, Ax I) given by go(x) = (x,0) and 
gi(x) = (x, 1) belongs to the morphisms of A; 

3. there is in A at least one space {*} made by a single point, and for any such space 
P G Ob(^4) and any X G Ob(^4) all the maps f : P — > X are morphisms in A. 

Definition 1.2.2 

• Let A be an admissible category and f, g : (X, A) — > (Y, B) two morphisms. Then f and 
g are called homotopic (f — g) if there exists a morphism F : (X xI,AxI) — > (Y, B) 
in A such tha^ F(x, 0) = f(x) and F(x, 1) = g(x). 

6 Sec definition \TT7\ 

7 The map F(x,0) is surely in A since it is F o g (see axiom 2 of admissible category). The same for 
F(x,l). 
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• Two couples (X, A) and (Y, B) are called homotopically equivalent if there exist two 
morphisms f : (X, A) — > (Y, B) and g : (Y, B) — > (X, A) in A such that g o f ~ l(x,A) 
and f og ~ 1( Y ,B)- 

• A map f : (X, A) — > ( Y, I?) induces a homotopy equivalence if there exists g : ( Y, .B) — > 
(X, A) such that f and g verify the definition of homotopy equivalence. 

We now state the axioms for homology. We call AbGrp the category of abelian groups 
and ExSAbGrp the cateogy of exact sequences of abelian groups. 

Definition 1.2.3 A homology theory on an admissible category A is a sequence of functors 
h n : A — > AbGrp and morphisms of functors (3 n : h n — >• h n _i o U 2 satisfying the following 
axioms: 

1. (Homotpy axiom) if f,g : (X, A) — > (Y,B) are homotopic in A, then h n (f) = h n (g); 

2. (Excision axiom) if (X, A) £ Ob (^4) and U C A is open and such that U C Int(A), and 
if the inclusion i : (X \U, A\U) — > (X, A) is a morphism in A, then i* : h*(X, A) — > 
h*(X \ U,A\U) is a (canonical) isomorphism; 

3. (Exactness axiom) the sequences h n and (3 n induce a functor: 

K:A — ► ExSAbGrp 
assigning to each pair (X, A) the exact sequence: 

h n {A) ^ h n {X) ±± h n (X, A) Ja+ h n ^{A) — - ■ • • 

where (i*) n and (7r^) n are the image via h n of the inclusion^ i : (A, 0) — > (X, 0) and 
ir:(X,Q))^{X,A). 

Reversing the arrows of the exact sequence, we have the corresponding axioms for coho- 
mology: 

Definition 1.2.4 A cohomology theory on an admissible category A is a sequence of con- 
travariant functors h n : A — » AbGrp and morphisms of functors (3 n : h n o II2 — > h n+1 
satisfying the following axioms: 

1. (Homotpy axiom) if f,g : (X, A) — > (Y,B) are homotopic in A, then h n (f) = h n (g); 

2. (Excision axiom) if (X, A) e Ob (A) and U C A is open and such that U C Int(4), and 
if the inclusion i : (X \U, A\U) — > (X, A) is a morphism in A, then i* : h*(X, A) —* 
h*(X \U, A\U) is a (canonical) isomorphism; 

8 Such inclusions are morphisms in A by the axiom 1 of adimissible categories. 
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3. (Exactness axiom) the sequences h n and (3 n induce a functor: 

h* :A — ► ExSAbGrp 
assigning to each pair (X, A) the exact sequence: 

_ h"(X, A) — h n (X) — h n (A) — £ h n+l {X, A) ■ • • 

where (i*) n and (ir*) n are the image via h n of the inclusions i : (A, 0) — > (X, 0) and 
n:(X,$)^(X,A). 

For both homology and cohomology one usually gives the following definition: 

Definition 1.2.5 The group ho{*} orh°{*} is called the coefficient group of the (co)homology 
theory. 

1.2.1 Reduced homology and cohomology 

Given a homology theory h* on A, we consider a space {*} of one pointo and, for X e Ob A, 
we consider the unique map p : X — > {*}: if such map belongs to A, the space X is called 
collapsable^. We call A c the full subcategory of collapsable spaces. For X e ObA c , we 
define the reduced homology groups of X as: 

K{X) := Ker{h n (X) h n {*}) . 

For a couple (X, A) G A with X,AeA c there is an exact sequence, called reduced homology 
exact sequence: 

h n (A) ^ ~h n (X) h n (X, A) -*U ~ hn ^(A) — • • ■ 

In fact, if we restrict the map (i*) n to h n (A) its image lies in h n (X), since p^ o i = p^ so 
that 2*(Ker pi^) C KerpP\ It remains to prove that the image of (3 n lies in h n _i(A), i.e. 
that the kernel of is contained in h n -i(A). This is true since, being p^ x "> o i = p^ A \ if 

i*(a) = then p[ A \a) = 0. 

A map i : {*} — ► X induces a non-canonical splitting: 

h n (X) ~ h n {X) © h n {*} (1.5) 

since, by definition of kernel, we have an exact sequence — > h n (X) — > h n (X) ^— ^ h n {*}, 
moverover, being p* o ^ = id^ n {*}, we see that (p*) n is surjective and the sequence splits. 

9 Such space exists in A by axiom 3 in definition 1 1.2. II 

10 This definition does not depend on the chosen one-point space {*}: in fact, if {*'} is another one- 
point space, the unique map {*} — > {*'} belongs to A by axiom 3 of definition 11.2.1) thus the composition 
p' : X — > {*'} is also in A. 
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Remark: h* satisfies the three axioms of homology 11 ! if we consider A c as made by couples 
(X, 0) with X collapsable, but A c is not an admissible category, since the pair (X, X), which 
belongs to the lattice of X, is not in A c . If we extend A c with these pairs we obtain an 
admissible category A c on which h\ is a homology theory, but this is not meaningful since 
we have just trivial pairs. We cannot extend h to arbitrary pairs, since in the exact sequence 
we have h n (X, A) not reduced, but for A = we have an inconsistency. 

We define reduced cohomology similarly: 

h n (X) := Coker(/i n {*} ( ^ h n {X)) . 

For a couple (X, A) £ A with X,A £ A c there is an exact sequence, called reduced cohomology 
exact sequence: 

iv*y i _ f?*v i ~ R n 
h n (X, A) l — U h n (X) — h n (A) — h n+l {X, A) ■ ■ ■ 

The proof is similar the one for homology. Also in this case we have a non-canonical splitting: 

h n {X) ~ ~h n {X) © h n {*} (1.6) 
which can be proven in the same way. 

We can define in a different way reduced homology and cohomology for spaces with a 
marked point, in such a way that under the embedding Top <^-> Top + they coindice in 
Top with non-reduced homology and cohomology, while, if the marked point belongs to the 
space, they coincide up to isomorphism with the previous definition. We consider the full 
subcategory A c+ of Top + whose objects are couples (X,x ) with X £ Ob(^4 c ). Then, for 
(X, xo) £ A c+ we consider the map i XQ : {*} — > (X, {xo}) such that i Xo {*} = xo- We then 
define the reduced cohomology groups of X with respect to xq as: 

h n (X) X0 := Coker(MX) ^ />"{*}) 

ft* ) n 

h n (X) X0 := Ker(h n (X) ^ h n {*}) . 

With these definitions the splittings (jl.5p and (11.61) become canonical. Actually, these groups 
depend only on the pathwise connected component of Xq, not on the point itself: in fact, if Xq 
and Xi are connectible by an arc tp : [0, 1] — > X, then the maps i XQ and i Xl are homotopic, thus 
they define the same maps in homology and cohomology by the homotopy axiom. Hence, 
this version of reduced homology and cohomology is well-defined for pathwise connected 
spaces with no need of marked points. 

Remark: A c+ is not an admissible category, since it contains the pairs (X, {xo}) and not 
the pairs (X, 0), but if we consider the subcategory A con of A H Top made by connected 
spaces and we complete it to A con as before, then h* or h* is a (co) homology theory on *4. con , 
but this is not meaningful since we have just trivial pairs. 



lr rhis is not true if wc include the so-called dimension axiom. 
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1.2.2 First properties 

We now state some basic consequences of the axioms. The following lemma is an immediate 
consequence of the homotopy axiom: 

Lemma 1.2.1 If(X,A) and (Y,B) are homotopically equivalent, then h*(X,A) ~ h*(Y, B) 
and h*(X,A) ~ h*(Y,B) for any homology and cohomology theory. If f : (X, A) — > (Y,B) 
induces a homotopy equivalence, then /* and f* are isomorphisms. □ 

Actually, we can refine the previous lemma. In fact, let us consider the couple (D n , dD n ) 
and the couple (D n , D n \ {0}). The immersion i : D n — > D n induces of course a homotopy 
equivalence of D n with itself, and the same holds for the restriction i\ao n '■ 9D n — > D n \ {0} 
and the retraction r : D n \ {0} — > dD n : however, the two couples are not homotopically 
equivalent, since r cannot be continuously extented to D n , and any map sending D n \ {0} to 
dD n cannot be extended at 0. However, also in this case we have equivalence in homology 
and cohomology: 

Lemma 1.2.2 // there exists a morphism f : (X, A) — > (Y,B) in A such that f : X Y 
and J\a '■ A — »• B induce homotopy equivalences, then h*(X, A) ~ h*(Y,B) and h*(X,A) ~ 
h*(Y,B) via /* and f* for any homology and cohomology theory. 

Proof: By the exactness axiom / induces a morphism of exact sequences: 

h n (A) h n (X) h n (X, A) h n ^(A) K-i(X) 



K{B) 



r 

K{Y) 



h n {Y,B) 



h n -i(B) — *K-i(y) 



where the isomorphisms in the diagram follow from lemma ( 11.2.11) . By the five lemma (see 
also the central map is an isomorphism. □ 

We now state a simple lemma which will be useful sometimes in the future. 

E 



Lemma 1.2.3 Let (X, {x }) G A + . Then K(X) X0 ~ h*(X, {x }) and h*(X) X0 ~ h*(X, {x }) 
canonically, so that also h*(X) ~ {xo}) and h*(X 

Proof: It follows immediately from the exact sequence: 



canonically, so that also h*(X) ~ h*(X, {xo}) and h*(X) ~ h*(X, {xq}) 

h n (X, {x }) — > h n ^i{xo] = 



• ■ • — ► h n {x } = — > h n (X) X0 
and the same for cohomology. □ 



One natural question is the relation between the (co) homology of a couple (X, A) and the 
one of the quotient X/A. We stated the result, the proof can be found in [23] 

Definition 1.2.6 A pair (X, A) is called good pair if A is a non-empty closed subspace and 
it is a deformation retract of some neighborhood in X. 

Lemma 1.2.4 If(X,A) is a good pair, then the projection tt : (X, A) — > (X/A, A/ A) induces 
an isomorphism h*(X,A) ~ h*(X/A, A/A) = h*(X/A). The same for cohomology. □ 

12 The latter are non-canonical since the r.h.s. depends on xq; actually the l.h.s. and the r.h.s. are functors 
with different categories as domain, so canonicity has no meaning. 
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We refer to [23] for Majer- Victories sequence, which is an important tool to concretely 
compute (co)homology groups. 

Theorem 1.2.5 Let X — X\ U • • • U X n where each X, is both open and closed, and let 
Ai C Xi such that (Xi, Aj) is a good pair. Then: 

h n (x,A)~ hn(Xi,A) 

i=l,...,n 

where the isomorphism is induced by the inclusions. The same holds for cohomology. 

The degree of a map has been defined using singular homology. Actually, we can define it 
using any (co) homology theory h with coefficient group Z, and the result does not depend 
on h. This is a consequence of the following more general theorem, whose proof can be found 
in pS]: 

Theorem 1.2.6 Let f : S n — > S n be a map of degree k and let h* be any homology theory. 
Then (/*) n : h n (S n ) — > h n (S n ) is (f*) n ( a ) — k • a. The same holds for cohomology theories. 
□ 

1.2.3 Borel-Moore homology and cohomology with compact sup- 
port 

One can generalize to any (co)homology theory the notions of Borel-Moore homology and 
cohomology with compact support. We denote by X + the one-point compatification of X. 
For X non compact, it is different from Xl_l{oo} and it must not be confused with it; instead, 
for X compact they coincide. We define cohomology with compact support as: 

h B n M {X) := h n (X + ) h n cpt (X) := h n (X+) . 

For X compact we have h™ pt (X) = h n (X). In fact, X + = X U {oo} with {oo} isolated 
point, thus, by theorem 11.2.51 we have that h n (X + ) = h n (X) © /i n {oo}: if we consider the 
map ioo : {*} — > X sending * to oo, we clearly have that h n (X + ) = Ker((i^) n ) = h n (X). 
For X non compact, instead, they are in general different, as we have seen for singular 
(co)homology. 

1.2.4 Multiplicative cohomology theories 

We now introduce the notion of product in cohomology, which naturally appears as cup 
product for singular cohomology, as wedge product for de-Rham cohomology or as tensor 
product for K-theory. 

Definition 1.2.7 A cohomology theory h* on an admissible category A is called multiplica- 
tive if there exists an exterior product, i.e., a natural map: 

x : h\X, A) x h j (Y, B) — ► h i+j (X xY,XxBUAxY) (1.7) 

satisfying the following axioms: 
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• it is bilinear with respect to the sum in h* ; 

• it is associative and, for (X, A) = (Y,B), graded- commutative; 

• it admits a unit 1 G h°{*}; 

• it is compatible with the Bockstein homomorphisms, i.e., the following diagram com- 
mutes: 

h\A) x h j (Y, B) h l+j (A xY, A x B ) 

exc 

/9*xi h i+j (X xBuAxY,XxB) 

h i+1 (X, A) x ti(Y, B) ^h l+ i +1 {X xY,XxBUAxY). 

In this case, we define the interior product: 

■ : }j(X, A) x h j {X,A) — ► h i+j (X, A) 
as a ■ (3 := A* (a x (3) for A : X —> X x X the diagonal map. 

Remarks: 

• The interior product makes h*(X, A) a ring with unit. 

• Naturality of the exterior product means that it is a morphisms of functors Ax A — ► 
AbGrp; thus, given a morphism in A x A, i.e. a couple of maps / : (X, A) —> (Y, B) 
and g : (X', A') -> (Y', B'), and two classes a G h\X, A) and (3 G h j (Y, B) it satisfies: 

f*(a) x g*((3) = (/ x 9 y i+j (a x (3) . (1.8) 

• Let (X, {x }), (Y, {uo}) G A + be spaces with marked point which are also good pairs 
and such that (Ix^lVF) is a good pair. Then the exterior product induces a 
map: 

~h\X) X0 x ~y(Y) yo — ~h i+j {X A Y) . (1.9) 

In fact, by flUJ we have {x }) x ^(F, {y }) — * ti+i(X x Y,X V Y) which is 

exactly jO]) by lemmas [HO and 

Lemma 1.2.7 If h* is a multiplicative cohomology theory the coefficient group h°{*} is a 
commutative ring with unit. 

Proof: By definition we have a product h°{*} x h°{*} — > h°{*} which is associative. 
Moreover, skew-commutativity in this case coincides with commutativity, and 1 is a unit 
also for this product. □ 
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Given a path-wise connected space X, we consider any map p : {*} — > X: by the path-wise 
connectedness of X two such maps are homotopic, thus the pull-back p* : h*(X) — > h*{*} is 
well defined. 

Definition 1.2.8 For X a path- connected space we call rank of a cohomology class a G 
h n (X) the class rk(a) := (p*) n (a) G h n {*} for any map p : {*} — > X. 

Let us consider the unique map P : X — > {*}. 

Definition 1.2.9 We call a cohomology class a G h n (X) trivial if there exists (3 G h n {*} 
such that a = (P*) n ((3). We denote by 1 the class (P*)°(l). 

Lemma 1.2.8 For X a path-wise connected space, a trivial chomology class a G h n (X) is 
the pull-back of its rank. 

Proof: Let a G h n (X) be trivial. Then a = (P*) n (f3) so that rk(a) = (p*) n (P*) n (P) = 
(Pop)* n ((3) = (3, thus a = (P*) n (rk(a)). □ 



1.3 Thorn isomorphism and Gysin map 
1.3.1 Fiber bundles and module structure 

Let 7r : E — > B be a fiber bundle with fiber F and let h* be a multiplicative cohomology 
theory. Then h*(E) has a natural structure of h* (P)-module given by: 

• : h\B) x h?(E) — > h i+j (E) 
a • a := (7r a) ■ a . 

In general this is not an algebra structure since, because of skew-commutativity, one has 
((n*a)a)(3 = ±a((n*a)P). 

We have an analogous module structure for realtive fiber bundles, i.e., for pairs (E,E') 
with E' a sub-bundle of E with fiber F' C F. In fact, we have a natural diagonal map 
A : (E,E') —>■ (E x E,E x £") given by A(e) = (e, e), so that we can define the following 
module structure: 

h\B) x h>(E, E') ™ h\E) x h j (E, E') /i i+j (P xE.ExE') 

h l+j (E,E') . 

Similarly, we can consider the map A„- : (P, P') — > (BxE,Bx E') given by A 7r (e) = (7r(e), e) 
and define the module structure: 

h\B) x h\E, E') -U h l+1 (B xE,BxE')^ h i+j (E, E') . (1.12) 
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To see that these two definitions are equivalent, we consider the following diagram: 



h\E) x ti{E,E') 



(i) 



h\B) x hP(E,E r ) 



(2) 



h i+j (E xE,Ex E') 



(i) 



(3) 



(5) 



ti + i(E,E') 



(6) 



h i+ HB x E,B x E' 



in which the structure (11. lip is given by (l)-(2)-(5) and the structure ( 11.12ft by (3)- (6). 
The commutativity of the square, i.e. (l)-(2) = (3)-(4), follows from the naturality of the 
product, while the commutativity of the triangle, i.e. (6) = (4)-(5), follows from the fact 
that (4) = (tt x 1)*, (5) = A*, (6) = A*, and A^ = (tt x 1) o A. 



Lemma 1.3.1 The module structure (II. lift or (11.12ft is unitary, i.e. 1 • a = a for 1 defined 
bu \1.2.9[ More generally, for a trivial class t = P*{rf), with r\ £ h*{*}, one has t ■ a — r) ■ a. 



Proof: We prove for (11.121) . The thesis follows from the commutativity of the following 
diagram: 



ti(B) x h j (E,E') 

(P*)'xV 

h { {*} x h j (E,E') 



^ ti + i{B xE,Bx E') — h i+ i{E, E') 



((Pxir) i+J 



h i+j ({*} x E, {*} x E') 



where the commutativity of the square follows directly from the naturality of the product 
while the commutativity of triangle follows from the fact that (P x 1) o A,,- is exactly the 
natural map (E, E') — > ({*} x E, {*} x E') inducing the isomorphism ~. □ 

Let us consider a real vector bundle ir : E — > B with fiber M. n . In this case 7r* is an 
isomorphism, since E retracts on B, thus the module structure (1 1 . 1 ft is just the product 
in h*(B) up to isomorphism. Let us instead consider the zero section B ~ B and its 
complement E Q = E \ B : then (II. lip or (11.121) gives a non-trivial module structure on 
h*(E,E Q ). Defining the cohomology with compact support h* pt (X) := h*(X + ) for X + the 
one-point compactification of X, we have: 

h*(E, E ) ~ h* cpt (E) . 

In fact, let us put a metric on E and consider the fiber bundles De and Se obatined taking 
respectively the unit disc and the unit sphere in each fiber. Then we have: 



h*(E,E ) § h*(D E , (D E ) ) ~ h*(D E ,dD E ) S h* (D E /dD E ) 



~h*(E + )=K pt (E) 



;i.i3) 
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where (1) follows by excision on the open set U = E \ De, (3) from the fact that (De, 9De) 
is a good pair and (4) from the homeomorphism sending Int(Z?s) to E and 8De to oo. 
We can also describe a natural module structure: 

hUB)xhUE)^h^i(E) 



which, for B compact, coincides with the previous under the isomorphism ( 11.131) . In fact, 
we consider: 



ti(B + , {oo}) x h 3 (E + , {oo}) h l+j (B + x E+, B + V E' 



(A+y 



h i+3 (E + , {oo}) (1.14) 



for A+ : (E + ,{oo}) -> (B + x E + ,B + V E+) defined by A+(e) = (n(e),e) and A+(oo) 
{oo} x {oo}. For B compact, the module structure (I1.14p becomes: 



h l (B) x h 3 (E + , {oo}) h l+j (B xE + ,Bx {oo}) K i+3 (E + , {oo}) . 



;i.l5) 



We now see that (j!.15p coincides with (I1.12p under the isomorphism (11.131) . In fact, we 
consider the following diagram (the arrows with —1 are inversions of natural isomorphisms): 



h'(B) X h J (E,E ) 



h l (B) X hi(D E ,(D E ) ) ■ 



h t+J (B x E,B x E ) 



h 1+ J(B x D E ,B x (D E ) ) 



h\B) x h'(D E ,8D E ) 



h l+J (S X D E , B x BD E ) 



h^B) X W (D E /8D E , 8D E /8D E ) tf+i (B x (D E /8D E ), B x (8D E /8D E )) 



h i+ HD E ,(D E )o) 



h l (D E , dD E ) 



h'+l(D E ,dD E ) 



h*+HB X (D E /8D E ),B x (8D E /8D E )) 5~ h*+J(D E /8D E ,8D E /8D E ) 



where the first line is (11.121) and the sequence made by the last element of each column is 



We remark for completness that there is a homeomorphism B + AE + ~(Bx E) + : in fact, 
B+ A E + = (B U {oo}) x (E U {oo}) / ({oo} x E) U (B x {oo}) and, at the quotient, B x E 
remains unchanged while the denominator B + V E + becomes a point which is the {oo} of 
(B x E) + . Thus the homeomorphism is <p(b,e) = (b,e) and <p(oo,e) = ip(b, oo) = oo. We 
then consider the map : E + — > (B x E) + given by A+(e) = (vr(e), e) and A+(oo) = oo. 
Thus, under the hypoteses that (B + , {oo}) and (B + x E + , B + V E + ) are good pairJ^l. (11. 14ft 
can also be written as: 

h i (B + ) x h j (E+) h l+j (B + A E + ) ~ h l+j ((B x E) + ) h l+j (E + ) (1.16) 
where (1) is given by formula (11.91) . 



13 Thesc hypoteses are surely satisfied when B is compact, since {oo} is a neighborhood of itself 



1.3. THOM ISOMORPHISM AND G YSIN MAP 



37 



1.3.2 Orientability and Thorn isomorphism 

We now define orientable vector bundles with respect to a fixed multiplicative cohomology 
theory. By hypotesis, there exists a unit 1 G h°{*} = h (S°). Since S n is homeomorphic to 
the n-th suspension of S°, such homeomorphism defines (by the suspension isomorphism) an 
element 7™ G h n (S n ) such that 7™ = S n (l) (clearly r y n is not the unit class since the latter 
does not belong to h n (S n )). Moreover, given a vector bundle E — > B with fiber we have 
the canonical isomorphism (I1.13P which, in each fiber F x = 7r _1 (x), restricts to: 

h\F x , (F x ) ) ~ h k (D k , 8D k ) ~ h'-(I)'- i)I)' r . dD k JdD k x ) ~ h k (S k , N) (1.17) 

where the last isomorphism is non-canonical since it depends on the local chart (N is the 
north pole of the sphere). However, since the homotopy type of a map from S k to S k is 
uniquely determined by its degree (see [35]) and a homeomorphism must have degree ±1, it 
follows that the last isomorphism of (11. 17ft is canonical up to an overall sign, i.e., up to a 
multiplication by —1 in h k (S k ,N). 

Definition 1.3.1 Let it : E — > B be a vector bundle of rank k and h* a multiplicative 
cohomology theory in an admissible category A containing n. The bundle E is called h- 
orientable if there exists a class u G h k (E,E ) such that for each fiber F x = 7r~ 1 (a;) it 
satisfies u\p x — ±7 fc under the isomorphism (I1.17p . The class u is called orientation. 

We now discuss some properties of /i-orientations. The following lemma is very intuitive 
and can be probably deduced by a continuity argument; however, since we have not discussed 
topological properties of the cohomology groups, we give a proof not involving such problems. 
For a rank-/c vector bundle 7r : E — > B, let (U a , cp a ) be a contractible local chart for E, with 
if a : *n~ l {U a ) — ► U a x M fc . Let us consider the compactification 9?+ : 7r~ 1 (f/ a ) + — > (U a x IR fc ) + , 
restricting, for x G U a , to (<p a )t : E x — > S k . Then we can consider the map: 

a ,x := (WJ- 1 )** : ^(^ + ) — • (1-18) 



Lemma 1.3.2 Lei u 6e an h-orietation of a rank-n vector bundle n : E — > £?, /et (£/„, <£> a ) &e 
a contractible local chart for E and let a/x be defined by ( 11.181) . T/ien a ,x{u\ E +) is constant 
in x with value 7 fc or — 7 fc . 

Proof: Let us consider the map {<-ft~ l )* k '■ h k (n" 1 (U a ) + ) — > h k ((U a x M fc ) + ) and let 
call £ : = (v9+~ 1 )* fc (u| 7r -i( [ / Q: )+). Since (U a x lR fc ) + ~ U a x S k / U a x {iV} canonically, we 
can consider the projection 7i a : U a x S k ^ U a x S k / U a x {N}. Then (p a ,x{u\ E +) = 
£,\({x}xR k )+ — 7r a(0\{x}xS k - But, since U a is contractible, the projection n : U a x S k ^ S k 
induces an isomorphism in cohomology, so that 7r*(£) = 7r* (77) for rj G h k (S k ), so that 
7r a(0\{x}xS k = 7l *( r l)\{x}xs k — f]-, i- e -; ^ i s constant in x. By definition of orientation, its 
value must be ±7 fc . □ 

Theorem 1.3.3 If a vector bundle it : E — > B of rank k is h-orientable, then given trivializ- 
ing contractible charts {U a } ae j it is always possible to choose trivializations <p a : vr~ 1 (f/ a ) — > 
U a x M fc such that { l fa)x k (l k ) = u \e + - ^ n particular, for x G U a p the homeomorphism 
(W- 1 )* : (R k ) + ^S k ^ (R k ) + ~ S % satisfies {{y \ 1 k ) = 1 k . 
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Proof: Choosen any local trivialization Lp a : n 1 (U a ) — > U a x IR fc , it verifies (<^a)^ fe (7 fe ) = 
±m| e + by lemma [T.3.2I If the minus sign holds, it is enough compose <p a to the pointwise 
reflection by an axes in R , so that the compactified map has degree —1. □ 

Definition 1.3.2 An atlas satisfying the conditions of theorem is called /i-oriented 

cltjlcLS. 

Remark: the classical definition of orientability, i.e., the existence of an atlas with tran- 
sition functions of pointwise positive determinant, coincides with if -orientability for H the 
singular cohomology with Z-coefficients, as stated in [2T]. Similarly, an oriented atlas is an 
if-oriented atlas. 

Lemma 1.3.4 Let it : E — > B be a rank-k vector bundle which is orientable both for H* 
and for a multiplicative cohomology theory h* , and let u be an orientation with respect to h* . 
Then an H- oriented atlas is h- oriented with respect to u or —u. 

Proof: by lemma [T.3.2l the value of u is constant in x for each chart, and it is ±7 fc . Moreover, 
the compactified transition functions of an if-oriented atlas must have degree 1, thus they 
send 7 fc in 7 fc for every cohomology theory. Hence, the value of u must be 7 fc or — 7 fc for each 
chart. The thesis immediately follows. □ 

We now state Thorn isomorphism following [21] . 

Theorem 1.3.5 Let (E,E') — > B be a relative fiber bundle with fiber (F,F'). Suppose 
that there exist G h*(E,E f ) such that, for every x G B, their restrictions to 

F x = 7r _1 (a;) form a base of h*(F x , F' x ) as a h*{*}-module under the module structure (II. 12ft . 
Then a±, . . . , a r form a base of h*(E, E') as a h*(B)-module. □ 

For the proof see [21] page 7. 

Theorem 1.3.6 (Thorn isomorphism) Let it : E — » B be a h-orientable vector bundle 
of rank k, and let u G h k (E,E ) be an orientation. Then, the map induced by the module 
structure (I1.12p .- 

T : h*(B) — > h*(E,E ) 
T(a) := a ■ u 

is an isomorphism of abelian groups. 

Proof: The map T : h*{*} — > h*(S n )N given by T{a) = a ■ 7™ is an isomorphism since, 
up to the suspension isomorphism, it coincides with T' : h*{*} — > h*{*} given by T'(a) = 
1 • a = a. Thus, 7" is a base of h*(S n , N) as a /i*{*}-module. By definition of h-orientability 
and theorem ll.3.5| it follows that u is a base of h*(E,E ) as a h*(B)-modu\e, i.e., T is an 
isomorphism. □ 



1.4. HOMOLOGY AND COHOMOLOGY FOR FINITE CW-COMPLEXES 



39 



1.3.3 Gysin map 

Let X be a compact smooth ra-manifold and Y C X a compact embedded r-dimensional 
submanifold such that the normal bundle N(Y) = (TX\y)/ TY is /i-orientable. Then, 
since Y is compact, there exists a tubular neighborhood U of Y in X, i.e., there exists an 
homeomorphism ipu : U — > N(Y). 

If z : Y — > X is the embedding, from this data we can naturally define an homomorphism, 
called Gysin map: 

u : h*(Y) — ► h*{X) . 

In fact: 

• we first apply the Thorn isomorphism T : h*(Y) — ► h* cpt (N(Y)) = h*(N(Y)+); 

• then we naturally extend <pu to tp^ : U + — > N(Y) + and apply (<p~u)* : h* t (N(Y)) — ^ 



there is a natural map ^ : X —* U + given by: 



x if x £ U 
oo if x e X \ U 



hence we apply ip* : h*(U + ) — ► h*(X). 
Summarizing: 



i, («) = o oT(a). (1.19) 



Remark: One could try to use the immersion i : f/ + — > X + and the retraction r : X + — > 
f/ + to have a splitting /i(X) = © h(X, U) = h(Y) © K(X, U). But this is false, since 
the immersion % : U + — > X + is not continuous: since X is compact, {oo} C X + is open, but 
i _1 ({oo}) = {oo}, and {oo} is not open in U + since U is non-compact. 



One can extend Gysin map to more general maps than embeddings, in particular it can 
be defined for proper maps. For details the reader can see [H]. 



1.4 Homology and cohomology for finite CW-complexes 
1.4.1 Whitehead axioms 

In this version of the axioms (see [65] ) we consider the category TopFCW 2 . Since it is an 
admissible category, we will be able to compare this version with the previous. 

Definition 1.4.1 A homology theory on TopFCW 2 is a sequence of functors h n : TopFCW 2 — 
AbGrp and morphisms of functors s n : h n — » h n+ i o S satisfying the following axioms: 

1. (Homotpy axiom) if f,g : (X,A) — > {Y,B) are homotopic, then h n (f) = h n (g); 

2. (Suspension axiom) the morphisms of functors s n are isomorphisms; 
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3. (Exactness axiom) the sequence of functors h n induces a sequence of functors: 

h' n :A — ► ExSAbGrp 
assigning to each pair (X, A) the exact sequence: 

hn (A)^h n (X)^hh n (X/A) 

where (i*) n and (7r*) n are the image via h n of the inclusions i : (A, 0) — > (X, 0) and 
7r:(X,0)-(X,A). 

Reversing the arrows of the exact sequence, we have the corresponding axioms for coho- 
mology: 

Definition 1.4.2 A cohomology theory on TopFCW 2 is a sequence of contravariant func- 
tors h n : TopFCW 2 — ► AbGrp and morphisms of functors s n : h n+1 o5->/i n satisfying the 
following axioms: 

1. (Homotpy axiom) if f,g : (X, A) — > (Y,B) are homotopic, then h n (f) = h n (g); 

2. (Suspension axiom) the morphisms of functors s n are isomorphisms; 

3. (Exactness axiom) the sequence of functors h n induces a sequence of functors: 

{h') n : A — ► ExSAbGrp 
assigning to each pair (X, A) the exact sequence: 

h n {X/A) ( —U h n (X) — h n {A) 

where (i*) n and (7r*) n are the image via h n of the inclusions i : (A, 0) — > (X, 0) and 
tt:(X,$)^(X,A). 

One can prove (see [HS]) that these axioms are equivalent to the Eilenberg and Steenrod 
ones for the category of finite CW-pairs. We will use these axioms to define K-theory as a 
cohomology theory. 

1.4.2 S-Duality 

We now study how homology theories are related to cohomology ones and viceversa. It 
turns out that on the category of pairs having the homotopy type of finite CW-pairs there 
is a duality between homology and cohomology theories, such that for compact manifolds 
orientable with respect to the theory considered Poincare duality holds. One natural way to 
express this duality is to use the theory of spectra, which we do not review here. Otherwise 
one can use Alexander duality: a finte CW-complex can be embedded in a sphere S n , and, 
given a cohomology theory h*, one can define h p (X, A) = h n ~ p (S n \ A, S n \ X) or viceversa. 
The problem of this construction is that it is not intrinsec, since it requires the embedding 
in S n for some n which is in general difficult to imagine. We prefer instead to recall the 
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geometric construction of the homology theory dual to a given cohomology one which is 
described in [JT]. The idea of the construction is the following: if we consider singular 
homology, one could ask if, for any class A G H n (X, Z), there exist a smooth compact 
orientable n-manifold M and a map / : M — > X such that A = /*[M], where [M] is the 
foundamental class of M. This is actually not true, but Steenrod proved that there always 
exists a triple (M, a, f) where M has dimension n + q, a G H q (M, Z) and A = /*(a H [M]), 
or equivalently A = /^(PDjua). This construction can be generalized. 

We work on the category HCWf of spaces having the same homotopy type of a finite 
CW-complex, and we suppose to have fixed a cohomology theory h*. For a couple of spaces 
(X, A) in HCWf we define the group of n-pre-cycles as the free abelian group hpc, n (X, A) 
generated by triples (M, a, f) where: 

• M is a smooth compact connected h* -orientable manifold of dimension n + q in general 
with boundary; 

• a G /i 9 (M); 

• / : M — > X is a continuous map such that f(dM) C A. 

We define the group of cycles hc, n (X,A) as the quotient of hpc >n (X,A) by the subgroup 
generated by: 

• elements of the form (M, a + (3, f) — (M, a, f) — (M, (3, f) , so that we impose additivity 
with respect to the cohomology class in the middle; 

• elements of the form (M, a, f) — {E + , T(a), f on) where tt : E — > M is a vector bundle 
and T : K*(M) -> J?* +n (£+) is the Thorn isomorphism. 

Thus a generic n-cycle is an equivalence class [(M, a, /)]. We define the subgroup of n- 
boundaries h Bjn (X,A) as the subgroup of hc, n (X, A) generated by the elements [(M, a, /)] 
such that there exists a precycle (W, /3, <?) G hpc, n (X,X) such that M = cW, a = and 
/ = q\m- We then define the groups: 

h n (X, A) := h c ,n{X, A) I h B>n (X, A) . 

Remark: we cannot define chains as for singular homology, since the cohomology class a 
in the triple can be non-trivial only if M is in general a non-trivial manifold, not necessarily 
a simplex which is contractible. Thus we define cycles and boundaries but we do not build 
a graded complex of chains whose homology is isomorphic to the one we are defining. 

In this picture we can naturally define cap product if h* is multiplicative. In fact, for 
P G h*(X) and [(M,a,f)] G K(X) we define: 



(3n[(M,a,f)} := l(M,a-f*(3,f)} 
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1.4.3 Extension 

As shown in [3] , given a cohomology theory on the category of finite CW-pairs we can extend 
it and associate a group to any pair of spaces, but we do not obtain in general a cohomology 
theory. In particular, for any pair of topological spaces (X, A) we define l)*(X,A) as the 
group whose generic element is a functoii 14 ! £ which, given a finite CW-pair (Y, B) and a map 
/ : (Y,B) — > (X, A), assigns a class /'(£) G h*(X,A), satisfying the following hypoteses: 

• /'(£) depends only on the homotopy class of /; 

• given a couple of maps (Z, C) — (Y, B) — > (X, A) with (Z, C) and (Y, B) finite 
CW-pairs, it satisfies (/ o = #'/'(£)■ 

With this definition the group t)*(X, A) is homotopy-invariant for any couple of spaces, but 
actually it is not a generalized cohomology theory since the exactness of the cohomology 
sequence may fail. Actually, there is not a good way to extend the theory to any couple of 
spaces. However, at least we obtain the result that for couples having the homotopy type of 
finite CW-pairs we obtain a cohomology theory, which coincides with the previous for finite 
CW-paris. 

If (X, A) is a CW-pair, not necessarily finite, there is a canonical isomorphism: 

t)*(X,A) ~Kmh*(X a ,A a ) (1.20) 

a 

where {X a } is the set of finite sub-complexes of X and A a = X a fl A. This groups is in 
general different from h*(X,A) defined in the ordinary way. If (X, A) is a finite CW-pair, 
then there is a canonical isomorphism i)*(X,A) ~ h*(X,A) since A is a maximum in the 
family {X a }. 

If we consider singular cohomology restricted to finite CW-pairs and we extend it in 
this way we do not obtain again singular cohomology, actually we get a surjective map 
if* (A, A) — > H*(X, A) but non injective in general. 



14 The domain of this functor is the category M.ix,A) whose objects are maps / : (Y,B) — > (X,A) with 
(Y, B) a finite CW-pair, and whose morphisms from / : (Y, B) — > (X, A) to g : (Z, C) — > (X, A) arc maps 
h : (Y, B) — > (Z, C) such that g o h = /; the codomain of the functor is the category of abelian groups. 



Chapter 2 
Spectral sequences 



2.1 General setting 

We consider an abelian group K provided with a filtration, i.e., with a sequence of nested 
subgroups {F p K} pe z such that: 

• ■ • • D F p ~ l K D F P K D D ■ ■ • ; 

• {JF P K = K. 

We can define F~°°K = K and F°°K = 0. It is not necessary that the intersection of the 
groups F P K is 0. It often happens that F P K = K for p < 0, and in this case the filtration 
can be written in the form K = F°K D F 1 K D ■ ■ ■ . 

Given a group with a filtration, we can construct the groups: 

EqK = F p K/F p+1 K 

whose direct sum QEqK is called the associated graded group of the filtration {F p K} pe z- 

We start considering spectral sequences without grading, thus, in this context, the laguages 
of homology and cohomology are complitely equivalent. We use the cohomological one. 

Let d : K — > K be a coboundary, i.e., a morphism such that d 2 = 0. In this case we can 
define a cohomology H(K) = Kerd / Im<i. Let us also suppose that d preserves the filtration, 
i.e., d(F p K) C F P K: in this case we have a cohomology H(F P K) for every p. We also put: 

ZK = Kerd BK = lmd Z P K = Ker(d\ FPK ) B P K = lm(d\ FPK ) . 

The inclusion i p : F P K ■=— > K induces a morphism in cohomology: 

if : H(F p K) -> iJ(iT) 

whose image is given by equivalence classes of cocycles in F P K up to coboundaries coming 
from elements of all K. In particular, for a G Z P K\ 



13 
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{a + d{x) | x G F P K} G H(F P K); 
= {a + d(x) | x G K} G H{K). 



That's why in general if is not injective: a cocycle a G F P K can be equal to d(x) for 



x E K \ F P K, and, in this case, [a] ^ in H(F P K) but i# [a] 



[0]. 



We present the situation in a diagram, in which between the first two columns we declare 
when a becomes zero at the quotient (it must be a coboundary) and between the second and 
the third column we declare the condition that a must satisfy to be a cocycle (da = 0): 



K < —S-i v (a) G K 



K 



i*[a] G H(K) 



F p ~ x K 



a=dx 



F p ~ x K 



F p ~ l K 



H(F p ~ l K) 



pv K a e F p K da ~° . F p K 



F p+l K F P+1 K 



F p+1 K 



[a] G H(F p K) 



H(F p+l K) 



The cocycle [a] is mapped in H(K), hence quotiented out by coboundaries from all K. The 
image of if is thus: 

Im ( ) = ( i p Z p K, BK ) / BK . (2.1) 



We define F P H(K) = Im(z#). In this way, we obtain a filtration of H(K) given by 
• • • D F p ~ l H(K) D F P H(K) D F p+l H(K) !>•••, whose associated graded group is the 
direct sum of: 

E P H(K) = F p H(K) I F p+l H(K) . 

The spectral sequence is a sequence of groups which approximates, in a sense still to esta- 
bilish, the graded group Q)EqH(K). 



Remark: the spectral sequence can be built using two very similar viewpoints, which differ 
by a certain isomorphism in the groups involved. We develop both of them. 
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Notation: We previously denned the immersions i p : F P K <^-> .fT. We also define the 
immersions: 

i p ^ r : F P K ^ F p ~ r K . 
When the index p is clear from the context, we denote i p , p -i with i, and i PtP - r with V . 

2.2 Finite filt rat ions 
2.2.1 Preliminaries 

We consider the case of a finite filtration, i.e., such that F P K = K for p < and F P K = 
for p > I, for I a fixed integer. The filtration is then: 

K = F°K D • • • D F l K = 

with the corresponding filtration in cohomology: 

H(K) = F°H(K) D • • ■ D F l H(K) = . 



Definition 2.2.1 Given a finite filtration of an abelian group with coboundary (K,d), a 
spectral sequence is a p- graded sequence of groups and coboundaries {E P K,d p } r£ F} tPe z, with 
d p : E p K E p+r K, such that, for E r K := ® p E p K and d r := (& p d p , it satisfies the 
following conditions: 

• EqK is the associated graded group of the filtration of K; 

• E P +1 K ~ Kerd p /Im<i^~ r canonically, so that E r+ \K ~ H(E r K, d r ) canonically for 
every r; 

• the sequence stabilizes, i.e., for r > r it is d p = and E P K = E P Q K; we call E^K 
the limit of the sequence; 

• E^K ~ E P H(K) canonically. 

In this case, it is clear in what sense the spectral sequence {@E P K} approximates the 
associated graded group ^EqH(K): the sequence stabilizes becoming equal to such group. 

In the following we will use this simple lemma: 

Lemma 2.2.1 Let G be an abelian group and Ai,A 2 ,B < G, with A 2 < A\. Then: 

(A^B) _ A 1 
(A 2l B) ~ (A 2 , Ai n B) ■ 

□ 
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2.2.2 First viewpoint 

Image at level p 

As we have seen, iZA a] = {a + d(x) \ x £ K} £ H(K), hence in the diagram we think ijja] 
as living at the level — oo, i.e., for finite nitrations, at level 0. There is another way to think 
to Im(z^), thinking to it at level p. In particular, it is isomorphic to the group of cocycles 
in F P K up to coboundaries d(x) such that x £ K but d(x) £ F P K: 



t p # [a 



-> {a + d(x) \xeK, d(x) £ F P K} . 
With respect to (12. ip . this viewpoint is: 

F P H(K) ~ Z P K/ (BK n Z P K) 



(2.2) 



and the isomorphism follows from lemma [2.2.11 for A\ = Z P K, A2 = {0}, B = BK. In the 
diagram we can represent (12.21) as follows: 



K 



a=dx 



i p (a) £ K 



K 



F p^i K 



F p ^K 



F p ~ x K 



F p K a e F p K da-^ FPK 



F p+1 K 



F p+l K 



F p+1 K 



H{K) 



H{F p ~ 1 K) 



[a] £ H(F P K); i p # [a] £ 



H(F p+1 K) 



ZPK 



BKnZPK 



The isomorphism 

up : ( i p Z p K, BK ) I BK Z p Kj (BK n Z P K) 
is given by ip[a] = [a] PI F P K, with inverse (p" 1 !^] = [b] + BK. 



(2.3) 



First attempt with F P H(K) 

One can ask why we do not search an approximation of the complete groups F P H(K), 
which should be of course more useful since, in particular, F°H(K) = H(K). The problem 
is that, in this way, although we can construct a sequence of groups with coboundaries using 
the same tecnique, it is not true in general that the group at a certain step is canonically 
isomorphic to the cohomology of the previous, as we now show. 
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We construct a natural approximation! of F P H(K), thought at the level p, i.e., F P H(K) = 
Z P K/(BK n Z P K). In particular, since the filtration has lenght I, for < p < I — 1 it is 
F p+l K = and F p ~ l+l K = K. Hence, we can think: 



Z P K = {ae F P K | d(a) e F p+l K} 

BK n Z P A' = {ae F P K \ a = d(x), x G F p ~ l+1 K}. 



(2.4) 



Remark: the fact of considering p — I + 1 instead oi p — I is very important, and the 
meaning of the +1 will become clear later. 

In the diagram, as before, between the first two columns we declare when a becomes zero 
at the quotient and between the second and the third we declare the condition that a must 
satisfy to be a cocycle: 



(p-l+1) 



(P) 



(p + 



V, a=dx y. 



(p-1) F^if — 



F P ~ X K 



F p ~ x K 



F p K a e F p K — ^ — ^ fi K 



da e {0} 



For this reason we use the following notations: 

• we denote Z P K also by ZfK, meaning that the boundary of an element must live I 
steps under p; 

• we denote BK n Z P K also by BfK, meaning that we consider boundaries of elements 
living I — 1 steps over p. 



In this way: 



F P H(K) = ZfK /BfK. 
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Now we can give the following generalizations for r > 1: 

Z P (K) = {ae F p K | d{a) e F p+r K} 

B P (K) = {ae F P K | a = d(x), x e F p ~ r+1 K} (2.5) 
F?H(K) = Z?A / 5f A. 

We can also consider Zq(K), and we trivially find that Z^{K) = F P K. Thus, we also put 
B P (K) = 0, so that F P H(K) = F P K. 

Remark: For coboundaries we still consider p — r + 1 instead of p — r, as anticipated in 
the remark at page 1471 

In this way we obtain two nitrations and a sequence: 

B P K = B P (K) C • • ■ C Bf(K) = BK n Z P K 

C Z P K = Z P K C • • • C Z P K = F P K 
FfH(K), ■■■ , F P H{K) = F P H(K) . 

In particular, for r increasing in F P H(K), we ask the coboundary of a generalized cocycle 
to live in smaller and smaller groups F p+r K, and we allow the coboundaries to come from 
bigger and bigger groups F p ~ r+1 K. At the end, for r = I, we ask the coboundary of a cocycle 
to be zero and we allow the coboundaries to come from all A, hence we obtain F P H{K). 
On the diagram 12.11 (page HH]), one can see the first step F P H{K) and the general step. 
In particular, in passing from r to r + 1, the reader should imagine the arrow of cocycles 
(between the second and the third column) increasing by one step down, and the arrow of 
coboundaries (between the first two columns) coming from one step more up. 

We put: 

F r H(K) = ^F p H(K). 

pel, 

Now we construct a boundary d p : F P H(K) -> F p+r H(K): 

• by construction, the boundary d induces well-defined maps d p : F P H(K) — > F p+r K, 
as one can see in the diagram 12.11 (page [49]) ; 

• since d 2 = 0, in particular it is d p : F P H(K) -> Z p+r K; 

• but Z p+r K C Z p+r K for every s, hence, for s = r, we can think d p : F P H(K) — > 
Z p+r K- 

• composing with the projection, we obtain d p : F P H(K) — > F p+r H(K). 

In this way, we obtain a coboundary d r : F r H(K) F r H(K). Here we see the importance of 
the +1 shift in the coboundary index, as discussed in the remarks at pages 1471 and EEBl without 
that shift, the imagine of d p would be 0, since the boundary d p of an element by definition 
lives at the level p + r and comes from the level p, so, quotienting out by coboundaries from 
r step above p + r, we would trivially obtain 0. With the shift, we quotient out by r — 1 
steps above p + r, hence we obtain in general a non-trivial cohomology class. 
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First step: 



(P) 



(p _ i) F p-i K F*- X K F P ~ X K 



F P K — ^ a e°F p K — - — >■ F~ P K 



(p + 1) F P+1 K F P+1 K da G 



General step: 



(p — r + 1) 



(P) 



(p-i) F^iK^a** 



F p ~ l K F p ~ l K 



(p + r) rf a e i^p+r-^ 



Figure 2.1: Diagram 
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We would like now to show that F r+ iH(K) is isomorphic to H(F r H(K),d r ), but in this 
setting it is not true in general. Let us see the exact meaning of this isomorphism. Since 
F*H{K) = ZPK/BPR and F P +1 H(K) = Z p r+1 K / ' B p r+1 K , and since B P K C Z p +l K, B p r+l K C 
Z P K, the fact that F r+ iH(K) ~ H(F r H(K), d r ) should be naturally implied by the following 
conditions: 

• Kerd p = Z p +l K/BP.K C Z^R/B^K; 

• lmd p ~ r = B P +1 K/B P K C Z^R/B^K. 

The second equality is trivially true, but the first one is false: let us consider [a] G FPH(K) 
with a G Z P +1 K. Then by construction it is d p (a) G Z p+r K, but the fact that a G Z P +1 K 
implies d p (a) G Z^[ +1 K C However, there is no reason why its equivalence class 

in ZP +r K/B P+r K is zero. For such class to be zero, we must quotient out by elements of 
Z p ^l +1 K, i.e., by cocycles living one step under the image of d p . Thus, instead of considering 
ZP +r K/BP +r K, we must consider Z'P +r K/ (BP +r K , i(Z^l +1 K)) . Hence, for generic level p, 
we must consider the groups ZP.Kj (BPK, i(Z p ±lK)), which, for r = /, becomes Z P K/ (BKH 
ZPR,i(ZP +1 K)). But this is exactly F P H(K) /F P+1 H(K) , since, using lemma 

F P H(K) (Z p K,BK)/BK (ZPR,BK) _ Z*>K 
Fp+ 1 H(K) ~ (Zp +1 K, BK) I BK ~ (Zp +1 K, BK) ~ (Zp +1 K, BK n ZpR) ' 

First correction 

Thus, we search an approximation not of F P H(K), but of E P H(K) = F P H(K) /F P+1 H(K). 
For F P H(K) thought at the level p, i.e., F P H(K) = ZPR/(BK n Z P K), we have that: 

E P H(K) = Z P K/ (BK n Z P K, i(Z p+l K)). (2.6) 

As one can see in the diagram 12.21 (page I5TT) . there is a new vertical arrow for Z P+1 K. We 
could give the following definitions: 

BPK = (BPK, i(Z p +\K)) C Z p K 
E p r K = ZPK/B P K 

which, for r = I, become: 

BfK = (BK n Z P K, i{Z p+1 K)) 
E p H(K) = Z p K/B p K 

The problem is that, in this way, we do not have a filtration B\K C • • • C BfK, since 
the groups Z P ^K are decreasing in r. Thus we introduce a correction on cocycles and 
cobondaries which does not affect the quotient. 
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(p-Z + 1) a=(to > A' 



(p-i; 
(p) 



A" 



FP ^i K 



F^A A^A 



A P A" — ^ a e F P K da - A? A 



(p + Z) 



da e 



Figure 2.2: Correction 
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The right sequence 

There is also another way to think to EqH(K) (cfr equation (12. 6p ): 

ElH{K) ~ (Z P K, i{F p+1 K)) I (BK n Z P K, i(F p+l K)). (2.8) 

This equality follows from lemma for A x = Z P K, A 2 = BK n Z P K, B = i(F p+1 K). 
In other words, we consider all the elements of F P+1 K, not only the cocycles. We use this 
point of view during the construction of the spectral sequence. We thus give the definitions 
for r > 1: 

Z P r K= (Z p K,i(F p+l K)) 

B^K = (B p K,i(F p+l K)) (2.9) 
E P K = ~Z P r K I ~W r K 

which, for r — I, become: 

Z P (K) = (Z p K,i(F p+1 K)) 

= (BK n Z P K, i{F p+1 K)) 
E p H(K) = Z P K/B P l K 

In this way we obtain two nitrations and a sequence: 

(B P K, F p+l K) = B[(K) C ■ ■ • C ~B^{K) = (BK n Z P K, i(F p+l K)) 

C (Z P K, i(F p+1 K)) = Z^K C • • • C Z^K = F P K 
E p H(K),...,E p H(K) = E p H(K). 

On the diagram l2.3l (page [5*H|) . one can see the first step E P K, which is exactly H (F p K / F p+l K) , 
and the general step. Since the first step is H (F p K / F p+l K) , we can define as before 
B P K = {0} and Z P K = F P K: in this way, Z P K = F P K and B^K = F P+1 K, so that 
E P K = F p K/F p+1 K, as previously defined. 

We put: 

E r K = Q)E p K. 

Now we build the map d p : E P K -> E p+r K. Let [a] e E P K. Then: 

• a = z + x, with 2 G Z p K and z e F P+1 K; 

• d(z) G Z p+r A and d(x) G J B P+1 A; 

• hence d(a) G Fp +1 A, in particular d(a) G (i r ~\Z p+r K), B P+1 K); 

• hence we have also d(a) G ( i r ~ 1 (Z p+r K) ) % r (F p+r+1 ) ) B P+1 K ); 

• we consider: 



[d(a)] G 



r-l 



(Z r p+r A), i r (FP+ r+1 ), J B p+1 /i ) 
(Bp+ 1 K, ir(FP+ r + 1 ) ) ' 



2.2. FINITE FILTRATIONS 



First step: 



(P) 



(p _ i) F P ~ X K F*~ X K 



F P ~ X K 



F p K a e F p K — _ F p K 



(p + 1) F P+1 K FP +1 K da G 



General step: 



(p — r + 1) 



(p-1) 



(P) 



(p + r) 



F p°-1 K 



pp-r+lj^ 



F p ~ l K 



F p+r K F p+r K da G 



Figure 2.3: Diagram 
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• there is an isomorphism, obtained from lemma 12.2. II for A\ = ( Z^! +r , i(F p+r+1 ) ), Ai — 
i(FP +r+1 ), B = BP +1 K: 

_ (i r ~ 1 (ZP +r K),i r (FP +r+1 ),B p+1 K) 
V ■ (Bp +1 K, i r (FP+ r+1 )) 

(ZP +r K,i r (F p+r+1 )) 
^ ( (Bp+ 1 K n Z? +r K),i r (FP+ r + 1 ) ) 

given by ip[x] = [x] H F p+r K, and the second member is exactly EP +r K; 

• hence, we put d p r [a] = cp( [d(a) ] ) G E^K. 

In this setting, we can see that E r+ \K = H(E r K,d r ), i.e., E P +1 K = Ker d v r j \m.d v ~ r . 
In fact, since E P K = Z v r Kj ~lf r K and E P +l K = Z P r+1 K/ ~B^. +l K, the fact that E r+ \K = 
H(E r K, d r ) naturally follows from: 

• Ker dP r = Z P r +iK/ C Z P r K/ T? r K; 

• lmdP- r = T? T+1 KlT? r K C T r K/T? r K. 

Let us prove this (the reader should look at the diagram while following the proof): 

• Kernel: 

D) Let [a] G ~Z P r+1 K/ B^ r K. Hence: 

• a = z + 1 for i £ Z P +1 K and x G F P+1 K; 

• d(a) = d{z) + d{x), with d(z) G FP +r+1 K and d(x) G 

• hence [d(a) ] = [0]. 

C) Let [d(a)] = [0], i.e., d(a) G < J B p+1 i^, i r (F p+r+1 K)) . 

• a = z + x for x G Z P K and x G F p+l K; 

• d(a) = d{z) + d(x), with d(z) G F p+r A: and d(x) G J B p+1 J fsT; 

• hence, by the hypotesis on d(a), it is d(z) G (B P+1 K, i r (F p+r+1 K)) , i.e., 
<£(*) = d(f p+1 ) + p+r+1 , with G and c/ p+r+1 G F p+r+1 K; 

• thus z = (z - f p+1 ) + with z - G Z p r+1 K and G 

• hence a G i(FP +1 K)) = Z P r +i^- 

• Image: follows directly from the definitions. 
2.2.3 Second viewpoint 



In this viewpoint we do not use isomorphism (12. 3p . hence we still think F P H{K) at level 
— oo, which coincides, for finite nitrations, with level 0. 



2.2. FINITE FILTRATIONS 
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First attempt with F P H(K) 



As before, we first consider a natural approximation! of F P H(K) 
following digram represents what we are going to explain: 



{i p Z p K, BK) /BK. The 



(p-Z + 1) 



(P) 



(p + 



a=dx 

K »- a e A 



A 



(p-1) F^A — 



F P_1 A 



F P K 



da e 



In particular, since the filtration has lenght Z, for < p < / — 1 it is F p+l K 
F p ~ l+l K = A. Hence, we can think: 



and 



Z p K = {a e F P K | d{a) G A p+/ A} 
5 A = B p ~ l+1 K. 



(2.10) 



We shift by +1 the coboundary index for the same reason as in the first viewpoint. For this 
reason we use the following notations: 

• we denote Z P K also by Z\ A, meaning that the boundary of an element must live Z 
steps under p; 

• we denote BK also by Q5f A, meaning that we consider boundaries living Z — 1 steps 
over p. 



In this way: 



F P H(K) = (i l - l ZfK,<B p K)/<B p K 
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Now we can give the following generalizations for r > 1: 

Z P K = {ae F P K | d(a) E F p+r K} 
W r K = B p - r+1 K 

Z<B p K = (i r ^Z p K, r& p r K) C F p ~ r+l K 
F P H(K) = Z<B p /re> p K . 

As before, we can extend the definition of Z P K for r = 0. In this way we obtain two 
nitrations (for Z p and ?B P , not for Z^& p !) and a sequence: 

B P K = *8%(K) c • • • C »f (K) = BK 
Z P K = ZfK C • • • C Z P K = F P K 
FfH(K), ■■■ , F P H(K) = F P H(K) . 

In particular, for r increasing in F P H(K), we ask the boundary of a generalized cocycle to 
live in smaller and smaller groups F p+r K, and we quotient by coboundaries living in bigger 
and bigger groups F p ~ r+l K. At the end, for r = I, we ask the boundary of a cocycle to be 
zero and we quotient by coboundaries from all K, hence we obtain F P H(K). 

We remark that this viewpoint is less natural than the previous, since, although the 
cocycles Z P K decrease in r, they are embedded in Z^& P K which are not decreasing in r any 
more. However, the coboundaries added in Z^K are quotiented out in F P H(K), so that, 
at the quotient, we still obtain the same approximation as before by lemma 12.2.11 Instead, 
the construction of the boundary will be more natural in this viewpoint. 

Remark: we point out that F P H(K) must be thought at the level p — r + 1 of the filtration. 

On the diagram 12.41 one can see the first step FfH(K) and the general step. 

We put: 

F r H(K) = ^F p H(K). 

pel, 

By construction, the boundary d induces well-defined maps d p : F P H(K) — > F p+r K, as one 
can see in the diagram. Since d 2 = 0, in particular it is d p : F P H(K) — > Z p+r K, hence, 
composing with i r ~ l and considering the class up to coboundaries in B p+l K, we obtain 
d p : F p H(K) -> F p+r H(K). In this way, we obtain a cohomology d r : F r H(K) -> F r H(K). 
As in the first viewpoint, the +1 shift in the coboundary index allows us to obtain a non- 
trivial cohomology class. 

We would like now to show that F r+1 H(K) is isomorphic to H\F r H{K),d^\ , but in this 
setting it is not true for the same reason discussed in the first viewpoint. 



(2.11) 



2.2. FINITE FILTRATIONS 



First step: 



(P) 



(p _ i) F p-i K F*- X K F P ~ X K 



F P K — ^ a e°F p K — - — >■ F~ P K 



(p + 1) F P+1 K F P+1 K da G 



General step: 



(p — r + 1) 



(P) 



(P-1) i^ 1 *" 2 ^ 



F p ~ l K F p ~ l K 



(p + r) i?P+r# i?P+r^ e ^P+r^ 



Figure 2.4: Diagram 
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The right sequence 

Thus, we search an approximation not of F P H(K), but of E P H(K) = F P H(K) /F P+1 H(K). 
We think to E P H(K) as: 

E P H(K) ~ {% P Z P K, BK, i p+l F p+l K) / (BK, i p+l F p+1 K). (2.12) 

This reduces to (JHED using lemma [MH for A 1 = (i p Z p K,BK), A 2 = BK, B = i p+l F p+1 K. 
We thus use the definitions: 

W r K = (<B P K, i r F p+1 K) = (B p ~ r+l K, i r F p+1 K) 

~2W r K = (ZW r K, i r F p+1 K) = (% T ~ l Z p T K, B p ~ r+1 K, i r F p+1 K) (2.13) 
E P K = zW r K/m P r K 

which for r = I become: 

W t K = (BK,t p+1 F p+1 K) 

Z% P K = (i p Z p K, BK, i p+l F p+l K) 

E P K = E P H(K). 

On diagram 12. 5\ one can see the first step E P K, which is exactly H(F P K/F P+1 K), and 
the general step. As before, we can extend the definition of Z P K for r = 0, obtaining 
Z P K = F p K. Then, we define <B%K = {0} and Z%K = F P K, hence ~Z*B P K = F P K and 
W K = F p+l K, so that E P K = F p K/F p+l K. 

We put: 

E r K = Q)E p r K. 

We have a natural boundary d p : E P K -> E P+r K. In fact, let [a] G E P K. Then: 

• a = z + t, + x , with z G Z p K, b G B p ~ r+1 K and x G F P+1 K, and [a] = [z] in E P K; 

• d(z) G Z p+r K C Z^lf C ZS^iT, d(b) = and G 5 P+1 A' C ^ +r Jf; 

• hence [d(a)] = [i r_1 (c?(2;))] G E P+r K, so that we can define d p [a] = [d(a)]. 

It is well defined, since if [zi] = [22], then z\ — z 2 = x + dy with x G F P+1 K, hence 
dz\ — dz 2 = dx and [dx] = in E P+r K. 

In this setting, we can see that E r+ \K = H(E r K, d r ). In fact, we prove that: 

• Ker(d p ) = (i r - l Z p r+1 K,W r K) /%K C zW r K /W r K; 

• lm{d p - r ) = ffiK, i r ~ l (B p - r K n F P K)) /W r K C ~Z*B P r K / 23^A. 

Let us prove this (the reader should look at the diagram while following the proof): 

• Kernel: 



2.2. FINITE FILTRATIONS 



First step: 



(P) 



(p _ i) F P ~ X K F*~ X K 



F P ~ X K 



F p K a e F p K — _ F p K 



(p + 1) F P+1 K FP +1 K da G 



General step: 



(p — r + 1) 



(p-1) 



(P) 



(p + r) 



F p°-1 K 



pp-r+lj^ 



F p ~ l K 



F p+r K F p+r K da G F p+r K 



Figure 2.5: Diagram 
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D) If a = z + / + b corresponding to the decomposition in the statement, then 
d(a) = d(z) + d(f), with d{z) G F p+r+1 K and d(f) G 5 P+1 A, hence [d(a)} = in 
E^A. 

c) For a = 2 + / + 6asin the construction of d p , if [d(a)] = then [d(z)] = 0, i.e. 
d(z) = d(y) + w with y G Ap +1 A and w G F p+r+1 K. But then z = (z - y) + y, 
with z — y E Z p r+l K and y G F P+1 K. Hence a G (i^Zf^K, V%K). 

• Image: 

C) Since I^B^A = (Z^A, «B p - 2r+1 iT, F p ~ r+1 K), then, for a = z + b+f, we obtain 
rfP- r [a] = + [<£(/)], with d(z) G 5 p - r A n F P K and G J B p - r+1 K. 

D) It is ('^A',z r - 1 (*B p ~ r A'nF p A')) = (B p ~ r+1 K, i r F p+1 K, i r ~ 1 (B p ~ r Kr\F p K)). Let 
a = d(f) + g + d(h): then [a] = [d(h)] with rispect to 03^ A, hence [a] = G^ _r [/i]. 

Hence i 

Ker(cff) _ (i^Z^A^A) 

Im(c/r r ) ~ (23^! A, i r ~ x {B p ~ r K fl F p K)) ' 

Let Ax and v4 2 be the numerator and the denominator of the previous formula, and let 
B = W r+1 K. Then: 

• (A 1 ,B) = (i^Z^K, W r+X K) = zW r+1 K; 

• since B C A2, it follows that: 

. <A 2 ,£) = B = ^ +1 tf; 

• Ain5c4 

Then, applying lemma [2.2.11 we obtain that Ker(o^) / lm(d p ~ r ) = E P +1 K. 

2.3 Grading and double complexes 

2.3.1 Grading and regular filtrations 

We now suppose that A is a graded group, i.e.: 

K = K n , d n :K n -> K n+1 

nGZ 

such that d = ® n£ id n (equivalently, A* is a complex). Also the filtration is graded, i.e.: 

F P K = A p A n 

such that K n = F°K n D F l K n D • • • D F l K n = 0. For the associated graded group, we 
shift the indices in the following way, which will be motivated studying double complexes: 

E p ' q K = F p K p+q j F p+1 K p+Q . 
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Remark: in the following, we will denote by n the gradation index, and by q the shifted 
gradation index, i.e., n = p + q. 

We have a cohomology H n (K*) = Kerd n / lmd n ~ 1 . We still suppose that d preserves the 
filtration, i.e. d n (F p K n ) C F p K n+1 : in this case we have a cohomology H n (F p K') for every 
p. We also put: 

ZK n = Ker d n BK n = lmd n ~ 1 Z p K n = Ker(d| FPA -n) B p K n = lm(d\ FPK n-i) . 

The inclusions i PiTl : F p K n <^-> .ft'' 1 induces morphisms in cohomology: 

i* n :H n (F p <*K)^ H n {K m ) 

whose image is given by equivalence classes of cocycles in F p K n up to coboundaries coming 
from elements of all K. 

We present the situation in a diagram: it is the same as before, but with the gradation 
included. 



K n-i ( a ) e K r 



K n+1 



F p ~ x K 



a=d x 



F P K n-l , x a e pp K n U , 



i*[a] e H n (K* 



H^FP-^'K) 



[a] e H n (F p ''K) 



H n (F p+1 ''K) 



The image of z# is thus: 



Im(i# n ) = (i p , n Z p K n ,BK n )/BK r ' 



Z p K n I BK n n 



(2.14) 



We define F p H n (K') = Im(z* re ). In this way, we obtain a filtration of H n (K') given by 
... D F p ~ l H n (K') D F p H n (K') D F p+1 H n (K') D • • • , whose associated graded group is 
the direct sum of: 

E p ' q H(K) = F p H p+q (K)/F p+1 H p+q (K) . 



62 



CHAPTER 2. SPECTRAL SEQUENCES 



Notation: We previously defined the immersions i Ptn : F p K n <^-> K n . We also define the 
immersions: 

j ■ pvK n ^ pv- r K n 

When the index p is clear from the context, we denote ip, P -i,n with i n , and i PtP - r ,n with z^. 

First viewpoint 

We now give the same definitions as before for r > 1, taking into account the grading: 

Z p ' q K = {ae F p K p+q | d(a) e F p+r K p+q+1 } 

B P ' q K ={ae F p K p+q | a = d(x),x e F p ~ r+1 F+ 9 " 1 } 

F p ' q H(K*) = Z p ' q K/B p ' q K 



Z P r ' g K = (Z p > q K,i(F p+1 K p+q )} 
T? r ,q K = (B P ' q K,i(F p+1 K p+q )) 
E p > q K = Z P r ' 9 K/B P r ' q K 



(2.15) 



which, for r = I, become: 

~Z P {\K) = (Z p ' q K,i(F p+1 K p+q )) 
B^ ,q (K) = {BK p+q n Z p > q K,i{F p+1 K p+q )) 
E p ' q H(K 9 ) = Z P,q K/B P,9 K 

thus the sequence stabilizes to E™K = E p,q H(K) = F p H p+q (K)/F p+1 H p+q (K). In this 
way we obtain two filtrations and a sequence: 



(B p ' q K,F p+1 K p+q ) = ~B^ q (K) C • • • C B P ' q (K) = (BK p+q n Z p ' q K, i(F p+l K p+q )) 

C (Z p ' q K, i{F p+1 K p+q )) = Z P,9 K C • • ■ C Zl^K = F p K p+q 
E p ' q H(K'), • • • , Ef' q H(K') = E p ' q H(K'). 

On the diagram 12.61 (page I6"31) . one can see the first step E p,q K, which is exactly H p+q (F p K' / 
F P+1 K'), and the general step. Since the first step is H p+q (F p K* /F P+1 K*), we can define 
Bq q K = {0}, and, as previously remarked, Z p ' q K = F p K p+q : in this way, Z P Q K = F p K p+q 
and 5J' q K = F p+1 K p+q , so that E p ' q K = F p K p+q / F p+l K p+q , as previously defined. 

Let us now consider the boundary, in particular its behaviour with respect to the grading. 
We know that d p : E P K — > E p+r K, i.e., sends p to p' = p + r; moreover, a boundary sends n 
in n' — n + 1. Being n = p + g, it is = n' — = (p + q + 1) — (p + r) — q — r + 1. Hence: 

d p ' q : E P ' q K — > E P+r ' q ~ r+1 K . 



We can show in a picture the behaviour of d p,q : 



2.3. GRADING AND DOUBLE COMPLEXES 



First step: 



(P) 



Op — 1) pp-ipp+q-i pp-ipp+q pp-ipp+q+i 



ppX p+q ~ l a ~ d > a E F p K p+q — — — *■ F p K p+q+1 



(p + 1) pp+ipp+q-^ pp+ipp+q da & F p+l K p+q+1 



General step: 



(p-1) 



(P) 



FP- 1 K p+q ~ 1 



a=dx 



Cp — r + 1) ]7P-r+¥j£p+q-l a dx > pp-r+lp-p+q pp-r+¥j£p+q+l 



F p K p+q pp~ 1 j(p+q+ 1 



pppp+q-i a ~ dx > a E F p K p+q — — — ^ PPKP+1+ 1 



Op + r) pp+r ftP+q-l pp+rpp+q ^ a ^ pp+r pp+q+l 



Figure 2.6: Diagram 
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d v,q 





As before, E r+1 K = H{E r K,d r ), i.e., E p ; q x K = Kerdp «/Imd£- r ' 9+r ~ 1 - Since ^ ,<? ^ = 
9 A/ B^ 9 A and E P + X K = Z^'^K / B^^K , the fact that £ r+ iA = H(E r K,d r ) naturally 
follows from: 

X': i K/B P r ' 9 KcX' q K/K ,9 K; 



• Kerd p ' q 

• Im<- r 

This can been proven as for the ungraded case. 



r+l J 

B P r '"K/B p ; q KGX' q K/B P r ' 9 K. 



Second viewpoint 

We define for r > 1: 

Z^A = {a G F p A p+<? | d(a) e F p+r K p+q+1 } 
W r ' q K = B p ~ r+1 K p+q 

Z<B p ' q K= (i r ~ 1 Z p ' q K, i B p ' q K) C F p ~ r+1 K p+q 
F p,q H(K') = Z^ q K/W r : q K 

Z$ P r ' q K= (¥> p ' q K,i r F p+1 K p+q ) = (B p ~ r+1 K p+q ,i r F p+1 K p+q ) 

zW r ' q K= {Z^ q K,i r F p+1 K p+q ) = (f- 1 Z p ' q K,B p - r+1 K p+q ,i r F p+1 K p+q ) 



(2.16) 



E p ' q K= Z^K/^K 
which, for r = I, become: 

W{ q K = (BK p+q ,i p+1 F p+1 K p+q ) 

~zW l ' q K = (i p Z p ' q K,BK p+q ,i p+1 F p+1 K p+q ) 

Ef' q K = E p ' q H(K). 

thus the sequence stabilizes to E^ q K = E p ' q H(K) = F p H p+q (K)/ F p+1 H p+q (K). For the 
boundary, the same considerations of the first viewpoint apply. 
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Regular filtrations 

Up to now we considered only finite filtrations. When grading is introduced, there is an 
important kind of filtrations, intermediate between finite and infinite filtrations. 

Definition 2.3.1 Let (K',d) be a complex and {F p K'} p< zf>} be a filtration. The filtration is 
called regular if, for any n fixed, the filtration {F p K n } pe ^ is finite. 

For regular filtrations all the theory developed works in the same way, with the exception 
that, only for a fixed n = p + q, we have that eventually E P,q K becomes stationary and equal 
to E™K. 



2.3.2 Double complexes 
Basic definitions 

Definition 2.3.2 Given an additive category A, a double complex is a set of objects {K p,q } PtqG i i 
of A with two morphisms 5 p ' q : K p ' q -»• K p+1 ' q and 5 p 2 q : K p ' q -> K p ' q+1 such that: 

51 = b\ = 8^2 + 5 2 5 l = . 
<1 

• • • 






Definition 2.3.3 Let {K p,q } Ptq( z^ be a double complex. The associated total complex is the 

complex (T n , d n ) n& z such that: 

T n = K p > q d n = (5 p ' q + 5 p 2 ' q ) . 

p+q=n p+q=n 

The conditions 5i5 2 + 5 2 5i = in the definition of double complex ensures that d 2 = 0. 
We now construct a filtration of (T n , d n ) and the corresponding spectral sequence. 

We put: 

pprpn _ j^-i,q 

i>p 
i+q=n 
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i.e., the p-th group of the filtration at degree n is made by the direct sum of the groups K hq , 
for i + q = n, with i> p. We can also define: 

pPp — J£h 1 pppn _ pprp p| rpn 

i>p 
q&L 

Since the role of the two indexes p, q is symmetric, we can also consider the filtration: 

/ pppn _ K P '' i 

i>p 
p'+i=n 

Definition 2.3.4 Let (K*'°, 6\, 82) and (L*'* ,8[,8' 2 ) be two double complexes in an additive 
category A. A morphism of double complexes is a set of morphisms f p,q : K p,q — > L p,q such 
that: 

In this way we define the category of double complexes in A denoted by Kom**(^4). In 
particular, we can define the subcategory Kom ++ („4.) made by double complexes K*'* such 
that K p ' q = for i < or j < 0. 

Definition 2.3.5 Let (K*'', 81,82) and (L*'*,^,^) be two double complexes in an additive 
category A and /*'*, <7*'* : K*'' — > L*'' two morphisms. An homotopy between f and g is a 
set of morphisms: 

h p ' q :K p ' q ^ L p ~ 1,q h p ' g :K p ' q -^ L p,q ~ l 

such that: 

g-f=(8 1 + 82)^ + h 2 ) + {h x + h 2 )(8 1 + 82). 

We can thus define the category K"(A) obtained from Kom**(^4) quotienting out by mor- 
phisms homotopic to zero. Similarly we define K ++ (A). 

Spectral sequences of double complexes 

Let us consider K*'* e Ob(Kom ++ (^4)), whose associated total complex we denote by 
(T',d'). With the filtration {F p T n } Pyn( zz, which is regular since K p,q = for negative 
p or q, we build the corresponding spectral sequence. In particular, we have: 

pp>q = pppp+q j pp+^pp+q _ p^p,q 

and this justifies the shift in the indices for the associated graded group. The first boundary 
is d p ' g :E p ' q ^ E p ' g+ \ i.e., d p ' g : K p > q ^ K p ' q+1 . We now prove that d p ' g = 8 p ' g : 

• let [a] G E p ' g = F p T p+q / F p+1 T p+q = K p > q ; 

. a e F p T p + q = 0.^. + . =p+? ^i, i.e., a = ©a"; 

• [a] = [a p,q ], since the other components a lJ are quotiented out (in fact, E p ' g = K p,q ); 
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• [da} = [d(ar«) } = [Sf V>9 + S p 2 q a™] e = F p T p+q+1 / F p+1 T p+q+1 ; 

• 5f V' 9 G F p+1 T p+9+1 , thus it is quotiented out; 

• hence [da] = [<5f'V- 9 ]. 
Thus: 

E[' q ~ H C '(K P '%5 2 ). 

In fact, we have seen that, in general, -Ef' 9 ~ ffp+i^ppj 19 j F p+l T'), which, in this case, 
becomes exactly the previous formula. 



We now discuss the second boundary d^' 9 : E\' q — > E P+ ' q : we prove that it is exactly 
induced by S p,q acting on E p,q . In fact: 

• let [a] G E{' q = H q (K p >\5 2 ), so that a G Ker(^' 9 ) C K p ^; 

• then [da] = [5 p ' q a + 5% q a]; but 5^' q a G K p < q+l is zero in H q+l (K p <\5 2 ) = E p ' q+1 ; 

• hence [da] = [Si' 9 a]. 
Thus: 

E p 2 q = H p (E'i' q ,Si). 



This spectral sequence converges, by construction, to the cohomology of the total complex 
with respect to the given filtration F p T n . Let us see how the various steps of the spectral 
sequence are done. Since an element of T n is made by sum of elements with total index n, 
then F p H n (T*) is given by cocycles whose direct summands have first index at least p, up 
to any coboundary. In the following diagram, the points linked by a double continuous line 
form a cocylce in F p T n , while the ones linked by a double dotted line form an element of 
F p+q ~ 1 K, whose boundary is an element of B p+q K. The group F p H n (T') is made by such 
cocycles up to such coboundaries. If we were considering H n (T°), of the points linked by 
dotted line just the lowest one would have remained, since we are considering the p-step, 
i.e., the first index must be at least p. When we build the spectral sequence, in E P H(K) 
we consider generalized cocycles whose boudary is non-zero only for horizontal index bigger 
or equal to p + r, and we allow coboundaries of elements which are non-zero for horizontal 



68 



CHAPTER 2. SPECTRAL SEQUENCES 



index at lest p — r + 1. 



A 



P 



The limit of the sequence is E™K = E p ' q H(K') = F p H p+q {K') / F p+l H p+q {K'). 

If we consider the filtration 'F p T n , we obtain a spectral sequence {'E P ' q } re ^ such that: 



KP,q 

E{' q = HP(K m >i,6i 
>E™ = Hi{El>\8 2 ) 

and 'E^ q K =' F p H p+q (K')/'F p+1 H p+g (K'). 



>jp,q 



up>q 



SI 



p,q 



2.4 Generalization 



2.4.1 Cohomology of the quotients 

We can interpret cocycles and coboundaries in another way (v. [17] chap. XV). We still 
consider regular nitrations (in particular, they can be finite), i.e., F p K n = K n for n < 
and for any fixed n there exists I G N such that F p K n = for p > I. Using the convention 
F -co K n = K n and F +oo K n = 0; we define, for -oo <p<t< +oo: 

H n (p,t) = H n (F p K'/F t K 9 ) 
H n (p) = H n (p, +oo) = H n (F p K'). 



For p < t < u, a, b > 0, p + a < t + b, we define two maps: 

m n : H n {p + a,t + b) — ► H n (p, t) 
A" : H n (p,t) — >H n+1 (t,u) 



(2.17) 



where: 



ty n is induced in cohomology by the natural map F p+a K/F t+b K — > F p K/F t K, induced 
by inclusions of the numerators and the denominators; 
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(p) 



F P ~ V K 



1 irn-i 



F p ~ l K n 



ppftn-1 a ~ d % a £ pvj^ri da ^ ppp-n+1 



(p + r) 



F P+r K n-l pp+r K n £ p p+r R n+l 



Figure 2.7: Quotient cohomology 

• A n is the composition of the bockstein map (3 : H n (p,t) — > H n+l (t) and the map 
induced in cohomology by 7r : A* A — > F t K/F u K. 

Let us consider H p+q (p,p + r): it is given by cocycles in F p K p+q / F p+r K p+q , i.e. Z P,q K/ 
F p+r K p+q , up to ( J B p J fi7 +,? ,i r (A p+r A p+ ' ? )), as shown in the diagramOat pageEHl Applying 
lemma [2.2.11 we get: 



H p+q (p,p + r) = Z p ' q K I (B p K p+q , f (F p+r K p+q )) . 



(2.18) 



We remark that F p+r K p+q C Z p ' q K (so we do not need the explicit intersection) since every 
x e F p+r K p+q is such that d{x) e F p+r K p+q . 

We can now reintepret spectral sequences only using such groups and maps, and this is 
more natural in the second viewpoint, since we now prove that for r > 1: 



lm(H p+q (p,p + r) H p+q (p-r+ l,p+ 1)) = A'/<B;. A = E P ' q K (2.19) 

as shown in the diagram 12.81 In fact, considering 12.181 the image of (^! p+q ) p p '^+i p+1 can be 
described as: 



Im( Z p ' q K I (B p K p+q ,i r (F p+r K p+q )) 



which is: 



(i r ~ 1 Z p ' q K B p ~ r+1 K p+q i r [F p+l K p+q )) / (B p ~ r+1 K p+q i r [F p+1 K p+q )) 
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(p) 



(p — r + 1) jpp-r+1 a dx > pp-r+lpn pp-r+l fcn+l 



F P K n-l a ~ dx , a e ° F P R n 



(p + r) pp+r K n-1 F P+r K n fa £ 



Figure 2.8: Image 

We have a commutative diagram: 



HP+i( Pl p + r) '-^H^ip- r + l,p+ 1) (2.20) 



v 2 



#p+9+i (p _|_ rj p + 2r ) — (p + l ; p + r + l) . 

We have that: 

• Im(^ +9 ) = E?>*K and Im(^ +<? ) = E P+r > q K; 

• (%<« = Af +9 | ImK+9) : E^K^EP+^- r+1 K. 

We have already proven the first part. For the boundary, let us consider [a] £ E p,q K with 
a = z + 6 + x£ (^ r - 1 ZP' ^ 'i ; ^, J B p - r+1 J f^P +, ?,^ ^ (FP +1 i ; ^P +, ?)). Then we know that d p ' q [a] = 
[d(z)] £ E p+r,q ~ r+1 K . Let us compute A2 +9 ([a]): first we compute the Bockstein map to 
H p+q+1 (p +1), which consist of applying the boundary to get d(z) + d(x) and considering 
the class [d(z)} £ H p+q+1 (p + 1); then we compose with the map in cohomology induced 
by 7T : F p+1 K p+q+1 -> FP +1 i^ +9+ 7F?' +r+1 J fi:P +9+1 , to get [d(z)} £ H p+q+1 (p + l,p + r + 
1) = / ( J B p+1 ^ + 5 +1 ,i r (FP +r+1 i ; s: p+ ' ?+1 )). But, being d(z) a boundary, we have d(z) £ 

B p K p+q+1 n Z p+1 ' q , thus d(z) £ f-i^P+M-r+i go that we can consic ier [d(z)] £ Im(^ +<? ) = 

pp+r, q—r+1 



2.4. GENERALIZATION 



71 



This approach works for r > 1, since, for r = 0, we get in ( 12. 18ft . so that the lhs of 
(12.191) is zero and not equal E p ' q . Thus, we start from r — 1. The limit of the sequence can 
be obtain putting r = +oo in ( 12. 19ft : 

E™K = E p,q H(K) = lm(H p+q (p,+oo) ^ H p+q (0,p + 1)). (2.21) 
In fact, since H p+q (p, +oo) = H p+q (F p K') and H p+q (0, +oo) = H p+q (K') we have that: 

F p H p+q {K') = lm(H p+q {p, +oo) ^ H p+q {0, +oo)) . (2.22) 

Let us see that the associated graded group of this filtration of H p+q (K') = H p+q (0, +oo) is 
given by (PXm In fact, by frXTSl we have H p+q (0, +oo) = Z^ q /BK p+q = ZK p+q /BK p+q = 
H p+q (K 9 ) and H p+q (0,p + 1) = Z^ g /(BK p+q , iP+ 1 (FP +1 KP +q )) = H p+q (K' / F p+l K m ): 
then (ESQ) is obtained by (127221) via the immersion -> Z^ 9 , so that we get (ZK p+q , 

iP+\F p+1 K p+q )) I (BK p+q ,i p+1 (F p+1 K p+q )) which is exactly F p H p+q (K') / ' F p+l H p+q (K'). 



Using this new language, we never referred to the groups F p K n , but only to H n (p,q): 
thus, we can give the groups H n (p, q) axiomatically, without referring to the filtered groups 
K n . The main advantage of this axiomatization is the possibility to build a spectral sequence 
for a generic cohomology theory, not necessarily induced by a coboundary. 

Description of the isomorphisms 

We now explicitely describe, in this language of cohomology of quotients, the canonical iso- 
morphisms involved in the definition of a spectral sequence, i.e. E p,q x K ~ Kerc^' 9 / Imd p ~ r,q+r ~ 1 . 
Considering (I2.20p . from the two diagrams: 



H p+q ~ l (p-r,p) 
H p+q {p,p + r)- 



-2- H p+q ~\p -2r + l,p-r+l) 



AP+1 



— — ^H p+q (p- r + l,p+ 1) 



A P+9 



H p+ * +1 (p + r,p + 2r) 



r/P+9+l 



(2.23) 



H p+q (p,p + r + 1) 

we have that: 

• Im(ty p+q ) = E p ' q K; 



H p+q (p- r,p+ 1) . 



M, q - AP+1 I 

a r - ^2 ll m (*f+«) • 

£JP~r,q+r-lj£ ^ E P ' q K 



E P ' q K 



E p+r, q -r+l K and d p- r , g+r -l 



A P+9 I 

^0 llm(*g+ 9 ) 



Im(\I/ 



3 J 
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To find the isomorphism E v r + X K ~ Kerd p ' q / lmd p ~ r,q+r ~ 1 we thus need a map (f p,q : H p+q (p— 
r+l,p+l) — > H p+q (p— r, which is naturally given by the immersion % : E p ~ r+l K p+q / F p+l K 
F p ~ r K p+q / F p+l K p+q . We claim that this map induces a surjection: 



tf>< : Ker(A^ | Im( * ?+8) ) — > Im*f « . (2.24) 

In fact: 

• Im^ +9 = ^-i Z P,q K ^r F P+i K P+q^ B p-r+i K p+q^ / (i r F p+1 K p+q , B p ~ r+1 K p+q ); 

• Ker(A p 2 +q \ lni{ ^ P + q) ) = (^Z^K^^F^K^, B p ~ r+1 K p+q ) / (i r F p+1 K p+q , B p ~ r+1 K p+q ) 

• lm^ p 3 +q = (i r ZP + \K,i r+1 F p+1 K p+q ,B p - r K p+q ) / ^+ l F p+l K p+q , B p ~ r K p+q ). 

The map (f p,q is induced by the immersion of the numerators, and it is surjective since the 
only elements in the numerator of Im^/g -1 " 9 which can not to be in the image are the elements 
of B p ~ r K which are quotiented out. Moreover, the kernel of ip p,q is made by classes of 
elements in i r ~ x Z v r ' q x K which, after the immersion, belongs to B p ~ r K, i.e.: 

Ker<^' 9 = (i r ~\Z?.£K)nB p ~ r K p+q ,i r F p+1 K p+q ,B p ~ r+1 K p+q ) / 



r-1 



( F p K p+q ) n B p ~ r K p+q i r F p+l K p+q B p ~ r+l K p+q ) / 



(2.25) 



/fjpp+lj^p+q J^p-r+1 j^p+q^ 

*0 llm(*g +? )> 



but the latter is exactly Ihi(Aq +i3 | Im ^p+9^), thus (f p ' q induces the isomorphism E v,q x K 
Keid p ' q /\md p - r ^ q+r - 1 . 



Let us consider Ef' q = H p+q (p,p + 1). Some elements will lie in Kerc^' 9 , and they are 
mapped to H p+q (p - l,p + 1) by ip^' 9 , which is induced by i ± : F p K p+q / F p+l K p+q -> 
F p ~ 1 K p+q j F p+1 K p+q . We iterate the procedure: some elements will lie in Kerc^' 9 and are 
mapped to H p+q (p - 2,p + 1) by cp p 2 ' q , which is induced by i 2 : F p ~ l K p+q / F p+1 K p+q -> 
F p ~ 2 K p+q j F p+1 K p+q . Thus, in the original group Ef' q = H p+q (p,p+ 1) we can consider the 
elements that survives to both these steps and maps them directly to H p+q (p — 2,p + 1) via 
ii )2 : F p K p+q j F p+l K p+q -> F p ~ 2 K p+q / F p+1 K p+q . This procedure stops after / steps where 
Z is the lenght of the filtration. In particular, we obtain a subset A p,q C -Ef' 9 of surviving 
elements, and a map: 

: C £f' 9 — ► E™ (2.26) 

assigning to each surviving element its class in the last step. The map is simply induced by 
: F p K p+q / F p+l K p+q — ► K p+q / F p+l K p+q . We now prove that the surviving elements 
are classes in H p+q (F p K* / F P+1 K') represented by elements which are in F p+l K p+q or by 
elements whose boundary is (not in F p+1 K p+q+1 \), or more generally that the elements 
surving for r steps (thus from 1 to r + 1) are represented by elements of F p+l K p+q or 
by elements whose boundary is in fp+ r + 1 x p+q+1 . In fact, the first boundary is given by 
A p,q : H p+q (p,p +].)—>• H p+q (p + l,p + 2) so that the elements in its kernel are classes in 
H p+q (p,p + 1) represented by elements of F p+1 K p+q or by elements whose boundary lives 
in F p+2 K p+q . Then the isomorphism ( 12.24ft sends such elements to H p+q (p — l,p + 1) by 
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immersion and the second boundary is given by A p,q : H p+q (p — l,p + 1) — > H(p — l,p + 3) 
restricted to the image, thus the elements in its kernel must have boundary in F p+3 K p+q , 
and so on. Thus we have that: 

A p ' q = lm(H p+q (p, +oo) — ► H p+q (p,p + 1)) 

and we have a commutative diagram: 



H p+q (p, +oo) 



H p+q (0,p + 1) 



(2.27) 



H p+q (p,p+ 1) 

with A p ' q = Imvr* and i*\ Im7r * = ip p ' q . 
2.4.2 Axiomatization 

Let us consider the following assignements, for p, t, u G Z U {— oo, +cx)}: 

• for — oo<p<t<oo and ngZan abelian group /i n (p, t), such that /i n (p, i) = h n (0, t) 
for p < and there exists / e N such that /i n (p, i) = h n (p, +oo) for £ > I; 

• for p < t < u, a,b > 0, two maps: 

^ n : h n {p + a,t + b) -> /i n (p,t) 
A" : /i n GM) -> 

satisfying the following axioms: 

1. * n : h n (p,t) -> /i n (p,t) is the identity; 

2. the following diagram, when defined, commutes: 



h n (p",t") 



h n (p,t) 



h n (p',t') 



3. the following diagram, when defined, commutes: 



h n {p',t')^h n+1 (t',u') 



h n {p,t)^^h n+1 (t,u) 
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4. the following triangle, when defined, is exact: 

h'{t, u) h'(p, u) 

h'(p,t). 

Then we define for r > 1: 

E p ' q = lm(h p+q (p,p + r) ^ h p+q (p - r + l,p + 1)) 

F p h p+q = lm(h p+q {p, +oo) feP+ff( 0j +oo)). 
In this way: 

• the groups F p h n are a filtration of /i n (0, +oo); 

• for E r = ® p , q E P ' q and d r = ® Pjq d p > q one has E r+1 = h(E r ,d r ); 

• for every n = p + q fixed, the sequence {E p,q } re ^ stabilizes to F p h p+q / F p+l h p+q . 

The canonical isomorphisms E p ' q x K ~ Kerd p,q / lmd p ~ r ' q+r ~ 1 are induced by the \I/-map 
ip p ' q : h p+q (p — r + 1) — > h p+q (p — r,p + 1), which induces a surjection in the diagram 

(E231): 

^ : Ker(Af + « | Im(<9) ) — Im^ +(? . 

Moreover, we have the commutative diagram (I2.27p . with (p p,q sending the surviving elements, 
i.e. Ini7r*, to E™, i.e., to Im\l/. 

As we have seen, the case of a graded abelian group K* with a finite filtration {F p K'} p( zz 
and a filtration-preserving boundary operator d', can be considered as a particular case of 
this axiomatization putting: 

• h n (p,t) = E{F p K n lF l K n Y 

• * and A as in (l2~T7D 

and the axioms are satisfied. In particular, axiom 4 follows from the short exact sequence 
-> F t K/F u K -> F P K/F U K -> F p K/F t K -> 0. 



2.4. GENERALIZATION 



75 



2.4.3 Generic cohomology theory 

Given a topological space X with a finite nitration: 

= X" 1 C X° C • ■ ■ C X m = X 

we can consider a cohomology theory h', not necessarily induced by a coboundary operator. 
In this case we define: 

• h n (p,t) = ^(X*- 1 ,^- 1 ); 

• ty n : h n (p + a, £ + b) — > h n (p, t) is induced (by the axioms of cohomology) by the map 
of couples % : (X*" 1 ,X p ~ l ) — ► (X*+ 6 -\ X p+a ~ 1 )] 

• A n : h n (p,t) —> h n (t,u) is the composition of the map ir* : h n (X l ~ l , X p ~ v ) — ► 
^"(X*- 1 ) induced by vr : (X*- 1 ^) -> (X*" 1 ^^ 1 ), and the Bockstein map /3 : 

/i n (x*- x ) — > /i-'+^r- 1 ,!'- 1 ). 

In this case one can verify that the previous axioms are satisfied, so that we obtain a spectral 
sequence called Atiyah-Hirzebruch spectral sequence, which we now study in detail. 

Remark: the shift by —1 in the definition of h n (p,t) is necessary to have /i n (0,+oo) = 
h n (X). It would not be necessary if we decleared X° = instead of X" 1 = 0, but it is 
better to use a notation coherent with the case of a finite simplicial complex filtered by its 
skeletons (in that case X° denotes the 0-skeleton, not the empty set). 
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Chapter 3 

Atiyah-Hirzebruch spectral sequence 



3.1 Description of the spectral sequence 

The Atiyah-Hirzebruch spectral sequence relates the cellular cohomology of a finite CW- 
complex (or any space homotopic to it) to a generic cohomological theory. In particular, let 
h* be a cohomology theory defined on a admissible category A containing TopFCW 2 . We 
start from finite simplicial complexes and then we will extend the sequence to all TopFCW. 
For a finite simplicial complex X we consider the natural filtration: 

= X~ l C X° C ■ • • C X m = X 

where X 1 is the i-th skeleton of X. Under these hypoteses, we can build a spectral sequence 
EP'i(X) such that: 

• E2 ,9 (X) ~ H P (X, h q {*}) canonically, where H* denotes the simplicial cohomology and 
{p} the space made by one point; 

• the sequence converges to h'{X). 

Such a sequence is called Atiyah-Hirzebruch spectral sequence. 

As anticipated in the previous section, we can define the following groups and maps: 

• h n (p,t) = h n (X t -\X p - 1 ); 

• \&™ : h n (p + a,t + b) — ► h n (p, t) is induced (by the axioms of cohomology) by the map 
of couples i : (X f -\ X^ 1 ) — ► (X t+b ~ l , X p+a ~ 1 )- 

• A 71 : h n (p,t) —> h n (t,u) is the composition of the map n* : h n (X 1 ' 1 , X p ~ l ) — > 
h n (X^ 1 ) induced by vr : (X*- 1 ^) -> (X^X^ 1 ), and the Bockstein map (3 : 

With these definitions all the axioms of section 12.4.21 are satisfied, so that we can consider 
the corresponding spectral sequence E P,q (X). We now analyze the first two and the last 
steps of such a sequence. 
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3.1.1 The first step 

From equation (I2.28P with r = 1: 

E p ' q (X) = lm(h p+q (p,p + 1) ^ h p+q (p,p + 1)) = h p+q (p,p + 1) 
where the last equality is due to axiom 1. We now have: 

h p+q (p,p + 1) = h p+q {X p ,X p - 1 ) ~ h p+q {X p /X p ~ 1 ) ~ /i p+9 (,S p ) 

~ ^(5°) ~ h q {p} = C p (X, h«{*}) 

Ap Ap 

where C P (X, h q {*}) is the group of simplicial cochains with coefficients in h q {*}. 

From equation (12.281) we get: 

dr = (A p+9 ) | Im( ^ p+9) : E^K^El^K 

i.e.: 

d p ' q = A p+q : h p+q (p,p+ 1) — > h p+q+1 {p+l,p + 2) (3.1) 

which becomes: 

d p ' q : C p (X,H q {*}) — > C p+1 (X,H q {*}) . (3.2) 

It follows from (13.11) that this is exactly the cobondary of cellular cohomology, thus for 
simplicial complexes it coincides with the simplicial coboundary. 

We can write down functorially the canonical isomorphism (_E*' 9 (X), d\ ,q ) ~ (C'(X, h q {*}), 
5'). In fact: 

• we consider the index set of p-simplices A p , and we consider it as a topological space 
with the discrete topology; thus, we have h q (A p ) = (& ieAp Z = C P (X, h q {*}); 

• we consider the p-fold suspension of A p , i.e. S P A£ = S p x (A p U {oo}) / (S p x {oo} U 
{N} x A p ): we have the homeomorphisms S p ~ D p /dD p ~ A p /A p sending N E 
S p to A p /A p G A p /A p for A p the (p - l)-skeleton of A p , thus we have a canonial 
homeomorphism S P A+ ~ A p x A p / A p x A p ; 

• we have a canonical homeomorphism tp : A p x A p / A p x A p — > A P X/A P ~ 1 X obtained 
applying ip p to each A p x {z}; 

• thus we have canonical isomorphisms h q (A p ) ~ h q (A p ) ~ fo p+9 (S p ylp ) ~ h p+q (A p x 
A p / A p x A p ) ~ h p+q (A P X/ A^X) . 

In a diagram: 

A SP : ™M + ~: Uy " s APX l^ri 



/i'' 



C p (X, = h p+q (A p X/A p ~ 1 X) . 
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3.1.2 The second step 

From equation (I2.28P with r = 2: 

El'\X) = lm(h p+q (p,p + 2) S h p+q (p -l,p+ 1)) 

= Im^^^+SXP- 1 ) ^ /i p+9 (X p ,X p - 2 )) 
and for what we have seen about the first coboundary we have a canonical isomorphism: 

E p ' q (X) ~ H P (X, h q {*}) . 

Cocycles and coboundaries 

We now consider the maps: 

j : X p /X p ~ 1 — > X v+x jX v ~ x 

x p /x p ~ 2 



tt : X p /X p ~ 2 — >X P /X P ~ 1 



Xv-i/Xp- 2 
i : X p /X p ~ 2 — ► X^/X^ 1 . 
These maps induce a commutative diagram: 

E{' q = hv+^XP/XP- 1 ) (3.5) 



hP+*{X*+ x / X*- 1 ) — >- hP +q (XP/XP- 2 ) 

where i*,j*,ir* are maps of the \I/-type. We have that E p,q = Imi* by (13.41) . 

We now prove that: 

Ker d p ' q = Im j* Im c^ -1 ' 9 = Ker vr* (3.6) 
The first statement follows from (13. 2h using the exact sequence: 

*■ hP +q {XP +1 /XP^) h p+q {X p /X p - 1 ) h p+q+1 (X p+1 /X p ) >■ ■ ■ ■ 



and the second by the exact sequence: 

>■ hP +q ~ 1 (X p - 1 /X p - 2 ) 1 *■ hP+iiXP/XP- 1 ) h p+q (X p /X p ' 2 ) *■ 

From (13.61) we get: 

• cocycles in C P (X, h q {*}) correspond to classes in Im j*, i.e., to classes in h p+q (X p / ' X p ~ l ) 
that are restriction of classes in h p+q (X p+l / XP" 1 ); 

• coboundaries in C P (X, h q {*}) corresponds to classes in Ker tt*, i.e., to classes in h p+q (X p /X p ~ l ] 
that are when lifted to hP +q (XP/X p - 2 ); 

• Im7r* corresponds to cochains (not only cocycles) up to coboundaries and its subset 
Im i* corresponds to cohomology classes; 

• given a 6 Imi*,we can lift it to elements h p+q (X p /X p ~ l ) which are the respresentative 
cocycles of the class. 
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3.1.3 The last step 

Notation: we denote i p : X p — > X and ir p : X — » X/X p for any p. 

We recall equation (12.211) : 

E™ = lm(h p+q (p, +oo) ^ /i p+9 (0,p + 1)) 
which, for Atiyah-Hirzebruch spectral sequence, becomes: 

E™ = lm(h p+q (X, X p ~ l ) /i p+9 (X p )) (3.7) 

where \I/ is obtained by the pull-back of % : X p — > XjX p ~ x . Since 2 = n p ~i o i p , the following 
diagram commutes: 

h p+q (X/X p ~ l ) h p+q {X p ) (3.8) 




h p+q (X). 

Remark: in the previous triangle we cannot say that i* o ir*_ 1 = by exactness, since by 
exactness i* o tt * = at the same level p, as follows by X p — > X — > X/X p . 

By exactness of /iP +<? (X, ^4 /i p+9 (X) ^> /^"(X^ 1 ), we deduce that: 

Ini7r;„ 1 = Keii* p _ v 

Since trivially Kerz* C Keri* 1: we obtain that Keri* C lm.7r*_ l . Moreover: 

Im7r*_ 1 Kerz*_ 1 



Im* = Im (i* p o iTp_i) = Im [i* p 

hence, finally: 



Ker i* Ker i* 



= Ker(/^(X) — > /^(X^ 1 )) 

Kerf>+?(X) — ► /ip+9(Xp)) 1 ' J 

i.e., i?^ 9 is made by (p + g)-classes on X which are on X p_1 , up to classes which are on 
X p . In fact, the direct sum over p of (13. 9ft is the associated graded group of the filtration 
F p h p+q = Ker(h p+q (X) — ► h p+q (X p ~ 1 )). 

3.1.4 From the first to the last step 

We now see how to link the first and the last step of the sequence. In the diagram (12.271) . 
we know that an element a G E\ ,q survives until the last step if and only if a e Im ir* and 
its class in E™ is (p p ' q (a). We thus define, for a e A p ' q = Imir* C E p ' q : 

{a}% q := ^M(a) 
where the upper 1 means that we are starting from the first step. 
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For AHSS this becomes: 

E p ' q = h p+q (X p , X^ 1 ) E p ^ q = lm(h p+q (X, X^ 1 ) h p+q (X p )) 

and: 

L : h p+q (X,X p ^) — > h p+q (X p ,X p ~ 1 ). 

In this case, t = i* for % : X p /X p ~ l —> X/X p ~ l . Thus, the classes in E\ ,q surviving until 
the last step are the ones which are restrictions of a class defined on all X/X p ~ l . Moreover, 
$ = j* f or j . x p -> X/X p ~\ and j = i o tt p for tt p : X p X p /X p ~\ Hence * = (tt p )* o t, 
so that, for a G Im i C E'f' : 

{a}gL = (?r p )» . (3.10) 

Since in the following we will need to start from an element (3 G -fif' which survives until 
the last step, we also define in the same way: 

{0} E p ' q 

as the class in E^ corresponding to (3. 

Remark: one can easily find a definition of the spectral sequence which is independent 
form the simplicial structure and homotopy- invariant, as explained in pE]. 



3.2 Gysin map and Atiyah-Hirzebruch spectral sequence 

In this section we follow the same line of [2H] , adapting the discussion to any cohomological 
theory. Let X be a compact orientable manifold a Y a compact embedded submanifold. We 
choose a finite triangulation of X which restricts to a triangulation of Y (v. [SI])- We use 
the following notation: 

• we denote the triangulation of X by A = {A™}, where m is the dimension of the 
simplex and i enumerates the m-simplices; 

• we denote by X^ the p-skeleton of X with respect to A. 

We refer to [33J (chapter 0.4) for the definition of dual decomposition and the statement of 
Poincare duality in this setting. 

Theorem 3.2.1 Let X be an n- dimensional compact manifold and Y C X an r -dimensional 
embedded compact submanifold. Let: 

• A = {A™ 1 } be a triangulation of X which restricts to a triangulation A' = {A[7} ofY; 

• D = {D™~ m } be the dual decomposition of X with respect to A; 

• D C D be subset of D made by the duals of simplices in A'. 
Then: 
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• the interior of \D\ is a tubular neighborhood ofY in X; 

• the interior of \D\ does not intersect X^ r ~ l , i.e.: 

\b\ ni^" 1 c d\b\ . 

Proof: The n-simplices of D are the dual of the vertices of A'. Let r = {r™} be the first 
baricentric subdivision of A. For each vertex A°, (thought as an element of A), its dual is: 

fy= U tf- ( 3 - U ) 

Moreover, if r' = {t™} is the first baricentric subdivision of A' and D' is the dual of A' in 
Y, then 

# T *= U T « ( 3 - 12 ) 

and 

D$nY = D'l, . 

Moreover, let us consider the (n — r)-simplices in D contained in dD™, (for the fixed i' of 
formula ( 13.111) ). i.e. D n ~ r n J)v- r - m it intersects Y transversally in the baricenters of each 
r-simplex of A' containing A°: we call such baricenters {6i,...,6jt} and the intersecting 
{n — r)-cells {-D" _r } :( '=i,...,fc. Since (for a fixed i') D™, retracts on A°, we can consider a local 
chart (Ui',ipi'), with C M. n neighborhood of 0, such that: 

• <p~, (Ui/) is a neighborhood of D™,; 

• tpviP'S) cUn ({°} x Rr )> for G R "~ r ( v - eq- (EH); 

• <pi,(D]- r ) CUH (R n ~ r x 7r r (v>(fej))). for ^ : R " {°} x Rr the projection. 

We now consider the natural foliation of U given by the intersection with the hyperplanes 
]R n_r x {x} and its image via </? _1 : in this way, we obain a foliation of D™, transversal to 
Y . If we do this for any i', by construction the various foliations glue on the intersections, 
since such intersections are given by the (n — r)-cells {D™~ r }j = i^ ^k, and the interior gives a 
C°-tubular neighborhood of Y. 

Moreover, a (n — r — t) -cell of D, for t > 0, cannot intersect the brane since it is contained 
in the boundary of a (n — r)-cell, and such cells intersect Y, which is done by r-cells, only 
in their interior points bj. 
□ 

We now consider quadruples (X, Y,D,D) satisfying the following condition: 

(#) X is an n-dimensional compact manifold and Y C X an r-dimensional embedded 
compact submanifold such that N(Y) is /i-orientable. Moreover, D and D are defined 
as in theorem 13. 2. 1L 
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Lemma 3.2.2 Let (X,Y, D, D) be a quadruple satisfying {if), U = Int | -D | and a G h*(Y). 
Then: 

• there exists a neighborhood V of X \ U such that i\(a) | = 0; 

• in particular, it (a) I y „- r -i = 0. 

D 

Proof: By equation (11.191) at pagel39l 

i,( a ) = ^(3 (3 = (<p+)* oT(a)e h*(U + ) . 

Let Vqo C U + be a contractible neighborhood of oo, which exists since U is a tubular 
neighborhood of a smooth manifold, and let V = V ;_1 (V r 00 ). Then /i*(V A oc ) ~ h*{*} = 0, thus 
PWoo — so that (?/>*/3) \ v = 0. By theorem 13.2.11 X^" r ~ 1 does not intersect the tubular 
neighborhood lnt\D\ of Y, hence XT 7 " 1 C V, so that (if>*P) \ vn - r -i = 0. □ 

D 

3.2.1 Unit class 

We start by considering the case of the unit class 1 G h°(Y) (see def. I1.2.9D . We first notice 
that Y, being a simplicial complex, in order to be a cycle in C r (X, R), for R = h°{*} a ring, 
must be oriented if char R ^ 2, while it is always a cycle if char R = 2. Since X is orientable, 
for chari? ^ 2 the normal bundle is also orientablqj, thus it is orientable in H P (X, Z), thus 
in H P (X,R). Since for chari? = 2 any bundle is orientable in H P (X,R), we conclude that 
the normal bundle is always orientable in H P (X, R) for any R. 

Theorem 3.2.3 Let (X, Y, D, D) be a quadruple satisfying (#) and $£~ r : C n ~ r (X, - 
h n ~ r+q (Xp~ r , Xp~ r ~ ) 6e f/ie isomorphism stated in equation (13. 3ft . Lei us define the natural 
projection and immersion: 

and Zet PDa(V) fre t/ie representative of PDx^ ozven &?/ i/ie swm o/ £/ie ce/k dual to the 
p-cells of A covering Y . Then: 

(z n - r )*(z,(l)) = (7r n - r )*($™- r (PD A (F))) . 

Proof: Let U be the tubular neighborhood of Y in X stated in theorem (13.2.11) . We 
define the space {U + )' D ~ r obtained considering the interior of the (n — r)-cells intersecting 
Y transversally and compactifying to one point this space. The interior of such cells form 
exactly the intersection between the (n — r)-skeleton of D and U, since in the (open) tubular 
neighborhood the only (n — r)-cells are the ones intersecting Y as stated in theorem 13.2.11 
i.e. we consider X^~ r \ If we close this space in X we obtain the closed cells intersecting Y 
transversally, whose boundary lies entirely in X^ _r " _1 . Thus the one-point compatification 
of the interior is: 

x 

•yn—r I 
(TT+\n-r _ D \U 
\ U ID — V n-r-l I 

A D \dU 



1 In fact, w\(TX\y) = W\(TY) + wi(NY) and Wi is a 2-torsion class. 
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so that {U + ) n D r C U + sending the denominator to oo (the numerator is exactly D n r of 
theorem 13.2. ip . We also define: 

= lf>\ x n-r : X n D ~ r — ► (U + T D - r . 

%p n ~ r is well-defined since the (n — r)-simplices outside U and all the (n — r — l)-simplices 
are sent to oo by ip. Moreover: 



n n ~ r (X^ r ) ~ \J s?- 



We denote by {S™ r }jg j, with J C I, the set of (n— r)-spheres corresponding to n n r (X^ r | ) . 
We define: 

p : v sr r — > V s r 

iel jeJ 

as the projection, i.e., p is the identity of S T -~ r for every j £ J and sends all the spheres in 
jgn-r ^ ^ Q ^ e attachment point. We have that: 

l{; n - r = po TX n ~ r . 

In fact, the boundary of the in — r)-cells intersecting U is contained in dU, hence it is sent 
to oo by ip n ~ r , and also all the (n — r)-cells outside U are sent to oo: hence, the image of 
if) n ~ r is homeomorphic to Vjej SJ~ r sending oo to the attachment point. Thus: 

^n-ry = ^n-ry Q p * _ 

We put N = N(Y) and un = (<Pu)*( u n)- By lemma fT. 3. II and equation ( 11.19|) at pageGHl it 
is z'i(l) = if)* o (ip+)*(u N ). Then: 

and 

p*(u n \ {u+t - t ) = $r , (PDA(F)) 

since: 

• PD^(Y) is the sum of the (n — r)-cells intersecting U, oriented as the normal bundle; 

• hence $^ ) ~ r (PD a(Y)) gives a 7™ factor to each sphere S"~ r for j £ J and otherwise, 
orienting the sphere orthogonally to V; 

• but this is exactly p*(un \(u+) n ~ r ) s ^ nce by definition of orientability the restriction of 

Xn must be ±7 n for each fiber of N + . We must show that the sign ambiguity is fixed: 
this follows from lemma 11.3.41 since the normal bundle is if-orientable and the atlas 
naturally arising from the tubular neighborhood as in theorem 13.2. II is if -oriented. For 
the spheres outside U, that p sends to oo, we have that: 

= P*("n\ {oo} )=P*(0)=0. 
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Hence: 

\ x n-r = {ip n ~ r )*{u N \ (u+) n-r) 

= (7i n - r y op*(u N \ (u+)l _ r ) 

= (7r^ r )*$^ r (PD A (F)) . 

□ 

Let us now consider any trivial class P*7] G h q (Y). By lemma fl. 3. II at page 1351 we have 
that P*r] ■ un = f] ■ un, hence theorem 13.2.31 becomes: 

(i"-T(i,(P*77)) = (n n - r )*($l- r (PD A (Y®r ] ))) . 

In fact, the same proof apply considering that t]-un gives a factor of 77 • ^ n ~ r instead of >y n ~ r 
for each spere of N + , with 77 G h q {*} ~ h q (S q ). 

The following theorem encodes the link between Gysin map and AHSS: since the groups 
E P,g for r > 2 and the filtration Ker(h p+q (X) -»• /iP +< ?(X n - p )) of h p+q (X) does not depend 
on the particular simplicial structure chosen (v. [1]), we can drop the dependence on D. We 
recall all the hypoteses in order to state the complete result: 

Theorem 3.2.4 Let us consider the following data: 

• an n- dimensional orientable compact manifold X and an r -dimensional embedded com- 
pact submanifold Y C X ; 

• a multiplicative cohomology theory h* such that N(Y) is h-orientable; 

• f or {{E P ' q , d p,q )} be the Atiyah-Hirzebruch spectral sequence relative to h, the canonical 
isomorphism ^ n ~ r : C n ~ r (X , h q {*}) -=+ E^ r ' q (X); 

• a representative PD(Y) o/PD(Y) as a cochain in the cellular complex relative to any 
finite CW -complex structure of X . 

For t] G h q {*}, if $™~ r PD(F (g) if) is contained in the kernel of all the boundaries d^~ r,q for 
r > 2, we can define a class: 

(1) Ker(h n - r+q (X) — ► h n - r+q (X n - r - 1 )) 



{$"" r PD(F ®r])}^Lr, q G 



Ker(h n - r + q (X) — ► h n ~ r + q (X n ~ r )) 
Then: 

{$ n - r PD(F®r7)}^ 1 L, q = [ii(P*rj)] EZ -r, q . 

Proof: We use the cellular decomposition D considered in the previous theorems. By 
equations ( 13. 7ft and ( 13. 8ft we have: 

E n-r,q = J m fin-r+q (X/X™"^ 1 ) h n ~ r+q (X^ r )) (3.13) 



h n ~ r+q (X) 
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and, given a representative a £ Ker(h n r+q (X) — > h n r+9 (X£, r x )) = Irair^^^, we have 



that [a 



a 



X' r 



-r. Moreover, from (12.271) we have the diagram: 



E n-r,q = l^n-r+q^X / X^*' 1 ) 



~h n - r +4(X%- r )) (3.14) 




hn-r+^X^'/X™-*- 1 ) . 



(Note that we used lower indices for the maps in ( 13. 13f) and upper indices for (13. 14f) ) . We 
have that: 

• by formula (13. 101) the class {$J~ p PDa(^ ® tjjj'^p,, is given in diagram (13.141) by 

-Boo 

{7T n-ry ($^p DA (y 0)? )) ; 

• by lemma EX2] it is e Kei(h n - r+q (X) h^+^X^' 1 )), hence [is{P*rj)] E n-r, q 
is well-defined, and, by exactness, i\ (P*rj) e Im7r*„ r „ 1 ; 

• by theorem EZSH it is i* n _ r {i x {P*r))) = (vr n - r )*($"- r (PD A (F ® r/))); 

• hence PD A (F <g> r/)}^,, = [i\(P*v) \e^«- 

□ 

Corollary 3.2.5 Assuming the same data of the previous theorem, the^fact that Y has 
orientable normal bundle with respect to h* is a sufficient condition for PD(F) to survive 
until the last step of the spectral sequence. Thus, any cohomology class [Y] G i?2 _r '° having 
a smooth representative with h-orientable normal bundle survives until the last step. 

Proof: Let us put together the diagrams (13.131) and (13.141) : 



h n - r (X/X 




h n - r \x) 



(3.15) 



(i n - r ) 



h n-r( X n-r j ^ fcn-r^-r) 

so that the diagram commutes being n n ~ r oi n ~ r = i n _ r oir n _ r _i. Under the hypoteses stated, 
we have that i, (1) G Im , so that z,(l) = -K* n _ r _ x {a). Then (i n - r )*(a) E A n ~ r '°, so that 
it survives until the last step giving a class (i n ~ r )* [ {ji n ~ r y (at) in the last step. □ 



3.2.2 Generic cohomology class 

If we consider a generic class a over Y of rank rk(a), we can prove that i\(E) and i\(P*rk(a)) 
have the same restriction to X^~ p : in fact, the Thorn isomorphism gives T(a) = a - un and, 
if we restrict a •% to a finite family of fibers, which are transversal to Y, the contribution 
of a becomes trivial, so it has the same effect of the trivial class P*rk(a). We now prove 
this. 
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Lemma 3.2.6 Let (X,Y, D, D) be a quadruple satisfying (#) and a G h*(Y) a class of rank 
rk(a). Then: 

(f-yiita) = {f-yii^ika)) . 

Proof: Since X"^~ r intersects the tubular neighborhood in a finite number of cells corre- 
sponding under <p^ to a finite number of fibers of the normal bundle N attached to one 
point, it is sufficient to prove that, for any y G Y, (a ■ u^) \ n + = P*rk(a) • \ N +. Let us 
consider the following diagram for y G B: 



h\Y) x h n (N y ,N y ) 



h i+n (Y x N,Y x N') 



(i*yx(i*y 



h^Xh^Ny,^) 



(ixi)* 7 



£h i+n {{y}xN y ,{*}xN') 



The diagram commutes by naturality of the product, thus (a -mat) 1^+ = ce\{ y } -un\n+- Thus, 
we just have to prove that a\{ y } = (P*rk(a)) \{ y y, i.e. that i*a = i*P*p*a = (p o P o i)*a. 
This immediately follows from the fact that p o P o i = i. □ 
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Chapter 4 
K-theory 



4.1 Basic notions of K-theory 
4.1.1 General definitions 

We recall the basic definitions and theorems of K-theory, referring mainly to [2] , and also to 
@3], [IS] and [ST]. 

Definition 4.1.1 Let X be a compact topological space and (Vect(X),©) the semigroup 
of vector bundles (up to isomorphism) on X. The K-theory group of X is the associated 
Grothendieck group K(X). 

It is easy to prove that in K(X) it is [E] = [F] if and only if there exists G such that 
E © G ~ F © G, and this happens if and only if there exists a trivial bundle n such that 
E © n ~ F © n. In particular, it is necessary that rkE = rkF. Moreover, every K-theory 
class [E] — [F] can be represented in the form [E'\ — [n] trivializing F with an appropriate 
direct summand. 

Definition 4.1.2 Let (X, Xq) be a compact topological space with a marked point. Let i : 
{xq} — > X the immersion. We define: 

K(X) = Ker(z* : K(X) -> K(x ) ) . 

In other words, K(X) is made by the K-theory classes [E] — [F] such that rk X0 (E) = rk X0 (F). 
If X is connected, the condition becomes simply rkE = ikF, so that any class can be 
represented in the form [E] — [rkE]. In this case, K(X) doesn't depend on the marked point 

Xq. 

The relation between K(X) and K(X) is: 

K(X) ~ K(X) © Z 

and the isomorphism is given by a — > [a — (rka) xo ) © (rka) xo , where {ika) xo is the 
bundle which is trivial with rank rka on the connected component of Xq, and on the other 
components. 
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Let (X,Y) be a couple of compact topological spaces (i.e. Y C X). The projection map 
tt : X -»• X/Y induces a pull-back tt* : Vect(X/Y) -> Vect(X). For £ bundle on X/Y, 
tt*E is a bundle on X such that i?|y is trivial. However, this map is not injective: given a 
bundle E on X which is trivial on Y, there is always a way to build from E a bundle E' on 
X/Y such that tt*E' = E, but £" in general is not unique. To build such bundle, we must 
consider a trivialization a : E\ Y — > Y x C n , and consider the following equivalence relation: 

• let e yi ,e y2 E E, with TT E (e y J = y h for y u y 2 e Y\ 

• let's consider a(e yi ) = (2/1,21) and a(e y2 ) = (2/2,^2); 

• we declare e yi ~ a e y2 if z x = z^- 

Then £7/ ~ a is a bundle on X/Y. One can prove that the isomorphism class of Ej ~ Q 
only depends on the homotopy class of a (v. [2]). However, in general, choosing two non- 
homotopic trivializations one obtaines non-isomorphic bundles: that's why tt* is not injective. 

There is a remarkable exception: when Y is contractible, then tt* is a bijection: in fact, 
it's injective since two trivializations a,/3 : i?|y ->FxC" are necessarily homotopic (the 
codomain is contractible, hence they are both homotopic to a constant function), and it's 
surjective since on a contractible space every bundle is trivial (hence, for every E in X, E\ Y 
is necessarily trivial). 

Definition 4.1.3 Let (X, Y) be a couple of compact topological spaces. We define: 

K(X,Y)=K(X/Y) 

considering Y/Y as the marked point of X/Y. 

If 7r : X — * X/Y is the projection, let's consider the pull-back tt* : K(X/Y) — - > K(X): 
its image is given by classes [E] — [F] G K(X) such that [E\ Y ] — [F\y] = 06 KiY). In fact: 

• if [E'\ - [F'\ E K(X/Y), then E = tt*E' and F = tt*F' are trivial when restricted to 
Y; since Y/Y is the marked point of X/Y, they also have the same rank on Y, hence 
[E\ Y ] - [F\ Y ] = e K(Y); 

• if [E] - [n] e K(X) and [E\ Y ] - [n\ Y ] = 06 K(Y), then (E © m)\ Y ~ (n © m)\ Y . Let 
a : (E ffi m) |y -^yx a trivialization: then E' = (E @ m) / ~ a is a bundle on 
X/F, and 7r*([#'] - [n ffi m]) = [E] - [n). 

However, since tt* is in general not injective, the subgroup of K{X) made by such classes 
is not isomorphic to K(X,Y). There are two remarkable exceptions: 

• when Y is a retract of X, we'll prove that tt* is injective (theorem 14.1.2ft ; 

• when Y is contractible, as we have seen, tt* is bijective. 

What we said up to now can be summarized by the following exact sequence: 

K(X, Y) ^ K(X) K(Y) (4.1) 
(i* is the restriction) from which we trivially deduce the exactness of: 

K(X, Y) K(X) K(Y) 
since the Z-factor of K(X) is sent by i* to the Z-factor of K(Y). 
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If Y is a retract of X, we have a split short exact sequence: 

— ► K(X, Y) J?(X) #(Y) — ► 

and the same for .fT. 

Let (X, x ) and (Y, z/ ) De topological spaces with marked points. We define: 

• XVY=(Xx{y })U({x }xY); 

• X AY = X x Y / XVY. 

Equivalently, X A Y = (X x Y/X)/Y, where the embeddings ii : X ^ X x Y and i 2 :Y — > 
x Y/X) are defined via marked points. 

Definition 4.1.4 Let (X,x ) be a space with marked point, and (S n , {*}) be the n-sphere. 
Then we define the n-th reduced suspension: 

S n X = S n A X = S 1 A . . . A S 1 A X. 

We can also define the unreduced suspension of X as the double cone over X: 

Ai Y _ X *[-!,!] 

(X x {-1}) U (X x {I})' 

Then S 1 X = S 1 X / ({xq} x [—1, 1]), and, since the denominator is contractible, we have 
K{S 1 X) = K(S l X). 

Definition 4.1.5 We define: 

• K~ n (X) = K(S n (X + )); 

• R- n (X) = K(S n X); 

• K~ n (X,Y) = K~ n (X/Y) = K(S n {X/Y)). 

The following relations hold (v. [5^]): 

K~ 2n (X) = K~ 2n (X) © Z K- 2n -\X) = K~ 2n -\X). (4.2) 

which can be summurized by K~ n (X) = K~ n (X) © K~ n ({p}). Table |4~T1 recalls K-theory 
groups for spheres. 
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n 


7 

k 


K n (S K ) 


K n (S ) 


even 


even 


^77 


z © z 


even 


odd 


U 




odd 


even 








odd 


odd 


z 


z 



Table 4.1: K-theory groups of spheres 



4.1.2 Products in K-theory 

K(X) has a natural ring structure given by tensor product: [E] ® [F] := [E ® F]. Such 
product restricts to K(X). In general, we can define a product: 

K(X) ® #(F) #(X x F) (4.3) 

where, if ir 1 : X x F — > X and 7r 2 : X x F — > F are the projections, £ Kl F = ® n^F. 
The fiber of £ ^ F at (x, y) is © -E/JE We now prove that, fixing a marked point for X 
and F, this restricts to (v. [57J): 

K(X)®K(Y) X(XAF). (4.4) 

For this, we first state that@: 

X(X x F) ~ X(X AF) ©X(F) ffiX(X). (4.5) 

In fact: 

• since X is a retract of X x F via the projection, we have that K(X x F) = X(X x 
F, X) © X(X) = K{X x F/X) © X(X); 

• since F is a retract X x F/X via the projection, we also have K(X x F/X) = K(X x 
F/X, F) © K{Y) = K(X A F) © X(F). 

Combining, we obtain ( 14. 5ft . The explicit isomorphism in (14.51) is given, for a = — [F] G 
X(X x F), by: 

a — ► (a — 7T* a|x — vr^ a|y) © ~k\ ol\y © vr* 
Let a G X(X) and /? G X(F): then a K = and a K f3\ Y = 0. In fact: 

aM j3\x = a ® {kI(3)\x = a ® (3 = a® (vr 2 ii)* /?. 

But 7r2«i : X — > Y is the constant map with value and the pull-back of a bundle by a 
constant map is trivial. Hence (7^1)* /3 = 0. Similarly for F. Hence, by ( 14. 5p . we obtain 
G K(X A F). 

x If X = y and A : I ^ I x I is the diagonal embedding, then E® F = A*(E IE F). 
2 (|4.5|1 is actually true for /Sf -n (X x Y) for any n, with the same proof. 
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4.1.3 Bott periodicity 

Let's consider on S 2 the bundle rj = Os»(l). Then, since R- 2 (X) = K(S 2 A X), by g2D we 
obtain a map: 

B : K(X) — ► k~ 2 (X) 
a — > (r) - 1) la. 

The following fundamental theorem holds (v. [2], [16] and [57]): 

Theorem 4.1.1 (Bott periodicity) For any compact space X, the map B is an isomor- 
phism. 

Similarly, replacing X by S n X in theorem 14.1.11 we have: 

K~ n (X) ~ R- n ~ 2 (x) 

then, by (14.21) . we have: 

K~ n (X) ~ if- n - 2 (X) 
and, finally, replacing X with X/Y, we have: 

if-"(X,F) ~ K~ n - 2 (X,Y). 

For this reason, we extend the definition of K n (X), K n (X) and K n (X, Y) to n > 0, declaring 
that K 2n (X) = K(X) and K 2n+1 (X) = K~\X), and similarly for the other cases. 

4.1.4 K-theory as a cohomology theory 

Given a space X, we define its cone as: 

r , v _ Xx[0, 1] 

Moreover, when we need another cone not intersecting CX, we consider: 

Xx [-1,0] 
Xx{-1}" 

We consider two useful isomorphisms in K-theory: 

• since a cone is contractible (cfr. page l90l) and since X/Y = X U CY/CY, by the 
previous discussion we obtain that K(X/Y) = K(X U CY/CY) ~ ^(X U CY), hence 

AT(A",y) -ir(xucy); 

• since = X U CY/X = C'X U CY/C'X, for the same reason K{S X Y) = K(C'X U 
CY/C'X) ~ #(C"X U CY), hence ^r _1 (Y) ~ #(C"X U CY). 
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From the three sequences of topological spaces: 
Y ^ X X/Y 

i^iucr^iu cy/x = s x y 

X U CY C'X UCY -^U (C'X U CY) /{X U CY) = s x x 
we obtain three exact sequences in K-theory: 

K(X, Y) K(X) -i-> K(Y) 

k~ l {Y) K{X,Y) K(X) 

K~\X) ^ K~\Y) K(X,Y). 

One can prove that i'* ~ tt* and i"* ~ 7r'* under the isomorphisms considered in K-theory 
(v. [2J), so that we obtain a five-term exact sequence: 

K~\X) K~\Y) K(X,Y) X(X) KiY). 

Since K(S n X/S n Y) ~ X(S™(X/Y"))J1 replacing X and F with S n X and S n F we obtain a 
five-term exact sequence: 

^-"^(X) ^ x-™- 1 ^) X- ra (X,F) k~ n {X) ^ K~ n (Y) 
and, glueing such sequences, we obtain a long exact sequence: 

. . . k- n -\Y) K~ n (X, Y) X" n (X) J?- ra (F) — >■■■ 

► X^F) X(X, Y) X X(X) X(Y). 

Similarly, we obtain the corresponding sequence for K-groups. 

By the previous discussion, it follows that K-theory is a cohomological theory associating 
to a pair of topological spaces (X, A) the cohomology groups K n (X, A). 

We can now consider the case of (X, Y) for Y retract of X: 

Theorem 4.1.2 Let Y be a retract of X. Then, for any n, there is a short split exact 
sequence: 

— > K~ n (X,Y) K~ n (X) X~ n (F) — ► 0. 
i/ence X~ n (X) ~ K~ n (X, Y) © X~ n (F). 

Proof: we have already proven the exactness in the middle (eq. (14. ip ). The retraction 
r : X — > Y gives a map r* : K~ n (Y) — > K~ n (X), and since by definition r o z = id, it is 
i* or* = id*, hence i* is surjective. Moreover, i* is surjective also at the level —n — 1, hence, 
by exactness, we obtain Ker<5 = K~ n ~ l {Y) =>• Im<5 = =>- Ker7r* = 0. The splitting is 
induced by r*. □ 

3 In fact, S 1 X/S 1 Y = S 1 (X/Y), thus, by induction, we obtain the thesis for any n. 
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In particular, the isomorphism K n {X) ~ K n (X, Y) © K n (Y) is obtained by: 

a — > (a — r*(a|y) ) © r*(a| 5 ny). 



4.1.5 Non-compact case 

Up to now we considered compact topological spaces. For a generic space X, we use K-theory 
with compact support, which we now define. We denote by X + the one-point compactifica- 
tion of X. In particular, if X is compact, X + = X U {oo}. We also consider {oo} as marked 
point of X + . For X compact we trivially have that K(X + ) = K(X): we assume this as the 
general definition. 

Definition 4.1.6 Let X be a generic topological space (also non- compact). We define: 

K(X) = K(X+). 



One can easily prove that X + A Y + = (X x Y) + . Hence, product (14. 4p exactly becomes: 

K(X) © K{Y) K(X x Y) (4.6) 

also for the non-compact case. 



4.1.6 Thorn isomorphism 

Let X be a compact topological space and E — > X a fiber bundle (not necessarily complex). 
We now show that K(E) has a natural structure of K(X)-modu\e. 

We don't have a natural pull-back ir* : K(X) — ■> K(E) since we consider the compactifi- 
cation i?" 1- , and there are no possibilities to extend continuously tt to Hence, we use the 
product (|4.b]) : considering the embedding i : E X x E given by i(e) = (vr(e),e)@ which 
trivially extends to z : -E + — > (X x E) + by i(oo) = oo, we can define a product: 

K{X) © K(E) — ► K(E) 

This product defines a structure of -fT(X)-module on K(E). 
Lemma 4.1.3 K(E) is unitary as K(X)-module. 

Proof: Let's consider the following maps: 

tx 1 :X + xE + — ► X + 

ix 2 ■ X + x E + — > E + 

i:E + — > (X x E) + 

it : X + x E + — > X + A E + = (X x E) + 

n 2 :(Xx E) + — >■ E + 



4 For such an embedding it's not necessary to have a marked point on X. 
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where i(e) = (7r(e),e) and the others are defined in the obvious way. By theorem 14.1.21 
tt* : K((X x E) + ) — > K(X + x E + ) is injective, by the retraction: 

r : X + x E + — > (X + x {oo}) U ({oo} x E + ) 

given by r(x, e) = (x, oo) and r(oo,e) = (oo,e)E| Then, by the definition of the module 
structure, for a E K{X) = K(X+) and (3 E K{E) = K(E + ) we reformulate g3D afi 

a ■ (3 = i*(#*) _1 (a ®P) = T(r)" 1 (ti> ® tt^). 

For a = 1, it is a|x = X x C and «|{oo} = 0. Hence it is: 

But: 

• since 7T 2 \ XxE+ = (tt 2 o tt) | XxE+ , it is tt*/3 | XxS+ = n*n*/3 \ XxE+ - 

• since tt 2 o tt ({oo} x E + ) = {oo} and /3 E K(E + ), it is (7T*7f|/3) | {oo j x£ , + = 0. 
Hence 1 M (3 = Wi^p, so that: 

1-/3 = i*(7r*)- 1 7f*7?£/3 = i*7f*/3 = (tt 2 o = id*/? = 

□ 

Let's consider a vector space IR 2 ™ as a fiber bundle on a point {x}. Then we have: 

• K(x) = Z; 

• K(R 2n ) = K((R 2n ) + ) = K(S 2n ) = Z. 

Hence K(x) ~ K (IR 2n ). The idea of Thorn isomorphism is to extend this to a generic bundle 
E — * X with fiber IR 2n . To achieve this, we try to write such isomorphism in a way that 
extends to a generic bundle. Actually, this generalization works for E Spin c -bundle of even 
dimension. 

In fact, for the trivial bundle {x} x R 2n , we have S^(M 2n ) ~ C 2 " 1 as Spin c (2n)-module, 
with Spin c (2n) = Spin(2n) ® R C. Moreover, S^(R 2n ) are submodules of S c (R 2n ) = C 2 " 
as Cl(2n)-module, and, for v E R 2n C Q(2n), we have v ■ S+(R 2n ) = S^(R 2n ). We thus 
consider the following complex: 

— > R 2n x S+(R 2n ) R 2n x Sc (R 2n ) — > 



5 The map r is continuous because X is compact, so that its oo-point is disjoint from it. 
6 With respect to (TP]) we think a M /3 € K(X + x E + ) and we write explicitly (tt*)^ 1 . 
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where c is the Clifford multiplication by the first component: c(v,z) = (v,v ■ z). Such 
sequence of trivial bundles on JR 2n is exact when restricted to IR 2n \ {0}, hence the alternated 
sum: 

A R2 „ = [R 2n x Sc(M 2n )] - [M 2n x S+(M 2n )] 

naturally gives a class in K (M. 2n ,M? n \ {0}) (v. [2]). The sequence is exact in particular in 
R 2n \ -Bi(O), hence it defines a class: 

A M 2n g K(R 2n ,R 2n \ Bi(0)) = K(B^j / S\0)) = K{S 2n ). 

One can prove that: 

\ R2n = (-1)" • ( V - if" (4.8) 
i.e., it is a generator of K(S 2n ) ~ Z. 

For a generic Spin c -bundle it : E — > X of dimension 2n, let S^(E) be the bundle of 
complex spinors associated to E, i.e., we consider the spin c -lift of the orthogonal frame bundle 
SO(E) to Spin c (£'), and we call Sc{E) the vector bundle with fiber C 2 ™ associated to the 
representation Spin c (2n) C Cl(2n) ^ C 2 ™: this bundle splits into S C (E) = S£{E) © S£ (E). 
Such bundle is naturally a (Cl(.E')-module. 

We can lift S^(E) to E by 7r*. Then we consider the complex: 

— 7r*5£(J5)-JWS£(£0— >0 

where c is the Clifford multiplication given by the structure of Cl(£/)-module: for e E E 
and s e G (7r*5' ( ^(£')) e , we define c(s e ) — e • s e . Such sequence is exact when restricted to 
E \ Bi(E), where, for any fixed metric on E, B\(E) is the union of open balls of radius 1 on 
each fiber. Hence we naturally obtain: 

X E = [n*S^(E)] - [n*S+(E)} 

as a class in K(E,E\ B^E)) = K(B X {E) / S^E)) = K(E + ) = K(E). The following 
foundamental theorem holds (v. [16], |l3] and, only for the complex case, [2] and [57]): 

Theorem 4.1.4 (Thorn isomorphism) Let X be a compact topological space andn : E — > 
X an even dimensional spin -bundle. For 

\e=[**SZ(E)] - [n*S+(E)]eK(E) 

the map: 

T : K(X) — > K(E) 
a — > a ■ Xe 

is a group isomorphism. 
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We can now see that the construction for a generic 2n-dimensional spin c -bundle E — > X 
is a generalization of the construction of M. 2n . In fact, for 

. (tt*S±(E))\ Ex = E x x {S±(E)) x ~ R 2n x S±(M 2 "); 

• Clifford multiplication restricts on each fiber E x to Clifford multiplication in IR 2n x 
S € (R 2n ). 

Hence: 

\ E \ Ex ~\ R2n . (4.9) 

In particular, we see that, for i : E x — > E + , the restriction i* : K(E) — ► K(E X ) ~ Z is 
surjective. 



4.1.7 Gysin map 

Let X be a compact smooth n-manifold and F C X a compact embedded p-submanifold 
such that n — p is even and the normal bundle M{Y) = (TX \y)/ TY is spin c . Then, 
since Y is compact, there exists a tubular neighborhood U of V in X, i.e., there exists an 
homeomorphism ipu : U —* M{Y). 

If i : Y — > X is the embedding, from this data we can naturally define an homomorphism, 
called Gysin map: 

M : KiY) — > K(X). 

In fact: 

• we first apply the Thorn isomorphism T : K(Y) — > K[M{Y)) = A'(A/"(F) + ); 

• then we naturally extend ifu to (p+ : U+ — ► AT(F)+ and apply (<p+)* : K{N(Y)) — > 
K(U); 

• there is a natural map ip '■ X — > U + given by: 

, f \ ( x if x E U 

^ x) = { oo ifxeX\U 

hence we apply ip* : A'(f/) — ► K(X). 
Summarizing: 



(4-10) 



Remark: One could try to use the immersion i : U + — > X + and the retraction r : X + — > 
U + to have a splitting K(X) = K(U)®K(X, U) = K(Y)®K(X, U). But this is false, since 
the immersion i : U + — > X + is not continuous: since X is compact, {oo} C X + is open, but 
z _1 ({oo}) = {oo}, and {oo} is not open in U + since U is non-compact. 



4.2 Atiyah-Hirzebruch spectral sequence 

We briefly recall the main notions about Atiyah-Hirzebruch spectral sequence in the context 
of K-theory. 
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4.2.1 K-theory and simplicial cohomology 
Lemma 4.2.1 For k E N and < i < k, let: 

i=0,...,fc 

6e t/ie one-point union of k topological spaces. Then: 

k 

k n (x) = ®k n (x i ) 

i=0 

Proof: For n = 0, let us construct the isomorphism if : K(X) — > ^if(Xj): it is simply 
given by y?(a)j = a \x v To build <£> _1 , let us consider {[Ei] — [n,]} G 0i^(Xj). By adding 
and subtracting a trivial bundle we can suppose rij = rij for every so that we consider 
{ [Ei] — [n] } . Since the intersection of the X, is a point and the bundles Ei have the same rank, 
we can glue them to a bundle E on X (v. [2] pp. 20-21): then we declare ( { [Ei] — [ra]} ) = 

For n = 1, we first note that, for S' 1 X the unreduced suspension ofX$K(S 1 {X 1 GX 2 )) = 
K(S 1 Xi US* 1 ^), since quotienting by a contractible space (the linking between vertices of 
the cones and the joining point) we obtain the same space. Hence K X {X\ UX2) = K l (Xi) © 
K 1 (X 2 ). Then, by induction, the thesis extends to finite families. □ 

Remark: we stress the fact that the previous lemma holds only for the one-point union of 
a finite number of spaces. 

Theorem 4.2.2 Let X be a n- dimensional simplicial complex, X p be the p-skeleton of X 
for < p < n and C P (X, Z) be the group of simplicial p-cochains. Then, for any p such that 
0<2p<nor0<2p+l<n, there are isomorphisms: 

$2p . C iv(x,T) — ► K{X 2p ,X 2p ~ l ) 
$2p +i . C 2p+i( X ,Z) — > K 1 (X 2p+ \X 2p ) 

which can be summarized by: 

q p : C P (X,Z) — > K p (X'\X p - 1 ). 

Moreover: 

K\X 2p ,X 2p - 1 ) = K(X 2p+ \X 2p ) = 0. 



7 We remind that K(S 1 X) = K(S 1 X). 
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Proof: We denote the simplicial structure of X by A = {A™}, where m is the dimension 

k 

of the simplex and i enumerates the m-simplices, so that X 2p = A 2p . Then the quotient 

i=0 

by X 2p_1 is given by k spheres of dimension 2p attached to a point: 

X 2 P/X 2 P -i = y S 2 P 

i 

By lemma (HTT1) we obtain K{X 2p /X 2p - x ) = 0A'(S 2p ), and, by Bott periodicity, K(S 2p ) = 

i 

K(S°) = Z. Hence: 

K{X 2p , X 2 '^ 1 ) = Z = C 2p (X, Z). 

i 

h 

For the odd case, let X 2p+l = (J Af +1 . We have by lemma [OH 

i=o 

j j 

= k(sf +2 ) = z = c 2p+1 (x, z). 

In the same way, K\X 2p , X 2p ~ l ) = ®.K x {Sf) = (B j k(Sf +1 ) = 0, and similarly for 

K(X 2p+1 ,X 2p ). 

□ 

The explicit isomorphisms $ 2p and $ 2p+1 are given by: 

-1)^(77 - 1)^ ek(S- p ) 



etf(Sf') forj^* 



and: 

r (_i)P+i (r/ _ ijia&H-i) e #i(sf + 1 ) 
$ 2p + 1 (Af +1 ) = ^ 

I G/? 1 ^ 1 ) forjV 

where we put the overall factors (— l) p and (— l) p+1 for coherence with (14.8j) . 

Remark: such isomorphisms are canonical, since every simplex is supposed to be oriented 
and 77 — 1 is distinguishable from 1 — 77 also up to automorphisms of X (in the first case the 
trivial bundle has negative coefficient, in the second case the non-trivial one, so that, for 
example, they have opposite first Chern class). 
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4.2.2 The spectral sequence 

We now recall the groups involved in the spectral sequence. We use the groups: 
The first step is: 

Ef = H{p, p + 1) = K n (X^, X p ~ l ). 

Tl 

We now consider the presence of the grading in the spectral sequence (v. ^£7\). Since K n is 
determined by the parity of n, we use the Z 2 -index o: 

E P,* = K p+a (X p ,X p ~ l ). 
By theorem 14.2.21 we have isomorphisms: 

E 2 P> o _ C 2p (X,Z) E 2p>1 = 
E 2H-i,o „ C 2p+1 (X,Z) E 2p+1A = 0. 

Since K{xq) = Z and K 1 (xq) = 0, we can write in a compact form: 

E p ' a ~C p (X,K°(x )). (4.11) 

As E p { ~ C p (X,Z), we have that (v. [4]) E P>0 ~ H P (X,Z), i.e., that d p '° is the simplicial 
coboundary operator under the isomorphism (14. lip . By the first formula of (12. 19ft it is 

E p = lm(H(p,p + 2) H(p- l,p+l)), i.e.: 

E p ' a = lKi{K p+C7 (X p+l ,X p - 1 ) K p+a (X p ,X p ~ 2 )). (4.12) 
Thus, for a = 0, we obtain the isomorphism: 

~ p : H P (X, Z) — ► Im * C K P (X P , X p ~ 2 ). (4.13) 
We denote i p : X p — > X and ir p : X — > Xj X p for any p. We recall equation f)2.2ip : 

= lm(H(p, +oo) H(0,p + 1)) 

which, in our case, becomes: 

E p ^ a = lm(K p+a (X, X^ 1 ) ^ K p+a (X p )) (4.14) 

where \1/ is obtained by the pull-back of i : X p — > X/X p_1 . Since i = n p ~\ o i p , the following 
diagram commutes: 

K p+a {X/X p ~ l ) ^K p+u (X p ) (4.15) 

T P-1 



K p+a (X). 
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Remark: in the previous triangle we cannot say that i* o ir*_ 1 = by exactness, since by 
exactness i* o tt* = at the same level p, as follows by X p — > X — > X/X p . 



By exactness of RP +a (X, X p ~ l ) ^4 K p+a (X) ^ Rp+^^Xp- 1 ), we deduce that: 

Ini7r*_ 1 = Keri*_ x . 

Since trivially Ker 2* C Kerz*_ 1; we obtain that Keri* C Im7r*_ 1 . Moreover: 

Ini7r*_ 1 Kerz*_ 1 



Im* = Im (i* p o iTp_i) = Im [i* p 
hence, finally: 



Ker i* Ker i* 



Ep _ Ker(K?(X) — » K^X*- 1 )) 



oo 



Ker(KP(X) — ► Rp(Xp)) (4.16) 
^ = 

i.e., EP^° is made by p-classes on X which are on X p_1 , up to classes which are on X p . 
Prom the first to the last step 

We now see how to link the first and the last step of the sequence. In general, as we have 
seen, it is: 

E{ = H(p, p+1) = lm(H(p, +oo) H(0, p + 1)) . 

There is a natural \I/-map: 

l : H{p, +oo) — > H{p, p+1) 

so that an element a G E\ survives up to the last step if and only if a e Imi and its 
class in E^ is \& o (i~ 1 )(a), which is well-defined since Keri C Ker\l/. We thus define, for 
a e Imi C E{: 

{«}«:= *o(^)(«). 
where the upper 1 means that we are starting from the first step. 

For AHSS, considering p even and a = 0, this becomes: 

Ef'° = K{X p , XP' 1 ) E^° = lm(K{X, X^ 1 ) K{X P )) 

and: 

i : K{X,X p ~ l ) — ► K(X p ,X p ~ l ). 

In this case, i = i* for i : X v jX v ~ x — > X/X p ~ l . Thus, the classes in E p ' surviving up to 
the last step are the ones which are restrictions of a class defined on all XjX v ~ x . Moreover, 
= j* for j :XP -> X/XP~\ and j = i o tt p for vr p : X p -> X^/X^" 1 . Hence * = (vr p )* o t, 
so that, for a G Im i C E'f' : 

{«}$.o := (**)». (4.17) 
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Since in the following we will need to start from an element (3 G E P, °, which survives up 
to the last step, we also define: 



{/3}pU 

loo 



L (2) 

as the class in E^° corresponding to [3. 



4.2.3 Rational K-theory and cohomology 

We now consider Atiyah-Hirzebruch spectral sequence in the rational case. In particular, we 
consider the groups: 

H(p 1 q) = @K^Xi-\XV- 1 ) 

n 

where Kq(X, Y) := K n (X, Y) ® Q. In this case the sequence is made by the groups Q^ a = 
E P ' a ® Q. In particular: 

Q P 2 >°~HP(X,Q) Q^ = 

Ker(^(X) -> ggpg-i)) ( 4 - 18 ) 
V ~ Ker(i^(X) — , V ~ • 

Such sequence collapses at the second step (v. [1]), hence — Q^' - Since: 

• ® P Qoo° * s the graded group associated to the chosen filtration of K(X) © K l (X); 

• in particular, by KW . 2p Q^'° is the graded group of K(X) and 2p+1 Q 2 £ +1 '° is 
the graded group of 

• Q^ ~ H p (X, Q) , thus has no torsion; 
it follows that: 

KqW = @Q 2 £° k^x) = 0e M 

2p 2p+l 

hence: 

# Q (X) ~ # CV (X, Q) K&X) ~ # odd (X, Q). 
In particular, the isomorphisms of the last equation are given by Chern character: 

ch : K Q (X) — > # CV (X, Q) 

ch : A^(X) — if^X, Q) ~ H odd (X, Q) 

are isomorphisms of rings. 
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4.3 Gysin map and AHSS 

4.3.1 Even case 
Trivial bundle 

We start by considering the case of a trivial bundle. 

Theorem 4.3.1 Let (X, Y, D) be a triple satisfying (#) and : C n ~ p (X, Z) — ► K{X n D p , 
X^ ) ~ p ~ 1 ) be the isomorphism stated in theorem J^.2.2\ Let: 



„n—p . vii- p v n ~V I vn—p—1 

7T . A D > A D /A D 

be the projection and PD(Ya) be the representative o/ PD^Y given by the sum of the cells 
dual to the p- cells of A covering Y. Then: 

i, (Y x C) \ K - P = (7r^)*($^(PD(y A ))). 
Proof: We define: 

•yll—p I 

+ \n— p _ D \U 



A D \dU 

so that {U + ) n D ' p C U + sending the denominator to oo (the numerator is exactly D n ~ p of 
theorem 13.2. ip . We also define: 

r~ P = ip\ xn - P : X n D p ^{U + ) n D p . 

ip n ~P is well-defined since the (n — p)-simplices outside U and all the (n — p — l)-simplices 
are sent to oo by ip. 
It is: 

TT n ~ P (X n D -' P ) ~ |j S?~ P . 



We denote by {S™ P }jej, with J C I, the set of (n— p)-spheres corresponding to ir n P (X^ p | ). 
We define: 



i> ■ U s - " • U s ) 



iei jeJ 



as the projection, i.e., p is the identity of Sj p for every j 6 J and sends all the spheres in 
{S™~ p to the attachment point. We have that: 



^-p = p o ir n - p . 

In fact, the boundary of the (n — p)-cells intersecting U is contained in dU, hence it is sent 
to oo by ip n ~ p , while all the (n — p)-cells outside U are sent to oo: hence, the image of ip n ~ p 
is homeomorphic to U/eJ &j ~ P sen ding oo to the attachment point. Thus: 
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We put N = Af(Y) and X A f = (fu)*{^)- By lemma 0X3] and equation (14.101) at pageEEl 
it is U (Y x C) = i)* o (</?+)* (A^). Then: 



D 



i, (y x c) | X „_ P = | xrP = (v n - p )* (V 

and 



(1/+)--' 



since: 

• PD(y A ) is the sum of the (n — p)-cells intersecting U; 

• hence $^~ p (PD(Ya)) gives a (—1)^(77 — 1)^^ factor to each sphere SJ~ P for j £ J 
and otherwise; 

• but this is exactly p* ^A^r |( [ /+)»-pJ since by equation (14.91) at page[9El it is, for y <EY: 

(Aat) |^ + = A R »-„ = (-1)^(77 - 
and for the spheres outside U, that p sends to 00, we have that: 



P* (^\(u+r D p ) 



P*(V| {oo} )=P*(0) = 0. 



Hence: 



z, (y x C) | X „_ P = (^ n ~ p )*(AAr 

= (^op*(V| (ff+r ) 
= (7r ra - p )*$^ p (PD(y A )). 



□ 



Corollary 4.3.2 Lei (X, y, £>) 6e a inp/e satisfying (#) and ~™~ p : (X, Z) 

Im\l/ C X(X^ _P , X^ _p ~ 2 ) 6e £/ie isomorphism (14.131) . Lei: 

~n—p . vn—p v n—p / v n—p—2 

71 F . X D > A D /A D 

be the projection. Then: 

«, (yxC)| xn _ P = (7f"^)*(sr p (PD(y))). 



D 



Proof: For r G Z n ~ p (X,Z) and vr* the map of the diagram (133]) . it is H"~ p ([r]) 

□ 



7r*$^" p (r), and (ff n -P)* o n* = (7i n ~ p )* since vr o vr n - p = 7r n ~ p . 
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The following theorem encodes the link among Gysin map and AHSS: since the groups 
E P,a f or r > 2 and the filtration Ker(K(X) — > K(X n ~ p )) of K(X) do not depend on the 
particular simplicial structure chosen (v. [1]), we can drop the dependence on D. 

Theorem 4.3.3 Let X be an n- dimensional compact manifold and Y C X a p- dimensional 
embedded compact submanifold, such that n — p is even and M{Y) is spin . Let {(E P ,d%)} 
be the Atiyah-Hirzebruch spectral sequence, and let S n ~ p : H n ~ p (X,Z*) E2~ p, ° be the 
isomorphism induced by <3> n_p . Let us suppose that 5 n-p PD(Y) is contained in the kernel of 
all the boundaries d™~ p '° for r > 2. 
With this data, we define a class: 



{E n -PPD(Y)}^L P , e 

Then: 



( 2 ) p „ o „ Ker(K(X)^K(X^)) 
E ~ P '° 00 " Kei(K(X) — K{X»-p)) 





{E n - p PD(Y)}^L p , = [i, (Y x C)] E „_ P ,o . 

Proof: We use the cellular decomposition D considered in the previous theorems. By 
equations f!4.14p and (I4.15P we have: 



E n- P ,o = i m (k{X/X n D - p ~ l ) ^ K(X n D - p )^j (4.19) 



K(X) 



and, given a representative a G Ker^K(X) — ► K(X^ p x )) = Im7r*_ f ,_ 1 , we have that 
[a] £ n- P ,o = z*„ p (a) = a\ x n- P . We have that: 

• the class PD(F)}^_ P , , which by construction is equal to {$^ _p PD(Y)}^;L P ,o, 

by formula (14171) is given as an element of K(X n D ~ p ) by (7r n - p )* ($™~ p PD(Y)) , for 
vr n -P : X n ~ p -> I^/j;- p - 1 ; 

• by lemma it is i, (Y x C) G Ker(fT(X) — ► fTpf™^ 1 )), hence [z, (Y x C)] s „_ P ,o 
is well-defined, and, by exactness, i\ (Y x C) G Im7r*__ x ; 



by theorem HSU it is z;_ p (z, (Y x Q) = (7r rt - p )* ($^ P (PD(Y))) : 
hence {<5> n D ~ p PD(Y)}£L P ,o = [i| (Y x C)] £ „_ P , . 



□ 



Let us consider a generic trivial bundle [r] = F x C. By lemma |4\ 1.31 at page 191)1 we have 
that [r] • Ajv" = A^- r , hence theorem 14.3.11 becomes: 

i, (y x c r ) | xrP = (7r^)*($r p (PD(r • y A ))) 

and theorem 14.3.31 becomes: 

{S n ~ p PD(r • Y)}gU,o = [2! (Y x C r )] B »_ P ,o . 
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Generic bundle 

If we consider a generic bundle E over Y of rank r, we can prove that i\(E) and i\(Y x C r ) 
have the same restriction to X^~ p : in fact, the Thorn isomorphism gives T(E) = E ■ and, 
if we restrict E ■ \jy to a finite family of fibers, which are transversal to Y, the contribution 
of E becomes trivial, so it has the same effect of the trivial bundle FxC. We now prove 
this. 

Lemma 4.3.4 Let (X,Y,D) be a triple satisfying (jf) and E — > Y a bundle of rank r. Then: 

%\ (E) I n - p = i\ (Y x C r ) I n-p. 

D IA D 



Proof: referring to the notations in the proof of lemma 14.1.31 at page l95l we have that: 

e ■ \ M = i\ry\E m \ M ) = r(r)- 1 ® n* 2 \ M ). 

Since X^ p intersects the tubular neighborhood in a finite number of cells corresponding 
under tp^ to a finite number of fibers of A/", it is sufficient to prove that, for any y G Y, 
(E ■ A/v) \ N + = A®- r 1^+. First of all: 

• ^) = (MxAf s ) + c({|,}xAf) + ; 



Mi 



To obtain the bundle 



(tt*)- 1 ^®^) 



we can restrict ft to: 



A = ^[z(M^]=^[{{y}xM y ) + ] 

= (M x u ( Y x {°°}) u ({°°} x ■ A/ ' + ) 



and consider (ft 1 {n*E <8> tt^a/") 

• fa£ ® ^Av) k {oo} = [<E ® o) | yx{oo} 



Moreover: 



®^N)\ {y}xK ^>^f\ K ; 

0; 



{oo}xA/'+ 



(0 ® TT^Aat) 



{oo}xAf+ 



0. 



Hence, since the three components of A intersect each other at most at one point, by lemma 
14.2.11 at page EH] we obtain: 

(n{E ® ir* 2 \ M ) \ A = «(F x C r ) ® tt* 2 X m ) | A< 



□ 
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4.3.2 Odd case 

We now consider the case of n — p odd. We thus take into account the unreduced suspension 
S 1 X and the natural embedding i 1 : Y — > S 1 X. Let U be the tubular neighborhood of Y in 
X, and let U 1 C S X X be the tubular neighborhood of Y in S' 1 X obtained by removing the 
vertices of the double cone to S 1 !!. Then, since K 1 ^) ~ K(S 1 X), we consider the Gysin 
map: 

i\ : K(Y) — ► K\X). 

With the neighborhood U l considered, we have that S 1 (X'^~ p \u) C U 1 and C 
St/ 1 , where dU 1 containes also the vertices of the double cone. In this way we can riformulate 
the previous results in the odd case, considering S 1 (X%~ P ) and S 1 (X^ ) ~ P ~ 1 ) rather than Xp~ p 
and X^T P ~ . 



We consider triples (X, Y, D) satisfying the following condition: 

X is an n-dimensional compact manifold and Y C X a p-dimensional embedded com- 
pact submanifold, such that n — p is odd and J\f(Y) is spin c . Moreover, D is the dual 
decomposition of A as in theorem 13.2. 1[ 



We now reformulate the same theorems stated for the even case, which can be proved in 
the same way. We remark that Mg lx Y is spin c if and only AfxY is, since N§i x Y = AfxY © 1 
so that, by axioms of characteristic classes (v. [5U]), ^3 must be the same. 

Lemma 4.3.5 Let (X,Y,D) be a triple satisfying and a G K{Y). Then: 
• there exists a neighborhood V of X \U 1 such that i}(ct) L = 0; 



in particular, i}(a) \ Sl , „_ p _i. = 0. 



□ 



Theorem 4.3.6 Let (X,Y,D) be a triple satisfying and : C n ~ p (X, Z) — ► K(S l 
(X^ _p ), S' 1 (X^ ) ~ P ~ 1 )) be the isomorphism stated in theorem \4-2.ty Let: 

n n- P . s\X n D p ) — > s\x n D p )/s\x n D p - 1 ) 

be the projection and PD(Ya) be the representative 0/ PDj7 given by the sum of the cells 
dual to the p- cells of A covering Y. Then: 



i] (Y x C) |^ 1(xrP) = K-TK^(PD(F A ))). 

□ 



Corollary 4.3.7 Let (X,Y,D) be a triple satisfying and E n D ~ p : H n ~ p (X,Z) 

hn-9 C K(S 1 (X^~ P ),S 1 (X^~ P ~ 2 )) be the isomorphism fl4T3l) . Let: 

~n- P . s\x n D ~ p ) — > s\xi- p )/s\x n D - p - 2 ) 
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be the projection. Then: 

il (Y x C) \ §1(K - P) = (^)*(sr P (PD(F))). 

□ 



Theorem 4.3.8 Let X be an n- dimensional compact manifold and Y C X a p-dimensional 
embedded compact submanifold, such that n — p is odd and J\f(Y) is spin . Let {(E^,d^.)} 
be the Atiyah-Hirzebruch spectral sequence, and let E n ~ p : H n ~P(X,Z) E r f p ^ be the 
isomorphism induced by $ n_p . Let us suppose that 5 n_p PD(Y~) is contained in the kernel of 
all the boundaries d^~ p '° for r > 2. 
With this data, we define a class: 

l " JE ™ P ' °° Ker^^X) — ► K{S x {X n -v))) 

Then: 

{S-^PD^J^o = \i\ (Y x C)] B „_ P , . 

□ 



4.3.3 The rational case 
Even case 

We now analyze the case of rational coefficients. We define: 



K Q (X) :=K(X) ® Z Q. 

We can thus classify the D-brane charge density at rational level as i\(E)<g>Q. Chern character 
provides an isomorphism ch : Kq(X) — > H ev (X,Q). Since the square root of A(TX) is a 
polyform starting with 1, it also defines an isomorphism, so that the composition: 

ch : K Q (X) — > H CV (X, Q) 
ch(a) = ch(a) A \j A(TX) 

remains an isomorphism. Thus, the classifications with rational K-theory and rational co- 
homology are completely equivalent. 



We can also define rational Atiyah-Hirzebruch spectral sequence Qf. h,cr (X) := E% ,a (X) ®z 
Q. Such sequence (v. jl]) collapses at the second step, i.e., at the cohomology: thus 
Q 2 ^ a (X) ~ (ff ,u (X). An explicit isomorphism is given by the appropriate component of 
Chern character: 

— Ker(K q (X) — . K„(X"-')) y ,v ' 
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For a bundle which is trivial on the (n — p — l)-skeleton, the lower components of ch are 
zero (v. [1]), hence chn-p = chn-p but this is not in general true for the higher components. 
Moreover, since Q^'° has no torsion: 

2k 

and an isomorphism can be obtained splitting a G Kq(X) as a = ^2 2 k a 2fc where ch(a2fc) = 
chfc(a). We now link this isomorphism with the splitting principle stated at the beginning. 

If we consider the brane Y with bundle E and the subbranes {qvlfc} verifying the splitting 
principle, we have that: 

h(E) %Q = ^(i fc )i(y fc x O) ® z Q (4.20) 

since the Chern characters of the two terms above are exactly the two terms of formula 
(110.31) . Hence, if we look at the correspondence: 

2k 

a < — > ®2k [a 2 k] Q 2k.o 

for a 2 k such that ch(a 2 fc) = ch fc (a), we have in particular that [c^j^fc.o = [(ik)\(Y k x 

C fc )l n 2 fc ,0. 
y J Voo 

However, we can also consider the subbranes z*PDy (ch(-E') A G(Y)), with trivial bundle. 
We call such subbranes {q' k ■ Y£}. We have that: 

i\{E) ®zQ < — > ®2k [{ikWi x C^)] q2 m • 

In fact, we saw that {ik)*{qk • Yk) = PD xchk (i\(E)) . Hence: 

ch k ((ikWk x C*)) = ch fe ((4)l(n x C q ")) = (ik)#(q k ■ 1) 
= PD x (ik)*(qk ■ Y k ) = ch k i\(E). 
However, for the branes {q' k ■ Y" fc '} formula (14.201) does not hold. 

Odd case 

In this case, we have the isomorphism ch : Kq(X) — > H odd (X, Q). Moreover, H odd (X, Q) ~ 
if cv (S' 1 X, Q). Hence we have the correspondence among: 

. if(J5) G 

• ch(^E) G iJ^S^Q) ~ # odd (X,Q); 

• ®2k [{ilWk x C»)] gS+ i, . 
As before, for the splitting principle: 

i\{E) ® z Q = x C 9fe ) ® z Q. 
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4.4 K-homology and its non-compact versions 

4.4.1 K-homology with compact support 

As for any cohomology theory we can define a corresponding homology theory for K-theory, 
called K-homology. We follow [H] and [59]. We work on the category HCWf of spaces 
having the same homotopy type of a finite CW-complex. K-homology can be geometrically 
described as follows: for a couple of spaces (X, A) in HCWf we define the group of K- 
homology n-pre-cycles as the free abelian group Kpc, n (X, A) generated by triples (M, a, f) 
where: 

• M is a smooth compact connected spin c manifold of dimension n + q in general with 
boundary; 

• a e K q (M); 

• f : M — > X is a continuous map such that f(dM) C A. 

We define the group of cycles Kc, n {X, A) as the quotient of Kpc >n (X, A) by the subgroup 
generated by: 

• elements of the form (M, a + fl, /) — (M, a, f) — (M, (3, f) , so that we impose additivity 
with respect to the K-theory class in the middle; 

• elements of the form (M, a, f) — {E + , T(a), f on) where ir : E — > M is a vector bundle 
and T : K*(M) -> K* +n (E + ) is the Thorn isomorphism. 

Thus a generic n-cycle is an equivalence class [(M, a, /)]. We define the subgroup of n- 
boundaries K B>n (X, A) as the subgroup of i^c >n (X, A) generated by the elements [(M, a, /)] 
such that there exists a precycle (W,j3,g) e Kpc, n (X, X) such that M = cW, a = /3|m and 
/ — q\m- We then define the K-homology n- group: 

K n (X, A) := K c ,n(X, A) I K B , n {X, A) . 

These are the standard K-homology groups, which have compact support as for singular 
homology. 

Remark: we cannot define K-homology chains as for singular homology, since the K-theory 
class a in the triple can be non-trivial only if M is in general a non-trivial manifold, not 
necessarily a simplex which is contractible. Thus we define cycles and boundaries but we do 
not build a graded complex of chains whose homology is isomorphic K-homology. 

4.4.2 Borel-Moore K-homology and variants 

We now define K-homology with generic support, which we call Borel-Moore K-homology 
by analogy with singular homology. The idea of course is to define it as the usual one 
without assuming that M is compact in the definition of precycles. However, for generic 
backgrounds, we need an hypotesis on the manifolds involved to avoid irregular behaviours: 
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we assume that the space-time manifold S has a well-defined "infinity" on which we classify 
Ramond-Ramond charges (see [53]), i.e. we suppose that S can be embedded as the interior 
of a manifold with boundary S, so that infinity is dS. We assume for simplicity the manifold 
to be smooth, although what we are going to say holds also if there are some singularities. 
Under this assumption S and S are homotopic: in fact, by the collar neighborhood theorem 
(see [36]) there is a collar neighborhood of dS in S, which is by definition a neighborhood 
U diffeomorphic to dS x [0, 1). Now we can retract both S and S to the same compact 
submanifold obtained retracting U to the image of dS x [|, 1) under the diffeomorphism, 
thus S and S are homotopic. This will have some important consequences. 

We can show that this assumption does not hold for any manifold. In fact, if it holds, we 
have shown that S is homotopic to S, thus, being S compact, it is homotopic to a finite CW- 
complex. There are manifold not homotopic to a finite CW-complex: one counterexample is 
given by a surface with infinite genus. In this case Hi(S, Z) = Z N °, where K is the cardinality 
of countable infinite sets as N or Z, in particular Hi(S, Z) is not finitely generated, hence S 
cannot be homotopic to a finite CW-complex. 

If there is an embedding of S in S such that S = S \ dS it is unique, as we prove 
in appendix IA.2I We call manifolds with collar at infinity the manifolds satisfying this 
assumption (they contain as particular case the compact ones, for which S = S). We call 
couple of manifolds with collar at infinity a couple (X, A) such that both X and A are 
manifolds with infinity and the closure of A is X is diffeomorphic to A. We can now define: 

K™{X):=K n (X,X\X). 

The hypotesis can be relaxed asking that X is homotopic to a finite CW-comple and admits 
any compactificaton X which is also homotopic to a CW-complex. The result is independent 
on the compactification chosen. Similarly for a couple: 

K* M (X,A) :=K n (X, (X\X)UA). 

As for singular homology, if X = Y x Z we can define homology with compact support along 
Y: 

K* M (Y x Z; Y) := K n (Y xZ,(YxZ)\(Yx Z)) . 

4.5 K-theory and compactness 
4.5.1 Definition of K-theory 

Let us consider a finite CW-complex X (see [35]); in particular X is compact. The K-theory 
group of X, denoted by K(X), is the Grothendieck group associated to the semigroup of 
complex vector bundles on X (see [I], [2]). For {*} a space with one point, we consider 
the unique map p : X — > {*} and we define K(X) := Coker(i* : K({*}) — > K(X)); if X is 
connected K(X) is made by the K-theory classes [E] — [F] such that E and F have the same 
rank. Moreover, given a finite CW-pair (X, A), i.e. a pair of finite CW-complexes such that 
A is a subcomplex of X, we define the relative K-theory group as K(X,A) := K(X/A). In 
this way we define a generalized cohomology theory (see [23] . [fiH] ) on the category of finite 
CW-pairs. 
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In order to obtain a cohomology theory from these definitions (thus, in order to have the 
tools we need in string theory as Gysin map and Atiyah-Hirzebruch spectral sequence) it is 
important that the spaces involved are finite CW-complexes and not generic spaces. In fact, 
for example, if we consider the exact sequence in cohomology K(X, A) — > K(X) — > K(A) 
we see that all the K-theory classes on X which are trivial when restrited to A are pull-back 
of a .fT-class on X/A: the proof of these (see [2]) requires that every bundle E is a direct 
summand of a trivial bundle, which is not true for generic spaces. Moreover, defining the 
relative K-theory group of a pair (X, A) as K(X/A), we need to assume that A is a closed 
and sufficiently regular subset of X, since, for example, if we consider the pair (M n , W l \ {0}) 
we have that the quotient is the same non-Hausdorff space with two points for every n, while 
the correct definition of K-theory should be homotopy-invariant, thus it should coincide with 
K(R n ,R n \ B n ) = K(S n ). We thus should consider the extension as defined in 031 

We now consider manifolds with collar at infinity. It is easy to show that under these 
hypoteses there are canonical isomorphisms K(S) ~ /C(S') ~ K(S) ~ JC(S). In fact, K(S) ~ 
K(S) since S and S are paracompact and this is enough to guarantee that the semigroups 
of vector bundles are isomorphic (see [39]), thus also the associated Grothendieck groups 
are. Moreover K(S) ~ 1C(S) because S is a finite CW-complex^] and JC(S) ~ IC(S) since the 
/C-groups are homotopy-invariant. Thus, we can deal with the usual K-theory group K(S) 
since it gives a well-behaved cohomology theory for the manifolds we are considering. 

Remarks: 

• Since .fT-theory is a cohomology (not homology) theory the K-theory groups with any 
support must be homotopy invariant, while the groups with compact support are not; 
it is the opposite for homology. 

• The question when K(X) ~ fc{X) is not generalizable to any cohomology theory: in 
fact, if we have a cohomology theory h* defined for finite CW-complexes, then the 
only way to extend it is to use the generalized definition, there is no meaning for 
the /i-groups of other spaces; instead, for K-theory, we can define K-theory groups 
independently on the fact that they define or not a cohomology theory, thus we can 
compare them with the extensions of the ones defined only on CW-complexes. 

4.5.2 K-theory with compact support and variants 

Also for K-theory there is the analogoue of the different versions of Borel-Moore cohomology 
considered in [2?]. In particular, we can consider K-theory with compact support K cpt (S) 
made by classes a G K(S) such that there exists a compact set K C S such that ol\s\k = 0, 
and we have that K cpt (S) ~ K(S + ) if S + is homotopic to a finite CW-complex. Moreover, 
for S = Y x Z we can consider K cpt ^(S) made by classes a G K(S) such that for any slice 
Y x z with zgZ the restriction a|vy x x has compact support. 

We described K-theory group with compact or partially compact support intrinsecally, 
without referring to the compactification S. Actually, we have canonical isomorphisms 
K cpt (S) ~ K(S,S\dS) and K cpt(Y) (Y x Z) ~ K (Y x Z, (Y x Z) \ (Y x Z)). 

8 Any compact smooth manifold, with or without boundary, admits a CW-complex structure, as a conse- 
quence of Morse theory (see [49] ). 
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4.5.3 K- homology and Gysin map 

Let us consider K-homology cycle [(M, a, i)] e K Q (S) such that M is a compact submanifold 
of S and i : M ^ S the embedding. Let us suppose for the moment that also S is compact. 



i\(a), where a is the middle term of the triple, then we obtain exactly the Poincare dual of 
[(M, a, i)] in S. In fact, the idea of K-homology, as explained in [JT], is the following: if we 
consider singular homology, it is not true that any n-class A can be represented by a smooth 
manifold, in the sense that there exists a smooth orientable n-manifold M and a continuous 
map / : M — > S such that A = /*([M]) for [M] the foundamental class of M. However, 
there always exists a triple (M, a, f) with M an orientable (n + g)-manifold and a a g-class 
in M such that A — f*(a H [M]). If we consider the equivalence relations analogous to the 
one we recalled defining K-homology, we obtain that the map [(M, a, /)] — > /*(afl [M]) is an 
isomorphism between equivalence classes of such triples and the n-homology group of S. But 
for an orientable manifold M by definition PDj\/(a) := afl [M], thus the class corresponding 
to [(M, a, /)] is exactly /*PD^(a). Since Gysin map commutes with Poincare duality, in 
the sense that PD^/ifa) = /*PDa/(o:), we obtain exactly that f\(a) = PDsf*PT)M(a) — 
PD s[{M, a, /)]. The situation is complitely analogous for any cohomology theory, so also 
for K-theory, provided that we give the corresponding definition of Poicare dual and that we 
replace the orientability of M with the orientability with respect to the cohomology theory 
considered, which for K-theory is equivalent for M to be spin c . 

We now consider S not necessarily compact. In this for singular homology, the 

Poincare dual of a K-homology class is a compactly supported K-theory class, while the 
Poincare dual of a Borel-Moore K-homology class is an ordinary K-theory class. Similarly, 
for the variants with partially compact support Poincare duality respects the directions in 
which we assume compactness. 



9 Actually it is not necessary to consider cmbcddings, it is enough to suppose that the map / : M — > S 
is proper, i.e. that the counter-image of a compact subset is compact. However, we will need to deal only 
with the cmbcddings of the D-brane world-volumes in space-time. 



We can 




It turns out that if we consider 
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Chapter 5 

Topological preliminaries 



5.1 Triangulations 

Let us fix a topological manifold X equipped with a good cover il = {E/j}j e j. We now 
construct, starting from it, a natural open cover for the space of maps from a curve or a 
surface to X. 

5.1.1 Two-dimensional case 

While for curves we had only one type of closed curves, i.e. S 1 , and one type of open curves, 
i.e. [0,1], for surfaces the situation is different, so we consider different kind of spaces 
depending on the surface we start from. We assume that our surfaces are compact. 

Definition 5.1.1 Given a topological space X and a closed compact surface £, the space of 
maps from E to X , called HX , is the set of continuous maps: 

r : S — > X 

equipped with the compact- open topology. 

We now describe a natural open covering for the space of maps. In particular: 
• let us fix a triangulation r of S, i.e.: 

— a set of vertices a®, . . . ,af G S; 

— a subset E C {1, . . . ,/} 2 , determining a set of oriented edges {cL^ C T^^^e 
such that d<T( ab j = of — <7°; if (a, b) E E then (6, a) ^ E and we declare o"^^ := 

— a subset T C {l,...,/} 3 , determining a set of oriented triangles {c? 6 , C 

£}(a,MeT SUCn that da fa,b,c) = a (a,b) + a (b,c) + a (c,a)i S iven a > & ' C OIll y OIle P er " 

mutation of them belongs to T and for a permutaion p we declare a 2 p ^ p ^ p ^ := 

(-i) p i 6 , c) ; 

satisfying the following conditions: 
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— every point P G E belongs to at least a triangle, and if it belongs to more than 
one triangle then it belongs to the boundary of each of them; 

— every edge o4 ^ lies in the boundary of exactly two triangles a 2 a b ^ and a\ a d ^ , 
inducing on it opposite orientations, and of a6c ) H o~ 2 bad j = a \ a by if a P om t P G 
E belongs to an edge <^\ ab ^ and it is not a vertex, than the only two triangles 
containing it are the ones having a) ^ as common boundary; thus, there exists a 
function b:E^T 2 such that a\ ab) C da 2 bl[ab) and -a\ ab) C da 2 2{ab) ; 

— for every vertex of there exists a finite set of triangles {a 2 { 0j ^ . . . , cr^ afe oi ^} 
having of as vertex, such that of - „ „ % PI a?- , n s — a}- „ n (we use the 

o i i (i,aj,a,j + i) (i,a,j+i,aj+2) \ 

notation = 1), these triangles are the only one containing of and their union 

is a neighborhood of it; thus, there exists a function B : {1, ...,/} — > Ui=i^ fci ' 
such that B(i) E T k > and B(i) = {a 2 i ai ^ . . . , of^^}; 

• we consider the following set of indices: 

J , . • r = {0°, . . . , of( T ), -E, T} is a trinagulation of E 
\ ' ' • ip :T — > / is a function 

and a covering {V( r)0 -)}( Tj(J ) e j of EX is given by: 

V(t jV ) = {r e ex : r(a-( o6c) ) c ^(a,6 >C )}- 

One can prove that these sets are open in the compact-open topology and that they cover 
EX. 



Definition 5.1.2 Given a topological space X and a compact surface with boundary E, the 
space of maps from E to X , called EX, is the set of continuous maps: 

T : E — >X 

equipped with the compact-open topology. 

We now describe an anlogous open covering for the space of maps. In particular: 
• let us fix a triangulation r of E, i.e.: 

— a set of vertices of, . . . , of G E; 

— a subset E C {1, . . . ,/} 2 , determining a set of oriented edges {cr} ab \ C E}( ai6 ) ee 
such that <9o"( a 6) = of — of; if ( a 5 b) E E then (6, a) ^ E and we declare C( 6a ) : = 

— a subset T C {l,...,/} 3 , determining a set of oriented triangles {o~ 2 abc j C 
S}(a,fe, c ) G T such that da 2 {a b c) = a\ a b) + a\ bfi) + oJ ca) ; given a, b, c only one per- 
mutation of them belongs to T and for a permutaion p we declare cr^ : = 

( — l) P °faAc)' 
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satisfying the following conditions: 

— every point P 6 E belongs to at least a triangle, and if it belongs to more than 
one triangle then it belongs to the boundary of each of them; if P G <9£ and it is 
not a vertex, then it belongs to just one triangle and lies on the boundary of it; 

— for every edge ah ^ there are two possibilities: 

* or it containes no points of <9E except possibly the vertices; in this case it 
lies in the boundary of exactly two triangles a 2 abc - ) and & 2 bad \, inducing on 
it opposite orientations, and a 2 a b ^ fl a 2 b ad \ — ah b y, if a point p G £ belongs 
to such an edge o} ab \ and it is not a vertex, than the only two triangles 
containing it are the ones having a^ a b ^ as common boundary; 

* or it is entirely contained in <9£; in this case it lies in the boundary of just 
one triangle & 2 abc \] if a point p G £ belongs to such an edge &h b \ and it is 
not a vertex, than the only triangle containing it is the one containing a^ a b ^ 
in its boundary; 

thus, there exists a partition E = BE U IE in boundary edges and internal edges, 
and two functions: 

* b: IE^T 2 such that a\ ab) C da 2 1{ab) and -a\ ab) C da 2 2(ab) ; 

* b : BE —> T such that a\ ab) C da 2 b{ab) ; 

— there exists a partition {0, . . . , /} = BV U IV in boundary vertices and internal 
vertices, such that: 

* for i G IV, there exists a finite set of triangles {of. „ „ \, • • • , o, 2 . „ •,} having 
of as vertex; of. „ „ s Ha 2 - „ n = „ n with a cyclic order (i.e., we use 
the notation ki + 1 = 1); these triangles are the only one containing of and 
their union is a neighborhood of it; thus, there exists a function B : IV — > 
H e/y T fc % such that B({) G T fci and = {a 2 ^, . . .,0^^}. 

* for i G .BV, there exists a finite set of triangles {of. •,, . . . , o 2 . 
(without of- „ „ having of as vertex; of - „ „ ifluL „ ^ — ^V 1 ,- „ > f° r 
1 < i < hi, these triangles are the only one containing of and their union is 
a neighborhood of it; thus, there exists a function B : BV — > U_ i=e sv T ki ~ x , 
such that Bfi) G T fc,;_1 and Bfi) = {of. o?. „ „*}; 

W \ / l (1,01,02)' ' (lAj-i^JJ' 

we consider the following set of indices: 

J , . • r = {0°, . . . , cf( T ), B, ^} is a trinagulation of £ 
• Lp : T — > J is a function 

and a covering {V( Ti0 -)}( T)0 -) e j of EX is given by: 

V(r^) = {r G £X : r(o (o6c) ) C C/^oAc) }• 



One can prove that these sets are open in the compact-open topology and that they cover 
£X. 
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5.2 De-Rham theorem 

We construct a canonical isomorphism between Cech cohomology of the constant sheaf K and 
De-Rham cohomology. We give as an example the construction for a 2-form, since the general 
case is complitely analogous. Let us consider a closed 2-form uj 2 : to find the corresponding 
Cech class, we use iteratively Poincare lemma. Given a good cover il = {U a } ae i of X, we 
consider the restrictions uj 2 = uj 2 \u a , so that, being U a contractible, we have that uj 2 a = dui\. 
Thus, considering the restriction to U a p, we have dui\ — ckol = uj 2 ^ — co^p = 0, thus, being 
U a p contractible, we have uj\ - uip = dcj°p. Moreover, d(ui° al3 + cj° 7 + uj® a ) = uj\ - ujp + ujp - 
uj 1 + uj 1 — oj^ = 0. Now, since we started from a 2-form, we have that to^p are functions, 
so that the last expression becomes u^p + + ui® a = c a p y G K. One can prove that this 
correspondence sends cohomologus cocycles in cohomologus forms, thus the isomorphism we 
are searching is \ui 2 } G Hj R (X) — > [{c a p^}] G H 2 (ii,R). 



Viceversa, given {cap^} G Z 2 (il, 1R), we consider the sheaves immersion Icl, and we 
know that K. is fine, thus {c a p.y} = ^({o^g}). But 6 1 ({du%}) = {dc a p-y} = 0, thus, since 
also fijjj is fine, we obtain duj^p = ui\ — uj\. Thus <5°(da;^}) = {d 2 cu^p} — 0, thus {dui\} 
defines a form uo G n|) = T(X, = tt 2 (X, E). 



Given a de-Rham 1-class [uj 1 ], let us consider its corresponding Cech class [ {c a( g}]. Let us 
fix a curve 7 : S 1 — > X. There exists (r, <p) G J such that i G V( T(V ). Thus, since w 1 ]^ = du^, 
one has: 

= E / d <(>) = E - w 5w(°?) • 

T i=l "M i=l 

The last sum can be written as: 

1 

i=l 

so that i/ie integral of a 1-form corresponds to the sum of the Cech representatives on the 
vertices of a triangulation of the curve. In particular, we see that J uj 1 G Z for every 7 if 

and only if c a p G Z for every a, j3, thus integer de-Rham classes corresponds to integer Cech 
classes. 



UJ 



E 



UJ 







^(i-l)^i 



a?) 



tp(i) 



For a de-Rham 2-class [uj 2 ] corresponding to [{c Q/ 3 7 }], given a closed surface £ C X, we 
consider it as an immersion z : £ — > X, thus there exists (r,<p) G J such that i G V( Tj(/P ). 
Thus, since uj 2 \u a = dui\, one has: 



UJ 



E 

(a,6,c)GT r 



(a ,o,c) 



E 

(a,fe,c)eT T 



a; 



¥>(a,&,c) 



5.2. DE-RHAM THEOREM 121 
For every edge a4 ^ we thus obtain: 

i (^(^(0,6)) - w J(6 a (o,6))) = / da; J(6Ha,6)),v(6 2 (a,6)) 

(a,b) (a,b) 



(a, 6) 



a; °(6 1 (a,b)), ¥ >(fe 2 (a,fe)) — Co '°(fe 1 (a,6)), V (b 2 (a,b))(^) — ^ (ft 1 (a,ft)),^(ft 2 (0,6)) ■ 



Thus we reduce the integral to the contribution of the vertices. For a vertex a, we obtain: 

^ ^ Co 'i y 3(a,a i ,a i+ i),( < o(a,a i+ i,ai + 2)( ) 
i=l 

but: 

^0 1 



(a,ai,a i+1 ),ip(a,a i+ 2,a i+ 3) c ip(a,a i ,a i+1 ),ip(a,ai +1 ,a i+ 2),p(a,a i+2 ,a i+3 ) 



thus, after the cycle, we remains just with the c-terms. In particular, J E F G Z for every E 
if and only if c Qj g 7 G Z for every (a, /3, 7). 

We also add the following lemma for future reference. 

Lemma 5.2.1 A 1-form uj G Qq(X) represents an integral cohomology class if and only 
there exists a nowhere vanishing function f such that uj = ^■f~ 1 df. 

Proof: If uj = ^~f~ l df, then uj a = A-d\og f\u a , thus c a p is the difference between two 
logarithms of f\u af) divided by which is integral. Viceversa, if uj is integral, then uj a = 
2^d{p a and c a p = ^(^a — <pp) G Z, thus the local functions f a = e %LPa glue to a global 
one / being e 2mCafs = 1. But uj a = dip a = d\ogf a = fa l df a and, since / is global, we get 

uj = r i df. □ 
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Chapter 6 
Line bundles 



6.1 Cohomology and line bundles 
6.1.1 Bundles and Cech cohomology 

For X a paracompact space, let us consider a complex line bundle L — > X and let us fix a 
good cover it = {U a } a( zi of X. By definition of line bundle, L is isomorphic to a bundle of 
the form: 

(|_J(£/aX(C)Jy/~, (x, z) a ~ {x, g a p{x) ■ z)p, for x e U a/3 . (6.1) 

The transition functions {g a p} G C^CU, C*) satisfy cocycle condition, which exactly means 
that (^{flW?} = 0, so that they determine a cohomology class [{(fez?}] G ^(il, C*). 

If (LS(X),®) is the group of isomorphism classes of line bundles over X, we obtain 
in this way a group isomorphism (LB(X),<S>) — (if^il, C*), •). In fact, let us suppose 
that L G LB(X) is isomorphic to two bundles L 3 and of the form (JO I) , with transition 
functions respectively {(7^/3} and Then there exists an isomorphism <p : L 9 — > L fc , 

which must be of the form </?(x, z) ff)a = (x, / a (x) • Thus: 

V 9 ^ ^) 9 , a = (X, f a (x) ■ Z) Ka = (X, h a p(x) ■ f a (x) ■ z) K p 

<p(x, g a p{x) ■ z)g jf3 = (x, fp{x) ■ g a p(x) ■ z) h:f3 

thus h a p-g~p = f~ l -fp, so that [{Kp}} = [{g a p}]- Viceversa, given a class [{5^/3}], formula 
(16.11) gives a bundle associated to such class. In particular, a bundle is trivial if and only 
if it is represented by the zero-class, since X x C is a representative and all the transition 
functions are 1. 

If we give a line bundle L with a fixed set of local sections {s a : U a — > L}, it is canonically 
isomorphic to a line bundle of the form (16. ip by tp(s a ) x = (x, l) a . This isomorphism can 
be applied to any bundle isomorphic to L using the pull-back of the sections {s a } via the 
isomorphism. In this case we have g a/ 3 = s a / s@, since, for x G U a p, one has (s a ) x = (x, l) a = 
(x, g a /3(x))/3 = gai3{.x){sp) x (of course the sections {s a } does not make {g a /3} a coboundary 
since they are not functions, they are sections of a bundle). 
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Summarizing: 

• when we give a cohomology class a = [{gap}] £ ^(U^C*), we associate to it an 
equivalence class up to isomorphism of line bundles represented by (j6.1| R: 

• when we give a cocycle {g a p} £ ^(^C*), we associate to it the equivalence class of 
a line bundle with a fixed set of local sections {s a : X — > L} up to isomorphism with 
relative pull-back of the sections. In this case we have dependence on the covering it, 
but this is obvious since the local sections themselves determines the covering by their 
domains. We have a canonical representative for each of these classes given by (16. ip . 



Let us consider g = {gap}, h = {h a p} G Z 1 (it, C*) and the representative bundles L g and 
Lh- As we have seen, if [g] — [h], an isomorphism (p : L g — > Lh is given by (p(x,z) gta = 
(x, fa{x) ■ z) h , a with f' 1 ■ f p = ha/3-g~p, i.e., by {f a } G C°(ii,C*) such that 8°{f a } = h-g' 1 . 
By an active point of view, we can see Lh = L g ® where L- &0 f is the trivialized bundle 
X x C with sections {f a } fixed, considering the tensor product of the sections. Thus, we 
havelso^,^)-^ )- 1 ^ 1 ). 

Similarly, an automorphism of L g is given by {f a } £ Z°(ii,C*), i.e., by a function 
/ : X — > C*: it is of the form <^(x, z) a = (x,f(x) ■ z) a . Cleary, lso(L g ,Lh) and Aut(L s ) 
are in bijection but not canonically, since any isomoprhism can be written as a fixed one 
composed with an automorphism; in fact, any {f a } whose coboundary is h ■ g~ l can be 
written fixed one multiplied by a cocycle. 

The isomorphism class of trivial line bundles correspond to the zero clas^l G H\^C*), 
which is represented by coboundaries. One preferred coboundary is {1} G 5 1 (it, C*), which 
represents the class of a trivial bundle with a global section. We define a trivialization of a 
trivial bundle as an isomorphism from it to X x C. 

The coboundary {1} determines the bundle L\ — |J (U a x C) / ~ , with (x, z) a ~ (x, z)p 
for x G U a /3, which is canonically isomorphic to X x C by <p(x,z) a = (x,z), so that, for 
a coboundary b = {g a p} £ B 1 (It, C*), we can see a trivialization of Lb as an isomorphism 
tp : — > L\. Hence, a trivialization tp : — > L\ corresponds to a cochain {g a } G 
C*) such that 5°{g a } = b" 1 , i.e., for {g a p} = v{g a }, a trivialization of Lb is given by 
<p(x, z) a — (x, z • g a (x)). In particular it is ip(x, g a {.x)~ l ) a = (x, l) a and the sections (x, l) a 
glue to a global one in X x C, thus g" 1 determines in L b the local expression of a global 
section, that's why it is a trivialization. Summarizing, the group of trivializations of Lb is 
(<5°) _1 (6~ 1 ) C (7° (it, C*). In particular, the trivializations of L\, i.e., its automorphisms, 
are given by H°(ii,C*) = Z°(il,C*): for a function / : X — > C* the automorphism is 
^(x,^)^ = (x,z/f(x)). 

Clearly, Iso(L s , Lh) is in canonical bijection with the trivializations of L^. 9 -i, and Aut(L 5 ) 
is canonically isomorphic to the trivializations of L 1; i.e., with Aut(Li). By an active point 
of view, we can see a trivialization of as a tensor product by L g -i, i.e., the trivialized 
bundle X x C with sections {g^ 1 }' for S°g = b. 

1 This equivalence class is much larger than the class made by the bundles of the form (]6.ip for the various 
representatives {gap} of a, since there are all the bundles which are not of the form ()6.ip but only isomorphic 
to one of them. 

2 We use multiplicative notation since the group is C*, hence the zero-class is 1 and not 0. 
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At the end we have the following picture: 

• isomorphism classes of line bundles are in bijection (actually, it is a group isomorphism) 
with -n (il, C*); the class of trivial bundles corresponds to the zero-class; 

• an element of ( G Z x {\i, C*) determines a class of a line bundle with local sections, 
canonically represented by L^; 

• if g, h G Z l (0i, C*) are cohomologous, then lso(L g ,Lh) ~ (<5°)~ 1 (/i5'~ 1 ); 

• if ( is a coboundary, the trivializations of L^, i.e., the isomorphisms ip : Lq — > X x C, 
are in natural bijection with (^°)~ 1 (C~ 1 ) C (7 (it, C*); in particular, the trivializations 
of Li are in natural bijection with Z°(ii, C*) = C*), which are the functions 
/ : X -> C*. 

This picture will be analogue raising by 1 the degree in cohomology: a gerbe will be an 
element of H 2 (iX, C*), a trivialization of the trivial gerbe G\ and element of -n (il, C*) and 
a trivializaiton of a trivial gerbe Gb will be an element of (5 1 )~ 1 (6~ 1 ) C C x (il, C*). 

Hermitian metrics 

If we put an hermitian metric on a bundle, we can locally find a section of unit norm, 
thus it is isomorphic to a bundle of the form ( 16 .11) such that ||(rr, l) a || = 1 for every a. 
Thus 1 = \\(x, l) a || = ||(x,^(a;))^|| = |flf a /?(a?)| ■ H0M)/3|I = \g a p{x)\, so that the transition 
functions have unit modulus. Since every line bundle has an hermitian metric, every bundle 
is isomorphic to a bundle determined by a cocycle in Z 1 (il, Viceversa, given a cocycle 
in Z 1 ^, S}) we determine an hermitian metric by ((x,z) a ,(x,w) a ) := z ■ w. It is well 
defined since g aj3 = e 2m ' p ^, thus g^j = g~p, so that ( (x, g a p ■ z)p, (x, g aj3 ■ w)p ) = g a/3 ■ g^ ■ 
( {x, z)p, (x,w)p) = z-w. 

Actually, if we put two hermitian metrics and (•, -) 2 on the same line bundle, 

there exists an automorphism tp such that (p*{-,-)2 — m fact, if, for fixed non- 

zero v x ,w x G L x , we put f(x) = (v x ,w x )if (v x ,w x )2, we have a well defined function 
/ : X — > M + C C* independent by the various v x and w x chosen, since for v' x = A ■ v x 
and w' x = fi ■ w x we get a factor A • ~p, both at the numerator and denominator. If we put 
ip(x,z) = (x, a/ f(x) ■ z) we obtain the desired automorphism, since (<p*{-, -)2){v x , w x ) = 
{<p(v x ),(p(w x ))2 = f(x)(v x ,w x )2 = (v x ,w x )i. Thus, once we fix an equivalence class of 
bundles there is only one metric up to equivalence, thus the isomorphism classes of line 
bundles are the same as equivalence classes of line bundles with hermitian metric, hence 
H 1 ^,^}) ~ H 1 ^, C*). In fact, we have a splitting exact sequece: 

— ► S 1 — > C* — > R + — > 

and M. + ~ R via the logarithm, thus it is acyclic. Since the sequence splits, we have 
H n (U, C*) ~ ^"(il,^ 1 ) © H n (ii,R + ) for every n and, for n > 1, the M+-factor is zero§. 

3 It seems that, at degree 1, the map in cohomology from S 1 to C* is not injective because 
H°(ii, C°°( ■ , M + )) 7^ 0, but the Bockstein map is zero. In fact, its kernel is the image of H°(il, C*) — > 
i?°(il, K. + ) which is surjective. 
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First Chern class 

We fix a good cover ii of X and consider [L] = [{flV*/?}] G H 2 (ii, C*) or [L] = [{g Q/ 3}] G 
H 2 (il, S}). We can write = e 2m ' Pa ' 3 , so that p Q/3 + + p 7Q = c a/37 G C 00 ^^, Z) ~ Z. 
We thus obtain a class C = [{c aj g 7 } ] G -n (il, Z), called /irsi Chern class of L. This operation 
is exactly the Bockstein homomorphism of the exact sequence of sheaves: 

— >z — >c e -^c* — >0 

or of the exact sequence of sheaves: 

— >z — ► 1 ^— > s 1 — ► , 

inducing the same result by the inclusion of the second sequence into the first, which is the 
indent ity on Z. 



Torsion line bundles 

A torsion line bundle is a line bundle L such that c\(L) G H 2 (ii, Z) is a torsion class. Let 
us consider the following exact sequences of sheaves: 



(6.2) 




and the corresponding degree-1 Bockstein homomorphisms (5\ and /?2- For L G S}), 
one has (3\{L) = c\(L) G H 2 (U.,Z), and (3\ is an isomorphism. Considering the second 
sequence, Ci(L) is torsion if and only if its image in H 2 (!d, R) is zero, thus, by exactness, if 
and only is if can be lifted to L G -n (il, S* 1 ) such that ^(L) = ci(L). Moreover, L is unique 
up to a G -n (il, R). By commutativity, the possible L are all sent to L by the inclusion 
S* 1 c — > S}. We will discuss the meaning of this liftings dealing with holonomy. 

This means that a line bundle is torsion if and only if it can be realized by constant 
transition functions. Of course, not all the representatives of L G (il, S}) will be constant, 
since we are free to add any coboundary, but there exists a constant representative in the 
class if and only if L is torsion. This is not a surprise: for a trivial bundle, we can realize 
it by transition functions all equal to 1, and, if L® n is trivial, we can realize L by transition 
functions which are n-rooth on unity, thus, since the set of n-rooth of unity is discrete, 
they are constant. The non trivial fact is the opposite: if there exists a representative with 
constant trasition functions, they must be root of unity up to a G -n (il, K), i.e., there is a 
representative made by root of unity and the bundle is torsion. 



6.1.2 Connection and field strength 

Given a line bundle L — > X, we choose local sections {s a } a( zi, with s a : U a 

iA a (X) = ^ 



L and define: 
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obtaining a well-defined function since it is the ratio of two sections, so that A a G Q^Ua). 
In this way: 

V x (/ • s a ) =d x f-s a + f- V x s a = {dxf + f ■ iA a {X)) ■ s a . 

If we put an hermitian metric and choose unitary sections and a compatible connection, A a 
becomes real since: 

d x (s a , s a ) = (V x s a , s a ) + (s a , V x s a ) 

= (V X S a , S a ) + (V X S a , S a ) 

= ft (\/ x s a , s a ) = 3? [iA a {X) ■ (s a , s a ) ] = ft iA a {X) 
thus A a G Q^(U a ). 

We now study the transition functions for the connection. On U a p there are two sections 
s a and sp such that s a = g a p ■ sp, and [L] ~ [{fi'a^}] since L is isomorphic to (16. ip via 
s a (x) — (x, 1) Q . Then: 

■a rv\ ^xs a d x g a p ■ sp + g a p -V x sp _ x . 

iA a (X) = = = g a0 ■ d x g a p + tAp(X) (6.3) 

Sa 9a/3 ' Sp 

so that we obtain the transition function for the local connection: 

iA a = iAp + g~p ■ dg a p . (6.4) 

Since il is a good cover U a p is contractible, thus we can write g~^ ■ dg a p = d\ogg a p, i.e., for 
g a p = e 2m ' pa ?, one gets g~p ■ dg a p = 2ni ■ dp a p, so that A a = Ap + 2tt ■ dp a p. Thus dA a \ Ua0 = 
dAp\u a0 . We define F a = dA a , so that the local forms F a glue to a global form F G Q^(X) 
called curvature or field strength. Clearly dF = 0, thus we can consider [F] G H% R (X). 
In this way we have described a connection on a fixed bundle as {A a } G C°(iX, Q^) or, if 
compatible with an hermitian metric, as {A a } G C*°(il, f2^), such that 5°{dA a } = 0. 

First Chern class and field strenght: link 

We now prove that: 

under the standard canonical isomorphism between de-Rham and Cech cohomology. In fact, 
let us consider F: to find the corresponding Cech class, we consider the restrictions F a = F\jj a 
so that, being U a contractible, we have F a = dA a , and, by deinition, A a is exactly the local 
expression of a connection with curvature F. Thus, dA a — dAp = F a p — F a p = 0, thus, being 
U a p contractible, we have A a — Ap = dx a p. We know that dx a p = 2n ■ dp a p. Now, since 
we started from a 2-form, we have that p a p are functions. Moreover, d(p a p + pp 1 + p 7Q ) = 
A a — Ap + Ap — A 7 + Ay — A a = 0, thus 2n(p a p + pp 7 + p ia ) = 2n c a p^ G R constant. By 
construction we arrived exactly to the first Chern class multiplied by 2ir. 
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Viceversa, given {2irc a p 1 } £ Z 2 (il, R), we consider the sheaves immersion Eel, and we 
know that M. is fine, thus {c a/ 3 7 } = 8 x {{p a p}). But S 1 ({dp a p}) = {dc a p y } = 0, thus, since 
also fijjj is fine, we obtain 2tt dp a p = A a — Ap. Thus 5°({dA a }) = {2nd 2 p a p\ = 0, thus 
{dA a } defines a global form F £ = = One can prove that this 

correspondence sends cohomologus cocycles in cohomologus forms. From (16.51) and formula 
(15. II) . it follows that the fact that \c\(L) ] is an integral class is equivalent to the fact that 

• -F] is, thus in the case of a line bundle we have to start from {c a p^} £ Z 2 (ii, Z) (we will 
discuss in the followig the meaning of non-integral Chern classes). 

Affine structure on connections 

Let us now consider two different connections V and V on the same line bundle L: then, as 
it is easy to verify, their difference V — V is, for a fixed X, an endomorphism of L, thus it is 
a 1-form, i.e., (V — V)xs = u(X)-s. In fact, if {A a } and {A' a } are the local expressions of V 
and V with respect to a fixed set of sections {s a }, we have that A a —Ap = A' a —A'p = 2n dp a p, 
thus A a — A' a = Ap-A'p, so that u := A a -A' a £ Q^(X), and {V-V) x s a = uj(X)-s a , thus 
(V— V)xs = Lo(X)-sior every local section s. Hence the set of connections on a fixed budle L 
is an affine space whose underlying vector space is Q^(X). Moreover, if we fix the curvature, 
the difference of two connection is a closed global 1-form, since = dA a — dA' a = dou, thus 
the set of connections on a fixed budle L with a fixed curvature F is an affine space whose 
underlying vector space is 2^(X). However, these are single connections and it is natural to 
ask when they are equivalent, i.e., when one is the pull-back by an automorphism of another. 

6.1.3 Group of bundles with connections 

The equivalence classes of line bundles with connection form an abelian group (LBV(X), 
®). In fact, given two bundles with compatible connections (L, V) and (Z/,V'), we can 
consider the product (L (g> L', V <g> V) for: 

(V ® V) x (s a ® s'J := V x s a ®s' a + s a ® V x s' a . 

The zero-element of this group is [(X x C,dx)], as it is easy to verify. If we express the 
connection with respect to sections {s a } and {s' a } we have that the expression of V ® V 
with respect to {s a <S> s' a } is exactly the sum: 

(V® V / )x(g a ® s' a ) = Vxsa ®s' a + s Q ® V x s' a 

Sa ®s' a S a ® S' a 

_ iA a (X) -s a ®s' a + s a ® iA' a {X) ■ s' a (6.6) 

Sa ® S' a 

= iA a {X)+iA' a (X) . 

There is a natural forgetful morphism ip : LBV{X) — > LB{X). There are important 
sugroups of LBV(X): 

• the classes of trivial bundles with connection are a subgroup (TrL5V(X), ®), in fact, 
TrLBV(X) = Kery?; the classes of a fixed class of bundles with any connection are 
cosets of this subgroup; 
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• the classes of trivial bundles with flat connection are a subgroup (TrFLB'V(X),<S>) 
of the previous; the classes of trivial bundles with connection of a fixed curvature are 
cosets of this group in the previous; 

• the classes of torsion bundles with connection are a subgroup (TLBN7(X), ®), in fact, 
this group is ip~ 1 (TLB(X)); 

• the classes of torsion bundles with flat connection are a subgroup (TFLB'V(X), cg>) 
of the previous; the classes of torsion bundles with connection of a fixed curvature are 
cosets of this group in the previous. 

Summarizing, we have the following scheme for subgroups of LBV(X): 

TrLBV (xy >- TLBV(X) C ^LBV(X) (6.7) 

TrFLBV{Xy ^TFLBV(X) . 

Since a flat connection can exist only on a torsion bundle, the classes made by bundles with 
connection of a fixed curvature are cosets of (TFLB'V(X), ®), thus, denoting by T^X) the 
set of integral real 2- forms on X, there exist an exact sequence: 

— ► TFLBV(X) — ► LBV(X) — ► I^(X) — ► . (6.8) 

Instead, classes made by a fixed class of bundles with connection of a fixed curvature are 
cosets of (TrFLBVlX), ®). Moreover, since on a flat bundle the curvature is cohomologus 
to 0, so that the connection can be globally defined, (16. 8p restricts to: 

— ► TFLBV(X) — ► TLBV(X) — ► dH^(X) — ► (6.9) 

and also to: 

— > TrFLBV(X) — > TrLBV(X) — > dttU x ) — * . (6.10) 
Local description and equivalence 

Since two connections are equivalent when one is the pull-back of the other by a bundle 
isomorphism, we now want to see how to read this from the local expression A a e J7 1 (L r Cf , K). 
If we have an isomorphism tp : L — > L f , let us fix section {s' a } and a connection V' on L' . 
Let us now define s a = <p~ l (s' a ) and V = 93* V. Then we obtain the same local forms: 

V' x s' a _ ^(V X ^~VJ) _ v (Vxs a ) = V x s a 

<p(s a ) s a 

where the last equality is due to the fact that, if s x = f(x) - t x , then <p(s) x = f(x) -<p(t) x , thus 
the ratio of two sections remains constant under line bundle maps. Thus, any connection 
equivalent to V on a bundle L 1 can be realized by the same local forms A a of V with respect 
to certain local sections of L. Hence, the only freedom left is the choice of the local sections 



s' 



s' 
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s a of L to define A a . If we choose another section t a , then, if t a = f a ■ s a , by the same 
computation of (16. 3p we obtain: 

iA® = iA^ + f a 1 • df a 

so that Aa = Aa — i-dlogfa- Thus, the local forms change by exact forms, or, equivalently, 
by closed forms since U a is contractible. Viceversa, if we consider A a = Aa a ^ + dip a , we 
consider the section t a = e lipo! ■ s a and we have that A a = A^. This means that, if we 
consider the connection up to isomorphism, then A a G Q^(U a ) / dQ^(U a ) , where fl^(U a ) = 
C ,00 ([/ Q ,]R). Then we have the condition that 5°{dA a } = 0, but, since the intersections U a p 
are contractible, this exactly means that A a — Ap G dVL^{U a p). This means that we obtain a 
section of the sheaf ( Vl\ / dQ^ = / Z^ in the sense of sheaf quotient (so the sheafification 
is part of the definition). This result is not so interesting: the exterior differential d induces 
a sheaf isomorphism d : / Z^ — > Z\ and this is exactly the first step of the isomorphism 
between de-Rham and Cech cohomology. We obtain the only possible class of forms A a up 
to closed ones, such that dA a = F\u a . Thus, the class we obatin is exactly the curvature, so 
the local description of the connection itself contains information only about the curvature. 
This mean that there is no possibility to complitely recover the class of the connection from 
the local expression of the connection, actually neither the complete information about the 
topology of the bundle, since we recover only the curvature, so that we miss flat connection. 
In fact, a connection is flat if and only if there exist local parallel sections {s a }: with respect 
to these sections, iA a (X) = (Vis a )/s a = 0, thus a flat connection can be realized by {0}, 
that's why its equivalence class does not contribute at all. Thus, to recover the complete 
information about a bundle with connection we must consider both the transition function 
and the local representation of the connection: this what we do using hypercohomology of 
an appropriate complex. 

Cohomological description 

Let us consider the complex of sheaves S} ld ^S. g ^ anc [ tn e relative Cech double complex 
C''*(ii, S} — > fijjj), with associated total complex T'(il). We have that: 

thus, given a line bundle with sections and the relative connection, we can consider (g, —A) = 
({g a p}, {— A a }) G T 1 (it): we claim that it is a cocycle. In fact, we have that: 

f 2 (ii) = C^^S 1 ) © C^il,^) 

and 5 1 (g, — A) = {^g, i dlogg — 5° A): but 5 1 g = since it is a line bundle, and i d logg = 5° A 
by Q. 

We now claim that (g, -A) G f^il) is a coboundary if and only if it represents the 
trivial class [(XxC,d x )]. In fact, f °(it) = C^^S 1 ) andd°({g a }) = (6°{g a }, {i d hgg a }) 
= ({g^gp}, {i d\ogg a }), so that A a = —id\ogg a with respect to the local sections (x, l) a 
in L g -i g . We now express the connection with respect to the global sections (x, g a ) a which 
glue to a global one: in this case, A' a = A a + id\ogg a = 0, so that we obtain the local 
representation (1, 0). Viceversa, we can represent [ (X x C, dx) ] as (1, 0) and, if we consider 
a different set of local sections {g a }, we exactly obtain {{g^gp}, {idlogg Q }). 
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We call Zy(it) and B^(ii) cocycles and coboundaries of T n (it): a cocycle (g, —A) £ 
Z^(ii) represent a bundle with local sections and the relative local expression, denoted by 
L g> A, while the cohomology class represents the class up to isomorphism and pull-back of the 
connection (not of the sections, although the pull-back connection is expressed with respect 
to the pull-back of the sections). We consider automorphisms for (g, —A) £ Z^(ii) fixed: 

• automoprhisms if : L g — »■ L g with pull-back of the connection correspond to H°(X, S}), 
as for simple bundles, acting as <p(x, z) a = (x, f(x) ■ z) a and A' a = A a + d\ogf\u a ; 

• automorphisms <p : L g — > L g fixing the representation {A a } of the connection corre- 
spond to H°(X, S 1 ), i.e., to constant functions, since we must have dlogf = 0: this is 
not surprising, since such automorphism can be seen by an active point of view as a 
tensor product by a flat trivialized bundle with sections. 

Similarly for g and h cohomologous: 

• isomorphisms tp : L g — > Lj L with pull-back of connections correspond to (<j°) _1 (/i • 
g~ l ) C C°(X,S}), as for simple bundles, acting as ip(x,z) g>a = (x,f a (x) ■ z)h, a and 
A' a = A a + i dlogf a ; by an active point of view we can see Lh = L 9t A <8> Lf t idiogf, 
so that an isomorphism can be seen as the tensor product by a trivialized flat bundle 
with sections; 

• isomorphisms ip : L g — > Lh sending the representation {A a } in the representation {A' a } 
corresponds to ■ g" 1 ) n (i dlog) _1 (A' - A) C ^(X,^ 1 ): this set is actually 
a coset of H°(X, S 1 ) in C* (X, .S 1 ), since the transition functions are determined up 
to constants; by an active point of view we can see Lh = L 9 .a <S> £/,0j so that an 
isomorphism can be seen as the tensor product by a trivialized flat bundle with parallel 
sections. 

We now consider trivial line bundles. We have two kinds of trivialization, correspondingly 
to generic isomorphisms: 

• a trivialization <p : L^ — > Li with pull-back of connection corresponds, as for simple 
bunldes, to a cocycle {g" 1 } £ C°(ii, S}) such that 5°{g~ 1 } = b" 1 , i.e., for {g a p} = 
5°{g a }, a trivialization of Lb is given by <p(x, z) a = (x, z/g a (x)) and A' a = A a — dlogg a ; 

• a trivialization ip : Lb — * L\ sending the representation {A a } in the representation 
{A' a } corresponds to fl (dlog) _1 (A' - A) C ^(X,^ 1 ): this set is actually 
a coset of H°(X, S 1 ) in ^(X,^ 1 ). 

In particular, the trivializations of L±, i.e., its automorphisms, are given by H°(ii, S}) and 
the one fixing a representation by H°(ii, S 1 ). 

Connections on torsion line bundles 

From f)6.5p . it follows that L is torsion if and only if [F] = £ H 2 (ii, R), in particular, a flat 
line bundle is torsion, but not vice- versa, since a bundle is flat when F = as a single form, 
not as an equivalence class in cohomology (also a trivial bundle can be non-flat). When a 
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bundle is torsion, since [ F ] = there exists a global 1-form A on X such that F = dA. In 
fact, let us consider (16.41) . If we realize the bundle by constant transition functions (thus, we 
are dealing with a bundle with a fixed set of sections), we have that dg a p = 0, so that (16. 4|) 
becomes A a = Ap, and viceversa. This means that we can define the connection as a global 
1-form A if and only if the line bundle is torsion, coherently with the fact that [F] = 0. 
However, this does not mean that in any realization of the bundle the connection is globally 
defined, since, if we add a generic coboundary, we still have a non trivial expression for ( 16.41) . 

We can see that flat connections can exist only on torsion line bundles also from the 
local forms: since dA a = for every a, we have A a = da a ; since da Q — dap = dp aj 3, we 
have d(p a p — (a a — ap)) = 0, thus p a p = a a — ap + c a p with c a p constant, thus g a p = 
(e' 1 ' 3 ) -1 • (e aa ) ■ e Ca/s , thus g a p is constant up to a coboundary. 

Let us consider a torsion non-trivial line bundle with local sections, with a globally defined 
connection A: it is impossible to distinguish it from a globally defined connection on any 
other topologically different torsion line bundle, since we have however a globally defined 
form. We have seen that flat connections (up to equivalence) are not classified by the local 
description, since can be realized locally by {0}: now we know that flat connections can 
exists only on torsion line bundles, and they can be globally defined if we realize the bundle 
by constant transition functions. Viceversa, if we consider a set of parallel local sections 
{s a }, so that the corresponding representative is {0}, then the corresponding transition 
functions are constant. In fact, if sp = g a p ■ s a and Vis„ = V xsp = 0, then one has 
= V x (5'a/3 • s a ) = d x g a p ■ s a , thus d x g a p = 0. Thus, if we give a cocycle {g a p} £ Z^il, S 1 ) 
we determine a flat connection on the corresponding bunlde L g represented by {0}, and all 
the flat connections can be obtained in this way. For a fixed Ci(L) £ Tori7 2 (il, Z) we thus 
have a map: 

(Flat connections on L ) — > /3 -1 (ci(L)) C ^(it,^ 1 ) . 

We now prove that the equivalence classes of flat connections on [L] is given by /5 _1 (ci(L)) C 
H 1 (il, S 1 ), so that we have a group isomorphism: 

TFLBV(X) ~ H x (&, S l ) . (6.11) 

In fact, as we have seen, describing locally a push-forward of a connection V on L by any 
isomorphism (or automorphism) is equivalent to consider V with respect to other sections. 
Thus, having two realization of [V] by parallel sections, is equivalent to realize V with 
respect to two different set of parallel sections {s a } and {s' a }. Then s' a — f a ■ s a and 
= V xs'a — dxf -s a , thus / is constant. Hence, the possible realizations of a flat connection 
with respect to parallel sections correspond to its realization with respect to multiples of a 
fixed set of sections {s a }. But, for s' a = X a ■ s a , we obtain: 

S P = 9af3 ' S 'a =^ -V ' S P — 9ap " ' $a =^ 9a0 ~ T~~ g' a p 

Ap 

thus we obtain another representative of [{^a^}] £ -n (i-l, S 1 ) and viceversa. 
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Thanks to (16.111) we have a cohomological description of TFLBV(X). The quotient 
LBS7(X) / TFLBV(X) is made by the possible curvatures, since two connections have a 
flat quotient if and only if they have the same curvature. We will prove that the class in 
-n (il, S 1 ) actually corresponds to the holonomy of the flat connection. 

Connections on trivial line bundles 

Let us suppose that a connection V on a trivial bundle is realized by A G fljjj(X) with respect 
to a global section s: the automorphisms of a trivial bundle correspond to multiplications 
by a global section. Then, for s' = f ■ s, we obtain A' = A — if" 1 ■ df, but, since, / is global, 
we cannot in general extract the logaritm. But a closed 1-form uo is integral if and only if 
it can be expressed in the form uj = f" 1 ■ df, thus a global defined connection change under 
isomorphisms by an integer form. In particular, the global connections A with [A] integral 
are equivalent to dx by an automorphism of X x C, coherently with the fact that they have 
trivial holonomy. Hence we have a group isomorphism: 

TrLBV(X) ~ fi 1 (X,M)/J 1 (X,M) (6.12) 

for I l (X, R) the group of integral 1-forms. For flat connections the representative form is 
closed, thue we have a group isomorphism: 

TrFLBV(X) ~ Z 1 (X,R) / 1 1 (X,R) . (6.13) 

In particular, sequence (16.101) corresponds to: 

— ► Z\X,R) /X 1 (X,R) — ► n\X,R) /l\X,R) — ► dtt\X,R) — ► . (6.14) 

Let us consider the exact sequence: 

— >Z — >R^—+ S 1 — ► . 

Flat connections on trivial bundles are realized by the classes a G H l (ii,S r ) such that 
/3(a) = G H 2 (H, Z). By exactness, these are the classes such that there exists [A] G 
-n (il, R) whose image in S 1 is a. We prove that these real classes corresponds exactly to 
the classes of the connections globally defined on the trivial bundle, which are closed forms 
by flatness. In fact, let us consider a G (il, 5" 1 ), corresponding to parallel sections {s a } of 
the trivial bundle L, so that a = [{s^ 1 ■ sp}] = [{gap}] (clearly {s a } is not a trivialization 
of {g a p} since they are not funtions, they are sections of the bundle). Since the bundle is 
trivial, there exists a global section s such that s\u a — f a ■ s a . In particular, f a - s a = fp-sp, 
thus s" 1 • sp — f a - fp 1 , thus {f^ 1 } is a trivialization of {g a /3} as a cocycle for S}. We realize 
the connection as a global form A with respect to s, i.e., iA(X) = V^s / s. Then: 

A a (X) := A\ Ua {X) = = VxJsL^SL = dlogUX) . 

Let us now realize A as a Cech class: we have A a = d log f a , thus log f a — log fp = log g a p = 
p a p constant, and [A} h i r{x) ~ [ {p a p} thus, the image in S 1 is { e 2m -P^} = {g a p}, 

i.e., exactly a. 
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Viceversa, given a closed connection A, with respect to a section s, we realize it in 
Cech chomology as [{p Q/ 3}]: in particular, A a = da a and a a — ag = p^. We consider 
9a/3 = e 2m ' Pa < 3 = e 2m ' aa ■ (e 2m ' a 0)~ 1 . Then we consider the sections s a := (s\ Ua ) / e 2m ' aa , and 
these section are parallel, since: 



Vxs a = Vx (e- 2m - aa ■ s) 



-2ni ■ d x a a ■ e - 2 "- a " • s + e~ 27ri - aa ■ i da a {X) ■ s 
-2m ■ d x a a ■ e - 2ni - aa ■ s + e - 2ni - aa ■ i d x a a ■ s 



Thus, A is the global realizion of a connection which is realized by in the bundle whose 
transition functions are the image of A, as Cech class, in S 1 . Given [{g^}] £ (^ ) »S' 1 )) 
which determines the equivalence class of the flat connection, by exactness its realization as 
a global form is unique up to integer classes: this coincides with (16.131) . 



Large gauge transformations 

Since we have chosen a good cover, we worked just with contractible sets. However, it can 
happen to consider non-contractible open sets of X that trivialize L however. Let us consider 
two such sets W a and W\, such that W a b ^ 0, and let us consider the corresponding transition 
function g ab . In this case, with the same proof we obtain that A a = A b + g~ b x ■ dg ab , but we 
cannot extract the logarithm any more since W ab is not necessarily contractible. Of course, 
9ab ' dg a b still remains closed, since it is locally d\ogg ab . This transition function defines 
necessarily an integral class in W ab thanks to lemma 15.2.11 i.e. large gauge transformations 
are quantized. We can see this also using the notion of holonomy which we introduce in the 
next paragraph. In fact, if {A a } e C°(ii, fl^) is such that the induced F is an integral class, 
then the corresponding class in Cech hypercohomology represents a line bundle, and we have 
just proven that large gauge transformations are quantized. Viceversa, let us suppose that 
for two generic open sets W a and W a such that F\w a = dA a and F\w b = dA b , it happens 
that A a = A b + $ a b on W ab with d§ ab = but § ab not integral. If we consider a 1-cycle 
C C W a b such that J c <3> ab GR\Z, then the exponential of both J c A a and J c A b gives the 
holonomy of A along C (since we can refine the cover to a good one and on each subset of 
W a we always get A a ), but the two expressions differ by the exponential of J c Q a b which is 
not 1. Thus the holonomy is not well-defined, so that A is not a connection on a bundle, i.e. 
F is not quantized. 

Actually quantization of large gauge transformations is equivalent to quantization of the 
field strength F. One could ask what happens for F not quantized since, as we will see, the 
relations A a — Ap = g~pdg a p holds also for trivialization of flat gerbes. The point is that 
the functions g a p does not glue to a unique transition function g ab on a non-contractible 
intersection U ab - In fact, if we write A a — Ap = d\ogg a p for a contractible cover refining the 
given one, then g a/3 glue to g ab if and only if A a — A b is integral on W ab by lemma [5". 2. 1\ i.e. 
if and only if large gauge transformations are quantized. 
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6.2 Holonomy and Wilson loop 
6.2.1 Global description 

Let us consider a line bundle with connection (L, V) on X. Let us consider a closed curve 
7 : S 1 — > X and fix a point x = / j(e 2m ' t ). Parallel transport along 7 gives a linear map 
t x : L x ^ L x , which can be thought of as a number Holy (7) £ S* 1 thanks to the canonical 
isomorphism L^.®L X ~ C given by y?®t> ~ Thus, parallel transport defines a function 

Holy : LX — > S l called holonomy of V. 

What can we say about open curves? Given a curve 7 : [0, 1] — > X, let us put x = 7(0) 
and y = 7(1): parallel transport defines a linear map t x ^ y : L x —> L y , which is not a 
number any more since L^ ® L y is not canonically isomorphic to C. Thus, given a curve 
7 £ CX, holonomy is an element of a fiber CL 7 = L^f <g> L y : we now see that indeed 
holonomy defines a section of a line bundle CL — > CX. In fact, let us consider the bundle 
^BL^IxI, i.e., L / BL = tt^L / <g> tt|L. We have a natural map ir : CX -> X x X 
given by ^(7) = (7(0), 7(1)), so that we can define CL = n*(L y IE L). By construction 
CL 7 = (ZX IE L)7r( 7 ) = (L E L)( 7 (o) )7 (i)) = -^ 7 (o) ® -^7(1); so we obtain exactly the desired 
fiber. Thus holonomy defines a section Holy : CX — > LX. By construction c\(CL) = 
7r*(7r2 Cl (L)-7rJ Cl (L)). 

If we consider piecewise smooth curves, we can define an embedding LX <^-> CX since 7 
is closed for 7(0) = 7(1): in fact, by construction CL is canonically trivial when restricted 
to CX, since it corresponds to L^ ®L~IxC canonically, thus we restore case of closed 
curves as a particular case. 

As one can see from the expression of Ci(CL), if L is trivial so is CL. There is more: 
a trivialization of L determines canonically a trivialization of CL. In fact, is s : X — > L 
is a global section, then it determines canonically a global section s : X — > L given by 
s^(s) = X x {1}, thus a section IE s : X x X — > E L, thus, by pull-back, a global 
section 7r*(s^ IE s) : CX — > CL. What is happening geometrically? It happens that a global 
section s : X — > L provides a way to identify the fibers of L, which exactly means that it 
makes L isomorphic to X x C, thus L% <S> L y becomes isomorphic to C via A • <S>fi- s y ~ A • /x, 
or, equivalently, a linear map L x — > L. y is the number A such that s x — > A • s y . Thus, /or a 
trivial bundle with a global section holonomy is a well-defined function also over the space of 
open curves. 

In the same way, a system of local sections of L with respect to il determines a system of 
local sections of CL with respect to QJ: in fact, let us consider 7 £ V( Tjtp y. then L^ ® £7(1) 
is isomorphic to C via s^i) and s^q^, so that we have a local trivialization V( TjV ) x C 
corresponding to the local section V(r,<p) x {1}- Thus, we can describe transition functions 
of CL for 2J in terms of the ones of L for it. In particular, the local expression of parallel 
transport along 7 with respect to the local sections fixed is given by {p/ T;tp )} such that 
t 7 ( ), 7 (i)(x, = (x, P(t !V ) ■ z)<p(0- Then, if 7 £ V^) n V^,^), we have, with respect to the 
second chart, t 7 ^ 7j ^(x, 2)^(1) = (x,p {T / j(/ ,/) ■ z)^')- Then, since (re, 2)^1) = (a;, ^(1)^(1) • 
2)^(1), one has: 

*7(o),7(i)(a?,^)^(i) = (%,P(t,<p) ■ z)<p(i) = {x, g v (i), v '(i') ■ P( T ,<p) ■ z)<p>{V) 
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so that g v (i),tp'(i') ■ P(r,<p) = P(t',<p') • 9tp(i),ip'(i), thus, = P(t>') • {9 v {f),<f>'(V) ' 9<p(i),<p'(X))- Hence 
the transition functions of CL are exactly 0(t,p),(t>')(7) := 0p(i) l(p '(z')7(l) ' ^(i)y(i)7( )' 

We can give a generalization of this construction: let us consider a line bundle L — > X 
and a subset 7 C I: we can consider the space CyX of open curves in X with boundary in 
Y, i.e. such that 7(0), 7(1) G Y\ In this case, we have tt : CyX Y x Y and holonomy is 
a section of the bundle CyL = tt*(L\y Kl L\y). Thus, to have a function we only need the 
triviality of L|y and one of its global sections, it is not necessary that the whole L is trivial. 

6.2.2 Loop space 

Definition 6.2.1 Given a topological space X , the loop space LX is the set of continuous 
maps: 

7 : S 1 ► X 

equipped with the compact- open topology. 

We now describe a natural open cover for the loop space. In particular: 

• let us fix a triangulation r of S 1 , i.e., a set of vertices of, . . . , of G S 1 and of edges 
a I, . . . , cr/ C S 1 such that do; 1 = of +1 — of for 1 < z < / and da] = 0° — 0°; 

• we consider the following set of indices: 

j _ ( , y • t = {af, . . . , o ; (r) ; a{, . . . , o^} is a trinagulation of S* 1 
\ ' ' • ip : {1, . . . , /(r)} — > J is a function 

We obtain a covering 03 = {V( T)a -)}( Tj(J ) e j of LX by: 

V (T)¥j) = {7 G LX : 7(0^) C C/^i)}. 

One can prove that these sets are open in the compact-open topology and that they cover 
LX. 



Definition 6.2.2 Given a topological space X , the space of open curves CX is the set of 
continuous maps: 

7 :[0,1]— X 
equipped with the compact- open topology. 

We now describe an analogous open covering for the space of open curves. In particular: 

• let us fix a triangulation r of [ 0, 1] , i.e., a set of vertices of, ... , of, of +1 G [0,1] and of 
edges crj, . . . , of C [ 0, 1] such that: 

- da} = o<Vi - cf for 1 < z < /; 

— a 1 = and O; +1 = 1; these are called boundary vertices; 
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we consider the following set of indices: 

j _ f / y • r = , . . . , of (r) , cr° (r)+1 ; a\, . . . , <tJ t) } is a triangulation of [ 0, 1] 
1 ' ' • (p : {1, . . . , i(r)} — > / is a function 



We obtain a covering {V( T -)}( Ti0 -) g j of CX by: 

V(r f vO = {7 e CX : 7 (^) C Uy®}. 

One can prove that these sets are open in the compact-open topology and that they cover 
CX. Notice that in these triangulations the number of vertices is one more with respect to 
the number of edges, since now [0, 1] is not closed, hence of +1 ^ a\. 

6.2.3 Local description 

Overview of local description 

We want to define Wilson loop, which is the integral of the connection over a curve as an 
M./Z-valued function, and it will turn out that its exponential is exactly the holonomy: 

HoU(t) = exp^2vrz- J A 

As we have seen in the global description, for generic bundles with connection {{g a p}, {~A a }) G 
if 1 (II, S} — > fijJi), we can define Wilson loop as an R/Z- valued function only on closed curves. 
In fact, let us consider 7 : S* 1 — >• X and, once we have fixed a good cover it = {U a } a£ j, let 
us suppose for the moment that 7(5' 1 ) C U a for a fixed a G J. In this case we define: 

A := / A, . 

If it happens that 7(5' 1 ) C U a p, we have two definitions of Wilson loop, but they coincide: 

A a = Ap + 2n dp a(3 = / Ap + 2tt / p a(3 = / Ap . (6.15) 
In the last expression it was crucial that 7 was a closed curve^. 



For open curves, we can give a good definition of Wilson loop only for trivial line bundles. 
Actually, it seems from (I6.15P that it is sufficient that the the bundle is torsion: in fact, as 
we have seen, we can realize it with constant transition functions and, in this case, dp a p = 
and A is globally defined. Actually, we will see that this is not a good definition of Wilson 
loop if the bundle is non-trivial: in fact, if we assume this definition for torsion non-trivial 
bundles, the exponential is not the holonomy. 



4 In this case we have an M-valued function, but this is due to the assumption that 7 is contained in only 
one chart. We will see in the following that without this hypoteses we have the Z- uncertainty. 
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For a trivial bundle L g = {g a p} E -B^il,^ 1 ), we fix a trivialization {g a } E C°(ii,S}) 
so that g a/ 3 = g" 1 ■ gp. In particular, for g a p = e 2nvpais and g a = e 2nl ' pa , we have that 
Pa/3 = Pa — P/3 + 2ni ■ n, with n E Z. Thus (16.41) becomes: 

A a = A/3 + 2tt d(p a - pp) 
A a — 2ndp a = Ap — 2irdpp 



\i' a 



so that we obtain a global form (or gauge-invariant form) A E Q^(X) such that A\ 
A a — 2ix dp a . This is equivalent to having fixed a global section s. We thus define, for a 
curve 7 : [0, 1] — ► X with respect to the global section s: 



A := A 



which, for 7QO, 1]) C U a , becomes: 

A= [ (A a - 2n dp a ) = I A a -27rp Q (7(l)) + 27rp a (7(0)) 



7^7 j~f 



(6.16) 

HoU( 7 ) = exp(2vrz- / A a ) • ( 7a ( 7 (l))- 1 • ^( 7 (0)) . 



If we started with the trivial bundle with a global section, so that g a p = 1, then p a p = 0, 
thus A = A and we recover the expression with the globally-defined connection. Actually, 
A is exactly the expression of A after a local cohordinate change which makes the transition 
functions equal to 1. 

For torsion line bundles the definition of the global form works however, since g a p = 
9a 1 ' 9p ' °ap with c a p constant, so that dp a p = dp a — dpp anyway. But, as we said, we have 
problems in the definition of the holonomy. 

What happens for generic bundles with sections? It seems natural to find a generalization 
of the definition given for trivial bundles. Since we do not have the trivialization {g a } E 
C°(ii,S}), i.e., we do not have a global section, for 7 : [0, 1] — > X with 7QO, 1]) C U a we 
can only keep the fixed sections and give the same definition as for closed curves: 

A := I A a . 

7 J j 

Of course it is not a well-defined function, but, as we have seen, it is a section of a line 
bundle. In fact, let us suppose that 7QO, 1]) C U a p. Then we have: 

[ A a = [ Ap+ f d Pa p= ! 4, + ^(7(1)) -^(7(0)) 
exp^2vri • J A^j = exp^m • J Ap^j ■ g a p(j(l)) ■ g a p(j(0)) 



-1 



To interpret this expression, let us consider the space CU a of curves contained in U a (for a 
fixded), i.e., the space of maps 7 : [0, 1] — ► U a with the compact-open topology. If the fixed 
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good covering of X is 11 = {Up}p e i, we can define a covering V = {V p } p£ i of CU a given by 
V p = {p E CU a : 7([0, 1]) C U ap }, with the notation = U a . Of course, is the whole 
CU a . Thus we have an expression of the holonomy for every V p : 

Ho£( 7 ) = exp^27ri- J A p ^j 

linked by the expression: 

Hri£( 7 ) = Holl( 7 ) • h m {>y) , hpM = ^( 7 (1)) • ^(7(0))- 1 • 
Moreover, we have: 

h m (j) • V(7) • KpO) 

= ^( 7 (1)) • ^(T(O))- 1 • <7 TO ( 7 (1)) " ^x(7(0))- 1 • <?xp(7(1)) " O^O))" 1 

= [g m (l(l)) ■ 9r, x (lW) ■ 9 XP m))] ■ b«(7(0)) " ^x(7(0)) ■ ^p(7(0))] _1 
= 1 

thus we can think HoLa(7) as a section of a line bundle CL a over CU a with transition 
functions {h pri } E H l (CU a , S}). In this way we have a clear meaning for the holonomy: the 
fact that it is not well-defined as a function doesn't mean that it is not well-defined at all, 
it is just a section of a line bundle, hence it is naturally different with respect to different 
charts. Under the hypoteses that 7 is contanined in U a we have that V a is a global chart for 
CL a , hence the bundle is trivial: we will see that for generic curves we obtain a non-trivial 
bundle, but the picture is the same. 



Let us now suppose that L is trivial with sections, so that we think to is as X x C with a 
trivialization {g a } E C°(ii, S}). Then we have: 

hpnil) = 9pr,(l(l)) ■ W ( 7 (O)) _1 

= M7W)- 1 ■ 0,(7(1))] ■ fc(7(0)) ■ ^( 7 (0))- 1 ] 

= [OWO))- 1 -9MW 1 ■ [OWO))- 1 -0,(7(1))] 
= hp^y 1 ■ ^(7) 

for ^(7) = 5'p(7(0))~ 1 -5^(7(1)). Thus, a trivialization of L determines canonically a trivial- 
ization of CL a : in this way, the section HoU becomes a function. Let us see which function: 
when we have a section {s a } E C°(il,S}) of a trivial bundle {g a p} E B^^S 1 ), so that 
<5 ({sa}) = {gap}, and a trivialization {g a } E C°(ii, S}), so that 5°({g a }) = {g a p}, we 
obtain a function / : X — > S 1 by f a = s a ■ g~ l , since: 

So 1 • S P = 9ap = g^ 1 -9(3 s a ■ g' 1 = Sp ■ g^ 1 

or, equivalently, 5°({s a ■ g^ 1 }) = {g a p • g^p} = 1 (this is the usual statement that the ratio 
of two trivializations is a function). Thus, for CL a , we obtain the function: 

HoU( 7 ) = H<( 7 ) • hp^)- 1 = exp^ 2m ■ A p ^ • ^(l))" 1 ■ 0,(7(0)) 

which is exactly (16. 16ft . 
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Thus we recovered the picture stated in the global description: the holonomy of a line 
bundle L — > X is a well-defined function over the loop space, while for open curves, it is a 
section of a line bundle CL — > CX; if L is trivial then CL is trivial too, and a trivialization 
of L determines canonical^ a trivialization of CL, so that for any trivial bundle we have a 
canonically defined holonomy also for open curves. We now give the same picture without 
assuming that the curve (closed or open) lies in only one chart: we can describe the integral 
of A in two ways using local charts, or globally using the principal bundle formulation. 



Local description: first way 

Closed curves Closed curves are elements of the loop space of X. We start from the good 
cover {Ui}i(zi of X and we consider the open covering {V( TjCr }( T CT ) g j of LX previously defined. 
Then, for a fixed 7 6 LX, there exists (r, <p) G J such that 7 G V( T)(p y We define: 



7 i=i 



J(t) 

+ 2^1°g^«,^+l)7(^+l, 



TK 1 ) 



(6.17) 



using the notation / + 1 = 1. The logarithm can be taken since we have chosen a good 
covering, so the intersections are contractible. Of course, it is defined up to an integer, so 
the quantity that can be well-defined as a number is exp (2ni A) . 

We now prove that J A is well-defined in R/Z: it must be invariant under both the choice 
of the open set V(j,tp) to which 7 belongs and the choice of the open cover {£/;};£/ of X. We 
prove it in steps: 

• We consider V{ T ,^) such that ip' differs from <p just on i G {1,...,/} fixed, so that 
y{ffi) C Uptyprfi). We suppose for simplicity 1 < i < I. Then, the i-th summand 
becomes (we omit the 2m factor): 

-V(i) + l0g^/(i) i¥ ,(i + i)7((7° +1 ) 

7(4) 

A^ + d\ogg v(i) ^ {{) ) + log^/^i+i^cr^) 
t(4) v J 

Ap(fi + log£^ (i )^/ (i )7(of +1 ) - log^(i) i ^ (i )7((T l ) + log VW.^(i+l)7(^i+l) 

7(4) 

while the (2 — l)-th summand becomes: 

+ log5 , ¥ ,(i-i),< / ,'(i)7(^°) • 

7(4- 1) 



a; 



5 In general, when we have a trivial bundle {g a p} G -B^X, ^(S* 1 )) with a section {s Q } 6 C°(X, C°(C)) 
so that S/3 = g a ps a , given a trivialization {g Q } € (7 (X, C7°(S' 1 )) we obtain a function, since = g a g^ s 
hence gpsp = g a s a . However, this function depends on the trivialization: if we have p £ H° (X , C° (S 1 )) , 
then also {g a ■ plu^} is a trivialization, and the function we obtain is p\u a • gaS a , corresponding to the fact 
that p is a non-zero section of X x C, hence an automorphism of X x C giving a different trivialization of 
the original bundle. Thus, to have a function is not sufficient to have a section of a trivial bundle, we must 
also have a canonical trivialization. 
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Now we the red terms give: 

log^(i)^'(i)7(^°+i) + log V»^(i+i)7(^°+i) 

= log(fiV(i) )¥ >'(i)7(of+i) • J^(W)A)) 



logflf v (i) lV ,(i+i)7( 



O" 



while the blue ones give: 

log^(i-i), v '(i)70°) - lo gflV(i), v '(i)7K°) 

= log(^ ( i-i),^ W 7(^°) ■ J f '(i), f (i)7(^i)) 



log^(i-i) )¥ ,(i)7( 



i+li 



so that the sum of is equal for ip and ip'. 



In general, let us consider 7 £ V( T;V ) fl V( r / j¥ ,'). The first triangulation is r = {oj, 
a{, . . . ,a}}. We can group the vertices of r' as divided by the vertices of r: 

r = { ^1,1 ) • • • ) ^fci.D • • • ' Vl,li ■ ■ ■ j ^fc,,!) ^1,1) • • • > %i,D • • • ) ^1,1) • • • > } 

with the counterclockwise ordering of < 77° ^ < ••■ < rf k%i < of +1 , still using the 
notation £ + 1 = 1. (Of course it can happen that ki = for some i.) We can now 
consider the triangulation given by the union of the vertices of r and r', with the 
correspondig edges: 



rUr' = { 0-0,77° 



<Tl>Vl,l, 



u 2i 71,2) 
°2) ^1,2) 



' ^2,2' 

' %2,2; 



a l 5 71, J> 



■ vLi } ■ 



We call for simplicity of = 77° ^ and of = 77^, and, if 77° ^ = 77°^, we simply rescale 
the indexes from 1 to fcj. We can now redefine tp on r U r' declaring <p(i,j) '■— <p(j)- 
Supposing g aa = 1, thus logg Qa = 0, we obtain the same value of J^A considering 
(r U r', v?) instead of (r, <p). 

We can apply the same procedure starting from (r',<p'), obtaining (r U T J ,tp r ). Now 
we have that the two values of J A corresponding to V( TiV> ) and V( r / )V y) are equal to 
the values corresponding to V( rUr / i¥ ,) and V( TUr / )¥ /) , i.e., we use the same triangulation. 
Now, appling the previuos step chart by chart we obtain that the two values are the 
same. 

• If we choose a different covering of X, considering a common refinement of the two 
covering we can actually see that the result is the same. 

Open curves For 7 open, we first define Wilson loop for trivial line bundles with a fixed 
trivialization. For a fixed 7 £ CX, there exists (r, <p) £ J such that 7 £ Vr T)¥> ). We define: 

l(T) 



A i=l L^7(^) 



(6.18) 
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Notice that g^u) has one pedix, so it is not a transition function but an element of the 
trivialization. As before, the logarithm can be taken since we have chosen a good cover and 
it is defined up to 27rzZ, so that exp(J A) is defined as a number. 

For 1 < i < I, we have that log^ (i) 7(o° +1 ) - log^ (i+1) 7(o° +1 ) = log^ (i) ^ (m) 7(o° +1 ), 
so that we recover exactly the expression of the closed case for these summand, but with 
a crucial difference at the extrema o° and of +1 : when the curve is open, we cannot write 
log5f (/ ,(/) >¥ ,(i)7(o"j° +1 ), since the curve doesn't close. Thanks to the trivialization we have the 
two piecies log 0^7(0^) and - log 5^(1)7(0?). 

We now prove that J A is well-defined in C/Z: it must be invariant under both the choice 
of the open set V(r,<p) to which 7 belongs and the choice of the open cover {Ui}i £ i of X. We 
prove it in steps: 

• We consider V{ T ^') such that ip' differs from <p just on i e {1,...,/} fixed, so that 
7 (a, 1 ) C C^(iV(i)- Then: 

A <p'(i) = ( A <p(i) + dl°gSWiV(i)J = / Ap«+ ,„ n lo gflV(i)¥>'(i) 

7K 1 ) AK) V J h{<y\) 



= / A Lp[i) + log^(i) - logVW 

7 7 (al) 7(8^) 7(9^) 

thus: 

/ ^V(i)+ . fll log^(i)=/ ^v(0+ ,l°g^(i) 

Afa. 1 ) 7(9cr-) ^7(<r l 1 ) T(9<^i) 



'7K 1 ) 

so the i-th summand doesn't change. 

In general, let us consider 7 e V( T)¥ ,)nV( T / i(/ ,/). The first triangulation is r = {0°, . . . , of, of +1 ; 
o|, . . . , o/}. We can group the vertices of r' as divided by the vertices of r: 

r = { ^1,1 > • • • 5 ^fciji) • • • 5 ^l,^ • • • 5 Vkuii Vij+i'i ^1,1' • • • ' ^fei.i) • • • ' Vi,ii • • • 5 } 

with 0° < 77^ < • • • < 77°. i < of +1 . (Of course it can happen that fcj = for some 2.) 
We can now consider the triangulation given by the union of the vertices of r and r', 
with the correspondig edges: 



z+i> 



rUr' = {t7 1 ,77 lil ,...,77 fcljl , 0-^,77^, . . . ,77^3, ^ ,Vi,i, ■ ■ ■ ,Vk h i 

<T li Vl,li • • • ) a 25 ^1,25 • • • 5 ^2,2' a l ■) r ll,li ■ ■ ■ I'Hkul }■ 

We call for simplicity of = 77° j and o* = 77^, and, if 77$ j = 77^, we simply rescale the 
indexes from 1 to fcj. We can now redefine <£> on r U r' declaring (p(i,j) '■= <p(j)- Since 
the boundary terms | 7 (a CT i) log simplifies for each group rj 1 ^, we obtain the same 
value of J A considering (r U r', ip) instead of (r, (p). 

We can apply the same procedure starting from (r', <£>'), obtaining (r U r',ip'). Now 
we have that the two values of J A corresponding to V( T)¥ ,) and Vjy^/) are equal to 
the values corresponding to V( rUr / i¥ ,) and V( rUr / )¥ /), i.e., we use the same triangulation. 
Now, appling the previuos step chart by chart we obtain that the two values are the 
same. 
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For non-trivial bundles, the only possibility is to use the same definition as for closed 
curves, but without the term log (7^)^(1) since this term requires the closure of the 

curve. Thus we obtain: 

/ A ■= [ V] / ^«+log^(i)^(i+i)7(^+i) + / \(f)- ( 6 - 19 ) 
J-< \ i=1 J 7K 1 ) J J-y(*j) 

In this case the integral is not well-defined as a function, but we now prove that it is a section 
of a line bundle. The steps of the proof of well-definedness for close curves works also in this 
case, except for the extrema of 7. In particular: 

• it is still true that, given two charts V( T)¥ ,) and V( r / j(/ /), we can consider V( T u T ',ip) and 
V( TUT ',ip') obtaining the same values; in fact, the boundary vertices are the same for 
r, t' and r U r', and they have no role in unifying r and r' in the integral (see previous 
step); 

• the sum of blue and red terms works in the same way for all the intermediate summands 
1 < % < 1(t). 

Thus the only difference are the terms log g<p(i) )V ' (1)^(1) — log ^(1)^/(1)7(0), in particular: 



A ) = { \ A ) +log^(0,v'(07(l) -log fl-^(i)^' (i)7(0) 

where I is the length of r U r', g v (i),ip'(i) is the transition function from the last chart of r to 
the last chart of r' and gwiwm is the transition function from the first chart of r to the 
first chart of r'. In particular: 



expl / A) =exp( A) • ^(0,^(1)7(1) ■ ^(i), v '(i)7(0) 1 . 

Thus, we can interpret this expression thinking to have a transition function from V( TjV ) to 
V(r'^') given by: 

9{t,<p),(t' = 9ip(f),v f (J)'y( 1 ) • fi , v (i)^'(i)7(0)~ 1 • 
If we consider three charts V( T)V ), V(y >(p >) and V( r « )¥ ,//), these transition functions satisfy a 
cocycle condition: 

(fiV(z) lV y(07(l) • SV(i),9y(i)7(0) -1 ) • (v(/),<p"(07( 1 ) ■ V(i)^"(i)7(0) _1 ) 

■ (V'(0,¥'(07( 1 ) • V(i),v(i)7(0)" 1 ) 
= (^(0,v'(07( 1 ) ■ V(0^"(07( 1 ) • V(0,^)7( 1 )) 

• (V'(i),v(i)7(0) ■ V(i),^'(i)7(0) • SV(i) lV /(i)7(0)) 

= 1 . 
Thus we obtain: 

Theorem 6.2.1 For A connection on a bundle L — > X , exp J'^A is a section of a line bundle 
CL — > CX, whose transition function from V( r ,ip) to V( T / )¥ ,/) is given by g(j,<p),{y,tpi){l) = 
^(0,^(07(1) • ^v(i),¥''(i)7(0) _1 . 
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From the transition functions we see that if the bundle L is trivial, then CL is trivial too, 
since, for g a/3 = g a ■ g^ 1 on X, we have: 



9{t, 9 Ut>,<p>){i) = SV(*)7(1) • V(07(l) 1 • V(i)7(0) • SV(i)7(0) 1 

= fe>(Q7(l) ■ ^(i)7(0) _1 ) ■ (V(07(l) • V(i)7(0) _1 ) 

so that we have a trivialization: 

9(r >v )(l) = 9<p(i)l(l) ■ ^(i)7(0) _1 • 



-i 



(6.20) 



Moreover, as we see from the previous expression, a trivialization of L determines canonically 
a trivialization of CL. Thus, when L is given with a trivialization, i.e., when A is a connection 
on X x C, then CL is canonically trivialized, i.e., exp f^ A is a section of CX x C, so it is a 
function. 

We now see that, under the trivialization (16.201) . the function we obtain from exp J A 
is exactly (16.181) . In fact, from the section {s a } and the trivialization {g a } we obtain the 
function {g a s a }, in this case we obtain from ( 16. 19ft and (16. 20ft : 



exp( I A] ■9{r, v ){i) 

'7 / (r,<p) 
I(t)-1 

exp 



i=l 



^(i) ■ ^(i),^(i+i)7(°i+i) 



exp 



.4 



7K) 



■ ^(/)7(1) • ^(i)7(0) 



-i 



l( T )-l 

exp 



i=l 



\-l 



7K) 



^(0 • ^(i)7(^+i) ■ ^(i+i)7(^.+i) 



exp 



.4 



7K) 



¥>(Q 



^(i)T(^?+i) • ^(i)7(o-?) 1 



1(t) 

[ exp 



i=l 



7(4) 



0\-l 



and the last expression is exactly the exponential of (16.181) . 



Local description: second way 

Closed curves We notice that any (complex) line bundle, restricted to a curve 7, is 
trivial since if 2 (7,Z) = for dimensional reasons. Thus we can choose a globally defined 
form A : T7 — > R and define: 



.4 



A . 



If we choose a different trivialization of the bundle, we obtain a globally defined connecton 
A\ such that A\ = A^ + g^ -dgoi, but now, since 7 is not necessarily contractible, we cannot 
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say that g 01 ■ dgoi = d\ogg i. we can only consider it as a closed, but not necessarily exact, 
1-form (it is a large gauge transformation). Hence: 

At= Aq+ goi ■ dg 01 . 

However, as we have seen, large gauge transformations are quantized, thus holonomy is well- 
defined also in this way. One can give the analogue definition for open curves and prove that 
this definition gives the same result of the previous one. 



6.2.4 Torsion line bundles 

We said in the first section that, for torsion non-trivial bundles, although the connection can 
be globally defined, holonomy is not a well-defined function for open curves. Let us consider 
the expression for closed curves (I6.17p . in the case of a torsion line bundle realized with 
constant transition functions: in this case A is globally defined, so that the first summand 
becomes exctly f A, but the second summand is however non-trivial, thus the integral of A 
is just a piece of the holonomy. The same applies for open curves in (16.191) . so that we obtain 
a line bundle over loop space, which is torsion since the transition functions are constant. 
Thus, for L torsion line bundle, also CL is torsion, but not trivial if L is not. This solves 
the problem stated in the first section. 



Let us consider the exact sequence: 



2ivi ■ 



— >Z — >R e -^ S 1 — ► . 

A torsion line bundle can be realized by [{^a/?}] G -fi (il, S 1 ), such that /?([ {gap} ]) = 
Ci(L) G H 2 (H, Z), and these transition functions gives a non trivial summand in (16.171) and 
(16.191) . If the bundle is trivial, by exactness we find a class [ {p Q /?} ] G -n (it, K) whose image 
in S 1 is [{(?«/?}], i.e., such that g a p = e 2m ' pal3 . If the corresponding class of [{p Q /?}] in the 
de-Rham cohomology is [A p ], we see from formula (15.11) that the second summand of (16. 17ft 
is exactly J A p . Thus, if a trivial bundle is realized with constant transition functions, we 
have a global connection A but the holonomy is given by: 



HoU(t) = exp 



2m f(A + A p ) 



Thus, we cannot find the connection using the exact sequence, since such sequence describes 
the bundle topologically, but a connection is not determined by the topology. The global 
real class we find for the trivial bundle is just the correction due to the fact that we have 
not chosen the transition functions all equal to 1. If we do this, we find a connection equal 
to A + A p where A p is a certain representative of \A p \. 



If we have a trivial flat bundle, we realize it with transition functions equal to 1, so that 
we have a globally defined connection A. Now we have that: 

• since the bundle is flat, dA = 0, thus A determines a de-Rham class [A] G H^ R (X); 
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• since the bundle is trivial, the holonomy is exactly HoLa(7) = / A. 

Thus, Holyi can be seen exactly as the cohomology class [ A } as function over Hi(X, R), i.e., as 
element of H 1 (X, R). Thus, for trivial flat bundle the holonomy is a real singular cohomology 
class corresponding to the de-Rham class of the globally-defined closed connection. 

For non-trivial torsion flat bundles, the globally-defined connection determines a deRham 
class [A] since dA = 0, but, as we have seen, the holonomy doesn't coincide with the integral 
of A and it is not in general a real cohomology class. 

6.3 Summar about connections and holonomy 

Summarizing, we have that classes of line bundles with connections form a group (LBV(X), 
<S>) with the following important subgroups: 

TrLBV(Xy »- TLBV(Xy LBV{X) . 

TrFLEV{Xy *~ TFLBV(X) 

We can describe cohomologically these scheme as: 

ClUX)/Ii(X)^TLBV(X)^H\l&, S 1 ^Afc) • 

zi(x)/ii(xy — ^h^s 1 ) 

Thus the sequence (16. 8ft is isomorphic to: 

o — > h^s 1 ) — ► ^(it, s 1 -> n£) — > i 2 (x,r) — ► o . (6.21) 

We have seen that connections on a fixed line bundle are an affine space whose under- 
lying vector space is Q^X) since two connections differ by a 1-form with values in the 
endomorphisms of the line bundle, the latter being the multiplication by a function. Thus 
V x s = Vxs + u(X)s for uj G We can ask what is the quotient of this affine space 

by equivalence of connection with respect to automorphisms of the bundle: the quotient is 
an affine space with underlying vector space fi^(X) / X^(X) for X^(X) the space of integral 
1-forms. In fact, if V is the pull-back of V by an automorphism (p(s) — > f ■ s for / non-zero 
function, we get V x s = (p^ 1 Vxf(s) = j(dxf • s + fVxs) = Vxs + jdf(X)s and we have 
seen that integral 1-forms are the one which can be expressed as f~ x df . 

6.4 Real Chern classes 
6.4.1 Definition 

Let us consider the definition of Chern class of a trivial bundle: we have a bundle [{^q^} ] € 
i^il, S 1 ), so that g a/3 ■ g Pl ■ g ya = 1; if g af3 = e 27 ™'^, it is p af3 + p Pl + p ia = p aPl E Z, so 
that we obtain a class [{pa/37} ] £ H 2 (ii, Z) which is the first Chern class. 
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Let us call T n the subgroup of S 1 given by the n-th rooth of unity. If we call ^Z the 
subgroup of R made by the fractions - for k G Z, we have that T n = e 27n '« z . Let us suppose 
we have a cochain {g a p} G C 1 ^,^}) such that g a p ■ g^ ■ g ia = g^ G T n . Then, for 
ga/3 — e 2m ' pal3 , we have that p a p + p^ + p ia = p a ^ G ^Z, so that we obtain a rational class 
ci = [ {pa/3-y} ] G H 2 (ii, Q) such that n • ci is an integral class. We thus have a Chern class for 
certain cochains (up to coboundaries), which is integral for cocycles, i.e., for line bundles. 
Can we give a geometric interpretation of these classes? 

A 2-cochian can be thought of as a trivialization of a gerbe, so that a line bundle is a 
trivialization (or section) of a gerbe represented by transition functions equal to 1. Since 
we are not dealing with gerbes yet, we need to lower by 1 the degree in co ho mo logy. In 
particular, as line bundles, which are classes in H 1 ^, S}), are trivializations of gerbes, 
similarly a section of a line bundle, represented by transition functions equal to 1, is a class 
in H°(ii, S}), i.e., a function / : X — > S 1 . A cochain {f a } G C°(ii, S}) is a section of a trivial 
bundle represented by transition functions f~ l ■ fp. 

Given a function / : X — > S 1 , we can naturally define a Chern class Ci(/) G -£^(11, Z), 
which is the image under the Bockstein map of / = [{/«}] £ C^^ 1 )- We compute it as 
for bundles: since f~ x ■ fp — 1, for f a — e 2m ' pa we have pp — p a = p a p G Z, so that we have a 
class ci(/) = [{pa/3}] G -n (it, Z). The geometric interpretation is very simple: c±(f) is the 
pull-back under / of the generator of H 1 (S 1 , Z) ~ Z. As for bundles, let us suppose we have 
a cochain [{/«}] G ^(il,^ 1 ) such that J" 1 • = / Q/3 G T n . Then Pf3 - p a = p af3 e JZ, so 
that we obtian a class c\ = [ {p Q /?} ] G i^ 1 ^, Q) such that n ■ c\ is an integral class. 

By the exact sequences point of view, the Chern class is the image of the Bockstein map 
of the sequence: 

— >Z — >R -^S} — ► . 

In the fractionary case, since the coboundary lies in T n , the cochain is a cocycle in S 1 /T n . 
Thus, we consider the sequece: 

— > — > r wr ^ 1 ' s 1 / r n — -> 

and the image of the Bockstein map is exactly the fractionary Chern class. Actually, it is 
not necessary to obtain a rational class. It is sufficient that p Q/ g is constant for every a, /3 to 
obtain a real Chern class. The corresponding sequence, which contains all the previous by 
inclusion, is: 

— >R — > R Wsl ^i" s 1 / S 1 — ► . 

In other words, if the cochain is a cocycle up to constant functions, we obtain a real Chern 
class. If these constant functions belongs to r n , we obtain a rational Chern class in -Z. We 
now want to give a geometric interpretation of these classes. 

6.4.2 Geometric interpretation 

If we think of the cochain as a trivialization of a bundle, we have that different trivializations 
have different Chern classes, depending on the realization of the trivial bundle as Cech 
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coboundary. This seems quite innatural, since the particular realization should not play any 
role. Actually, if we fix a flat connection, we can distinguish some trivializations which are 
parallel with respect to such a connection. 

Let us consider a trivial line bundle with a global section and a flat connection V, which 
we think of as X x C with a globally defined by form A, expressing V with respect to the 
global section 1. We know the following facts: 

• if choose parallel sections {s a }, we obtain a trivialization with a real Chern class 
c\(s) e IR), and the local expression of the connection beomes {0}; 

• the globally defined connection A, expressed with respect to 1, is closed by flatness, 
thus it determines a de-Rham cohomology class [A] G H^ R (X). 

We now prove that these two classes coincide under the standard isomorphism. This is 
the geometric interpretation of real Chern classes: the real Chern class of a trivilization of 
XxC corresponds to the cohomology class of a globally- defined flat connection, expressed with 
respect to 1, for which the trivialization is parallel. If the trivial bundle is also geometrically 
trivial, by definition the holonomy is 1: in fact, we can find a global parallel section, so that 
there exists a cocycle {s a } G Z X [X, S}) trivializing the bundle, and the Chern class of a 
cocycle is integral. Thus, the image in R/Z of the real Chern class of a trivialization of a 
bundle is the obstruction for the bundle to be also geometrically trivial, when endowed with 
the connection for which the trivialization is parallel, which is exactly the holonomy. 

We will find exactly the same situation for degree 2: the real Chern class of a 2-cochain 
is the class of a connection on a trivial gerbe for which this trivialization is parallel. 

We now prove the statement. Given {f a } e C°(U,&) such that 5°{f a } € C*°(il, S 11 ), we 
consider the connection V on X x C which is represented by with respect to {f a }- If we 
represent V with respect to X x {1} we obtain A a = d\ogf a , and Ap — A a = c/log(/~ 1 -fp) = 
0. We thus realize the 1-form A as a Cech cocycle: we have that A a = dlogf a and log fp — 
log f a = log g a p = p a p which is constant, so that [A] h i r{x) ~ [{pap}]^ 1 ^)- By definition, 
the first Chern class of {f a } is computed by taking logarithms so that log fp — \ogf a = p a p 
constant and ci ({/„}) = [{p a p}]- Thus [A] h i r(x) ~ c 1 ({/ Q }) i?1(ilR) . 



Chapter 7 
Gerbes 



7.1 Cohomology and gerbes 

Gerbes are the concept equivalent to line bundles with hermitian metric, but increasing by 
1 the degree in cohomology. We define an equivalence class of gerbes as a cohomology class 
[{^a/^}] £ H 2 (il,S}). We define a gerbe with sections as a cocycle {g a ^} £ Z 2 (H,S}), so 
that its equivalence class is the corresponding cohomolgy class. Actually, there is not a good 
notion of sections, but we use this term by analogy with vector bundles. By the Bockstein 
homomorphism of the sequence: 

-27TZ ■ 1 

— >Z — > R_ S — > 

we describe an equivalence class of gerbes as an element of H 3 (ii, Z), which we call the first 
Chern class of the gerbe. It can be directly computed as for line bundles: we have g a ^ = 
e 2m-p aPl go that p{ Pafh } = {p aPjS } e Z 3 (il,Z), and we have ci(0) = [{p a ^ S }] e # 3 (il,Z). 

We now discuss connections, starting with the case of connections up to flat ones. For a line 
bundle with sections, it turns out that the connections {A a } £ C°(il, fl^) are the first step 
in the passage from the curvature F £ Hj R (X) to its Cech realization [{p a /? 7 }] £ H 2 (ii, R), 
which is exactly ci(L) C3>g WL. We adopt the same point of view for gerbes: 

• the curvature of a connection is a form G £ fi| such that [G] H 3^ X ) — c i{L) ®z R; 

• a connection with curvature G is a couple {A Q/ g}} £ C°(ii, fi^) © C* 1 ^, 
such that d-F^ = G\u a and <M Qi g = Fp — F a . By the hypotesis on G, it turns out that 

• an equivalence class of connections is an element of the hypercohomology group: 

Thus a gerbe with connection, as a cocycle (equivalent to a bundle with fixed sections, thus 
with fixed local representation of the connection), is represented by ( {g a /3~,}, {— A a p\, {— F a } ) 
£ C 2 (il,S}) © C^il,^) © Its boundary is given by: 

= 6(g,-A,F) = (6g,d\ogg-6A,Ff,-F a -dAaf,) 
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so that we recover Fp — F a = dA a p and d\ogg = 5 A. In particular, dFp — dF a = 0, so that 
we recover the curvature G = dF. 

By definition, a trivial gerbe with trivial connection is represented by coboundaries: 

<5°( {Gap}, {AJ ) = ( {gapgpyg-ya}, {dhgg af3 + Ap- A a } , {-dA a } ) . (7.1) 

Of course the curvature G is zero, so that the 2-form of the connection is locally exact. We 
are instead complitely free to choose the 1-forms A a , thus when they have the form ( 17.1 ft 
they are ininfluent for the gerbe geometry. Since ( 17. ip is a coboundary, it is equivalent to 
the realization (1,0,0). 



7.1.1 Torsion gerbes 

A gerbe is called torsion gerbe if its first Chern class is torsion. As for bundles, using 
(16.21) one can prove that a gerbe is torsion if and only if it can be realized by constant 
transition functions. Let us see what happens for connections. We realize the gerbe as 
({flWfy}' *t — A a p}, {F a }) with g a p^ torsion. In this case, its coboundary is = (8g, —5A, Fp — 
F a — dA a p): thus 5 A = and, since is acyclic, one has A a/3 = Ap — A a . We now 
have Fp — F a = dAp — dA a , so that F a — dA a is globally defined: we call it F and we 
try to realize the connection with it. In fact, let us consider the coboundary 8(1, {A a }) = 
(l,Ap — A a ,—dA a ): then we add it to the original representative of the gerbe obtaining 
({9af3~f}, {-A a p}, {F a }) + (l,Ap - A a ,-dA a ) = ({g a p^},0,F). Thus, a torsion gerbe can 
always be realized in this form. 



7.2 Real Chern classes and curvatures 

Let us now consider a trivialization of a gerbe {gap} £ C l (X, S}) such that 8 l {g a p] E 
B 2 (X, r n ). We can consider a connection {A a } such that Ap — A a = dp a p, as for an ordinary 
bundle. We have dA a = dAp so that F = dA a is a global closed form whose class [F] is 
exactly the fractionary Chern class of [{g Q/ 3}] G 5 _1 (r n ) / B l . We define such trivialization 
with connection as an element of the hypercohomology group: 

What happens for the holonomy of such connections? They are not well-defined as a function 
on closed curves, but they are a section of a line bundle with sections which, on curves which 
are boundary of open surfaces, is canonically trivial and coincides with the one determined 
by the flat gerbe realized by (1,0, F) but with respect to the sections 8g. In fact, the 
expression of the holonomy of A on <9£ conincides with the holonomy of (8g, Ap — A a , dA a ) 
on E, but 8(g, 0) = (8g, d\ogg a p, 0) and the sum is (1, 0, dA a ), thus the gerbe is (1, 0, F) but 
it is realized on open surfaces with respet to Sg. 
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7.3 Wilson loop 

7.3.1 Overview 

We want to define Wilson loop, which is the integral of the connection over a surface as an 
WL/Z-valued function, and it will turn out that its exponential is exactly the holonomy: 



Holp(£) = exp 



( 2 -7/)- 



For generic gerbes we can define Wilson loop as an M/Z-valued function only on closed 
surfaces. In fact, once we have fixed a good cover il = {U a } a£ j, let us suppose for the 
moment that Sc[/ n for a fixed a G /. In this case we define: 



F := F a . 

If it happens that X C U a p, we have two definitions of Wilson loop, but they coincide: 

/ F a = [ F p + 2tt / dA aP = [ F„ + 2tt / A a(3 = [ F p . (7.2) 
In the last expression it was crucial that £ was a closed surface^. 

For open surfaces, we can give a good definition of Wilson loop only for trivial gerbes. 
For a trivial gerbe Q = [{gap}] G -n (il, S}), we have that g a ^ = g a p ■ g^ ■ g ya for a certain 
trivialization {g a (}} G C 1 ^, S}). In particular, for g Qj g 7 = e 27rJ ' Pa ' 3 T and g a p = e 2m ' pal3 , we 
have that p Q/ g 7 = p aj a + p^ + p 7Q + 2ni ■ n, with jiGZ. Thus: 

F/3 — F a = dA a/3 

A a p + + yl 7Q = dp^ + dpp-j + <ip 7Q! 

- dp af3 } = 

^4 a /3 — dp a p = A a — Ap 

so that we obtain a global form (or gauge- invariant form) F G Q 2 (X, R) such that -F|c/ a = 
F a — dA a (this works also for torsion gerbes, since g a ^ = g a /r • 5V • c Q/ 3 7 for Ca,/? 7 constant, 
thus <ip Q/ 3 7 = dp al 3 + dppy + dp 7a anyway). We thus define, for a surface S: 

F := I F 

which, for E C J7 Q , becomes: 

[ F= f(F a - dA a ) = [ F a - [ A a 

</£ JT, is JdT. 



Hol A ( 7 ) = exp Qf F Q - A>) 



(7.3) 



If we consider the trivial gerbe with global section g a ^ = 1, then p a ^ 7 = 0, so that F = F 
and we recover the expression with the globally-defined connection. 



1 In this case we have an R- valued function, but this is due to the assumption that 7 is contained in only 
one chart. We will see in the following that, without this hypoteses, we have the Z-uncertainty. 
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For generic gerbes, the situation is analogue to the case of bundles. We give the same 
definition as for closed curves: 

/ F := f F a . 

JT JS 

Of course it is not a well-defined function, but let us suppose that E C U a p. Then we have: 

F a = Fp+ dA a p= Fp+ A af3 

JT JT JT JdT 



exp^y F a J = exp^y Fp J - ex pyj A a p 

To interpret this expression, let us consider the space TJJ a of surface diffeomorphic to E 
contained in U a (for a fixed), i.e., the space of maps r : E — > U a with the compact- 
open topology. If the fixed good covering of X is il = {Up}p e i, we can define a covering 
V = {V p } pe i of EC/ Q given by V p = {p E E£/" a : T(E) C U ap }, with the notation U aa = U a . 
Of course, V a is the whole TJJ a . Thus we have an expression of the holonomy for every V p \ 



Hol^(r) = expQf 



linked by the expression: 



Hoi£(r) = Hoi^(r) • h pv (r) , h pr) (r) = exp A pr )j 



Moreover, we have: 

hpr,(T) ■ h vx (T) ■ h xp (T) 

= exp (^J A m + A r]X + A xp ^j = exp (^J dp mx 

= 1 

thus we can think HoUfT) as a section of a line bundle EL a over TU a with transition 
functions {h pv } E H 1 (T,U a , S}). In this way we have a clear meaning for the holonomy: the 
fact that it is not well-defined as a function doesn't mean that it is not well-defined at all, 
it is just a section of a line bundle, hence it is naturally different with respect to different 
charts. Under the hypoteses that T is contanined in U a we have that V a is a global chart for 
EL Q , hence the bundle is trivial: we will see that for generic curves we obtain a non-trivial 
bundle, but the picture is the same. 

Let us now suppose that Q is trivial, with a trivialization {g a /3} E C 1 ^, S}). Then we 
have: 



= exp (^J [dp pr] + A p - A v ) J 
= exp ( / A p J • exp I / A, 



or J \Jdr 
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for hpi^f) = exp(j dr A p ). Thus, a trivialization of L determines canonically a trivialization 
of EL a : in this way, the section Hol^ becomes a function, in particular: 

HoU(r) = Hoi^(r) • ^(r)- 1 = exp (J f p + J a)j 

which is exactly (17.31) . 

Thus we obtain the following picture: the holonomy of a gerbe with connection is a well- 
defined function over the space of maps from a closed surface, while for open surfaces, it 
is a section of a line bundle EL — > EX; if the gerbe is trivial then EL is trivial too, and 
a trivialization of the gerbes determines canonically a trivialization of EL, so that for any 
trivial bundle we have a canonically defined holonomy also for open surfaces. We now give 
the same picture without assuming that the curve (closed or open) lies in only one chart: 
we can describe the integral of F in two ways using local charts. 

7.3.2 Local description 

Closed surfaces 

We can describe the integral of F in two ways. 

First way: we choose an open covering for the space of closed surfaces, starting from the 
covering {Ui} ieI of X. 

We now define the integral of the connection. For a fixed T e EX, there exists (r, tp) G J 
such that T G Vi T>ip y The function tp : T — > / induces two functions: 

. tp E : E - J 2 , given by ip E (a, b) = (^(a, 6)), y?(6 2 (a, b)) ; 

• <p v : -> UL( /3 ) fcl " 2 > such that <p v {i) e (J 3 )^" 2 and (<p v (t)) j = {^{B\i)), 

We define: 




+ 5^$^ iog^ W)J r(o-?) . 

i=l j=l 

The last term seems more artificial: we briefly discuss it. The logarithm can be taken 
since we have chosen a good covering, so the intersections are contractible. Of course, it 
is defined up to 2niZ,, so the quantity that can be well-defined as a number is exp(J r F). 
The sum is taken in the following way: we consider the star of triangles having of as 
common vertex (each of them associated to a chart via tp) and, since we are considering 0- 
simplices, that corresponds to 2-cochains, we consider the possible triads with first triangle 
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fixed {^p v {i)Y = (p(B^(i)), and sum over them. The fact we fixed 

as first triangle has no effect, since we could consider any other possibility Up^ (i)Y = 
(ip{B a {i)), <p(Bi(i))^(Bi +l (i))). In fact, by cocycle condit ion with indices (1, i, % + 1, a) we 
have that p M+ i, Q • = gi, i+ i, a ■ 9i,i,a, thus gw^j+i = s^ a • #1,^+1 • gi,i+i, a , but in the 

cyclic sum the extern terms simplify, hence the sum involving g a ,i,i+i is equal to the sum 
involving gi^i+i- Finally, we sumed over j = 1, . . . , ki, but for j = 1 and j = ki we obtain 
trivial terms, hence the real sum is for j — 2, . . . , ki — 1. 

We now prove that j r F is well-defined in C/27riZ: it must be invariant under both the 
choice of the open set V( Ti¥ ,) to which T belongs and the choice of the open cover {Ui}i e i of 
X. We prove it in steps: 

• We consider V( T ,<p>) such that tp' differs from tp just on (a, b, c) G T fixed, so that 
T^aAc)) c u <p { fh b,c) V '{a,b,c)- Then, the summands involving U^ aM) becomes: 

/ F<p'(a,b,c) + / ^V-E(a,6) + / ^V s (6,c) + / ^ ,E (c,a) 

JV K M ) ■ /r K«,6)) • /r K6,c)) ^K.a)) 

&a 

+ lo S%> ,v W r (0 + X lo Sf(^W r K) + Yl lo g^( C )y r ( a c) • 

j=l j=l j=l 

(7.5) 

Then we have: 



a,b,c)ip'(a,b,c) J 

Jr(a? . </r(<7 2 , ,) v 7 

= / ^V(a,6,c) + / 



The sum of the red terms gives, e.g. for the (a, 6)-edge: 



■^■•fi(a,b,c)ip' (a,b,c) 



/ ^(a,6,c)p'(a,6,c) + / ^V«(a,6) 

^yj(a,6,cV(a,6,c) + -<4.((p'(& 1 (a,&)),yj'(& 2 (a ) &)) 



r Ka,i.)) 



A>(a,&,cV(a,6,c) + ^(^'(0,6,0)^(62(0,6)) 

r K.,6)) V 7 (7-6) 



^(a,6,c) l¥ )(fe 2 (a,6)) + d log g v (a,b,c)ip' (a,b,c)ip(b 2 (a,6)) 
/ (A^(a,6)) + l°g5 , l p(a,fe,c) ¥ j'(a,6,c)^(6 2 (a,6))r(cr°) 

•/rfo4 t ,) v 7 



- l°g5 , V (a,6,c)^'(a,6,c) V (6 2 (a,fe))r(cr°) . 

The same for (6, c) and (c, a) edges. We now consider the green terms. We consider 
the vertex a, then the same computation applies for h and c. In the green sum of 
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( 17.51) for j = 1, . . . , k a , the only two terms in which ip' is different from p are the 
terms (gxj-x,j • gx t j,j+i)T(a^) for 5 J (a) = crf abc y By cocycle condition applied to 
(1, j - l,j,j + 1) we have gij-ij ■ gi,j,j+i = gj-x,j,j+i ■ gxj-ij+i, thus the only term 
involved is gj^ijj + iT(a^). We write it gj-x,f,j+i to mean that we apply <p' at the j-th 
position. But with the green terms of (I7.6P (and of the analogous formula for (a, c)- 
edge) we have gjj'j-i and gjj'j+i, so that we obtain {gj-ij>,j+rgj,f,j-rgj,j>,j+i)r((T°) = 
gj_ijj + iT((T®) and the final sum is equal for p and <p'. 

• In general, let us consider 7 e V(T,tp) H V( r / i¥ /). We proceed as in the one-dimensional 
case building a triangulation rLlr' refinining r and r' (of course it is tenchnically more 
complicated than for S 1 , but the result is the same), such that the values of J s F for 
(r U t', p) and (r U r', p') are the same. Then we apply the previous step chart by 



• One can prove that we obatin the same result if we choose a different covering of X. 

Second way: we notice that any gerbe, restricted to a surface E, is trivial since i? 3 (E, Z) = 
0. Thus, we can choose a globally defined form Fq : TT, —> R and define: 



If we choose a different trivialization of the gerbe, we obtain a globally defined connecton F\ 
such that Fx = F + g^x • dg i, but now, since £ is not necessarily contractible, we cannot 
say that g^x ■ dg m = d\ogg i: we can only consider it as a closed, but not necessarily exact, 
2-form (it is a large gauge transformation). Hence: 



However, the last summand belongs to 2iri'L: this is a general fact, since g$i a transition 
function of a gerbe. We can see it in the following way: we choose a triangulation r = 
. . . ,af( T j,E,T} of S, so that, since the triangles are contractible, it is f^g^i • dg i = 

E( a ,b,c)eT L h 9oi-dg i = E(a,b,c)eTL? h d log 0oi = E ( a,Mer( lo g 0oi(^+i) -log 001 (^)), 

v ' ' ' (a,o,c) v ' 7 ' (a,b,c) v ' ' J 

putting for simplicity £ + 1 = 1. Since 7 is closed, the sum simplifies to up to the integer 
multiples of 2iri depending on the logaritms choosen at every piece. Thus, Wilson loop is 
well-defined also in this way. 

Surfaces with boundary 

For E open, the previous definitions doesn't apply. Exactly as for line bundles, we now see 
that the integral of F can be well-defined for trivial gerbes, while, in general, it defines a 
line bundle over the space of maps, which is canonically trivial for trivial gerbes. 



chart. 
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Let us consider a trivial gerbe {g a /3^} £ B 2 (H, C°(S' 1 )), and let g a ^ = g a p ■ g^ ■ g ia . We 
have: 

F a — Fp = dA af j 

Aap + Afr + A ia = d log g a/3 + d log g Pl + d log g^ a 

(A a/3 - d\ogg a/3 ) + (Afo - dlogg^) + (A^ a - d\ogg ia ) = 

S {A a/3 - d\ogg a p] = 

and, since the sheaf of 1-forms is fine, hence acyclic, we obtain: 

A af3 - d\ogg a p = A a - A p . 



We now define the integral of the connection. For a fixed V e EX, there exists (r, tp) e J 
such that 7 G V( T)V ). We define: 

^ := X, / F <p{a,b,c) + / ^(a,6,c) • (7-7) 



As before, the logarithm can be taken since we have chosen a good cover and it is defined 
up to 2ixi Z, so that exp(J r Fj is defined as a number. The contribution of A to the internal 
edges cancel in pairs, so only the integral of A on boundary terms remains. That's why this 
expression is usually denoted by: 



F+ (h A 

JdT 



For an internal edge (a, b), let us suppose that b(a,b) = ((a,b,c), (b,a,d)). Then, from 
these two triangles we have the contribution: 

\Ay(a,b,c) — ^(6,a,d)J = / f^(o,6,c),< < j(6,a,d) — d log g v { a ,b,c),ip{b,a,d) 1 

(a,b) (a, 6) 

= / ^ V B (a,6) + log^(a,^c),^(fe,a,d)r(a°) - log^( a>biC ) >¥ ,( fe>a>rf )r(cr°) . 

(a,i>) 

Thus the contribution of the internal edges is the same of (17.41) . For the vertices, let us con- 
sider a: form the previous expression we had the contribution log <7^( a ,&, c w&,a,d)r (cr°) . Doing 
the same computation for all triangles of the star containing a, {a^ a aia2 \, ■ ■ ■ , <?f a ak ai \}, we 
obtain, exponentiating: 

(5V(a,ai.a 2 ),</?(a,a 2 ,a 3 ) " 9ip(a, 02,03), ^(0,03,04) " " '9<fi(a,a ka _ 1 ,a ka ),ip(a,a ka ,ai) 

' fi , <p(a,a fe(1 ,ai),(/3(a,ai,02))r(cr a ) . 
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Each triangle <p(a, ai, a; +i ) is present twice since two of its edges contain the vertex. We now 
fix as base triangle B l (a) = (a, a i5 a 2 ), and we rewrite the previous expression as: 

9<p{a,ai ,o 2 ), 1/3(0,01 ,a 2 ) 9<p(a,ai ,o 2 ),</3(o,o 2 ,a 3 ) <7 1,9(0,02,03), 1/3(0,01 ,a 2 ) 

5V>(o, 01,02), 1/3(0,02, 03) 9 1/3(0,02,03), 95(0,03, 04) 9 1/3(0, 03, 04), 1/3(0, 01,02) 

1/3(0, 01,02), 1/3(0,03, 04) 

9(p(a,a ka _ 1 ,a ka ),(p(a,a 1 ,a 2 ) 
9<f(a,a 1 ,a 2 ),ip{a,a ka _ 1 ,a ka ) 9<p(a,a ka ^ 1 ,a ka ),ip(a,a ka ,a 1 ) 9ip(a,a ka ,ai),ip{a,ai,a 2 ) 
9 1/3(0, ai ,02), 1/3(0, a ka ,ai) 9<p(a,a ka ,ai), 1/3(0, 01 ,02) 9<p{a, 01,02), 1/3(0,01,02) 

so that we obtain: 

(fl 1 1^(0,01,02), 1/3(0, 01 ,02), 1/3(0, 02,03) ' 9<p(a,ai , 02), </>(o,02 ,03) ,v(o,03)04) 

' 9(p(a,ai,a,2), 1/3(0, a fca _ 1 ,o fca ), 1/3(0, a fca ,01) * 9<p(a,ai ,02), tp(a,a ka ,ai), 1/3(0,01 ,02) ) T(cr a ) 

and, if we put ((/? y (a))"' = (ip(a, a\, a 2 ), </?( a > a j, a j+i), <-p( a , a j+i> %+2)) we exactly obtain: 

IJ 0( V v-(i))jr(<7°) . 

Thus, for internal edges and vertices, we recover the same expression as for closed surfaces. 

We now prove that f„F is well-defined in C/27rzZ: it must be invariant under both the 
choice of the open set Vjy )¥ ,) to which T belongs and the choice of the open cover {£/j}i e j of 
X. We prove it in steps: 

• We consider V(t^') such that ip' differs from if just on (a, b, c) G T T fixed. Then: 



F<p'{a,b,c) — / ( Ftp(a,b,c) + dAtp( a ,b,c)(p>(a,b,c) 

(a,o,c) / v (a,o,c) 



/ I -^V(o,o,c) + ^A/>(o,b,c) — rf^'(a,b,c) ) 

/ Ftp(a,b,c) + / A/3(a,6,c) — / 

v (a^c)' v (a,o,c) / v (a.b,c)' 



(p'(a,b,c) 



thus: 



Fy'{a,b,c) + / ^V(a,b,c) — / F(p{a,b,c) + / ^(o,6,c) 



r ( CT ? 1. ./r(3of , ,) Jv(aJ . .) , ,) 

v (a,o,c)-' v (a.o.c) 7 ^ (ajOjC) 7 v (a,o,c)-' 

so the (a, 6, c)-summand doesn't change. 

In general, let us consider 7 e V( T)(p ) fl V( r / i¥ /). We proceed as in the one-dimensional 
case building a triangulation rLlr' refinining r and r' (of course it is tenchnically more 
complicated than for S 1 , but the result is the same), such that the values of J* s F for 
(r U r', and (r U r', y/) are the same. Then we apply the previous step chart by 
chart. 
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What happens for non-trivial gerbes? In this case, the only possibility is to use the same 
definition as for closed surfaces, but the boundary terms will forbid the well-definedness of 
the integral as a function. We now prove that we obtain a line bundle over the space of 
maps. The steps of the proof of well-definedness for close curves works also in this case, 
except at the last step for vertices on dT, (there are no problems for boundary edges, since 
they appear as boundary of triangles anyway). For every boundary vertex, there is a term 
gij-i,j which has not the following gijj + i, and from the green terms of (17.61) we get gjj'j~i- 
Thus, we have: 

• 9i,j-x,j with (p; 

• gij-iji ■ 9j-ij,j' with ip' (after we reduced to <p for triangles and edges). 
Thus the difference is: 

9i,j-i,j> ■ 9j-i,j,j' ■ 9i,j-i,j = 9i,j,j' ■ 

Moreover, the same contribution of </?' comes from the vertex for which there is a term gijj+i 
without the following, and from the green terms of (I7.6P we get gjfj + i- Thus: 

• 9i,j,j+i with tp; 

• <?ij',j+i • 9j]< j+i with if' (after we reduced to ip for triangles and edges). 
Thus the difference is: 

gi,j',j+i ■ 9j,j'j+i ' 9i,j,j+i = 9ijj' ■ 

These terms seems to simplify, but it is false since the index 1 refers to the fixed triangle for 
start around different vertices, so it is not the same. But they satisfy a cocycle condition, 
since: 

9iJ,j' ■ giJ'J" ■ 9i,j",j = 9j,j'J" 
thus there is no index 1 any more, so that the two contribution becomes gjj'j" ■ gjj'j» = 1- 

Thus: 

exp( / F) = exp( / F) 

Y\_ ^(B a (i)),¥'(S 1 (i)), ¥ j'(Bl(i)) • gJ^B"(i)),<p{B k i{i)),<p'(B k i(i)) m 
ieBV 

Thus, we can interpret this expression thinking to have a transition function from V( T ,<p) to 
V(r',<p') given by: 

^(r^),(r iV ')( r ) = II ^v(S a W).V(B 1 (*)),!P'(S 1 (0) ' ^CB«(i)),<p(B^ (i)),<p'(B k i (i)) T ^ ' 

ieBV 

One can prove that independence from the triangulation. 
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If we consider three charts V( T #), V(t'^') and V( r » i¥ ,»), these transition functions satisfy a 
cocycle condition. Thus we obtain: 

Theorem 7.3.1 For F connection on a gerbe Q G H 2 (X , C° (S 1 )) , exp f r F is a section 
of a line bundle Y*Q — > SX , whose transition function from V( T ,tp) to V( r / j¥ /) is given by 

From the transition functions we see another important fact: if the gerbe Q is trivial, then 
EC/ is trivial too, since, for g a/3y = g a/3 ■ g^ ■ g ia on X, we have: 

<7(t )¥ >),(t>')(7) = ^(07(!) • ^(07(1) _1 • V(i)7(0) • ^(i)7(0) _1 

= (^(07(1) ■ ^(i)7(0) -1 ) • (v«7(!) • V(i)7(0) _1 )~ 1 



so that we have a trivialization: 

SW)(7) = ^(07(1) • ^(i)7(0) _1 • 



{7.1 



Moreover, as we see from the previous expression, a trivialization of L determines canonically 
a trivialization of CL. Thus, when L is given with a trivialization, i.e., when A is a connection 
on X x C, then CL is canonically trivialized, i.e., exp A is a section of CX x C, so it is a 
function. 



We now see that, under the trivialization ( 17. 8ft . the function we obtain from exp 
is exactly ( 17.4ft . In fact, from the section {s a } and the trivialization {g a } we obtain the 
function {g a s a }, in this case we obtain from (I7.4p and (17. 8ft : 



exp( I A] ■g{r, v ){l) 

'7 / (r,v) 

l( T )-l 

exp 



i=l 



7K) 



^(i) ■ ^(1)^(1+1)7(^+1) 



l(T)-l 

exp 



i=l 



7K) 



1(t) 

[ exp 



i=i 



exp 



.4 



^(07(1) • ^(i)7(0) _1 



\-i 



^(0 • ^(i)T( ff i+i) ■ flV(i+i)7(°"i+i) 



exp 



.4 



7K) 



<p(l) 



■ g^lirf+i) ■ ^(i)70i) 1 



' ^(07(^+i) • 9v(i)l{Vi ) 



0\-l 



and the last expression is exactly the exponential of (]7.7|) . 
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Type II superstring backgrounds 
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Chapter 8 

D-brane charge and Ramond-Ramond 
fields 

8.1 D-brane charge 

We now want to discuss the D-brane charge from the homological point of view. Since this is 
a generalizations of electromagnetism theory with higher-dimensional sources, we start with 
a brief review of classical electromagnetism theory in four dimensions. For details the reader 
can see [55]. 

8.1.1 Preliminaries of electromagnetism 

Let us consider an empty minkowskian space-time M 1 ' 3 . Then Maxwell equations are: 

dF = d*F = (8.1) 

whose solutions represent electric and magnetic fields without sources. In particular, in a 
fixed reference frame: 



F = 






E 1 


E 2 


E 3 ' 




—E 1 





B 3 


-B 2 


(8.2) 


—E 2 


-B 3 





B 1 


—E 3 


B 2 


—B 1 








and equations (18.1 j) assume their classical form Vx£ + -^ = and V ■ B_ = for dF = 0, 
and V x B - ^= = and V • E = for d * F = 0. Since 1R 1 ' 3 is contractible so that the 
cohomology is zero, both F and *F are exact: F = dA, where A is the scalar potential, i.e. 
A = (V,A) with E_ = — — W and 5 = V x A Similarly we can find a potential A' 
such that *F = dA f , satisfying the same equations replacing B_ by E and E_ by —B_: electric 
and magnetic fields are interchangable by Hodge-duality, in fact the matrix representation 
of *F can be obtained from (I8.2p again replacing B_ by E_ and E_ by —B_ (the minus is due 
to the fact that * * F = —F in the minkowskian signature). Thus, up to exchange F and 
*F, electric and magnetic fields without sources are are equivalent. 

We now consider an electric charge q, moving without accelerating, as a source for the 
electric field. In this case, Maxwell equations becomes: 

dF = d*F = q-5(w) (8.3) 
163 
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where w is the world-line of the particle. This means that we interpret *F not as a form 
any more but as a current, which is singular in w, while in R 1 ' 3 \ w it is regular and, by 
equations (18.31) . closed. Instead, F is a closed current on all R 1 ' 3 , thus it is also exact. Since 
Hj R (B}' 3 \ w) ~ R being R 1 ' 3 \ w homotopic to S 2 , the form *F is in general not exact, 
actually, as it follows from equations (18.31) . if we consider a linking surface S 2 C R 1 ' 3 of w we 
have that J s2 *F = q, thus [*-F]dR — q under the isomorphism H% R (M. 1,3 \ w) ~ R. Instead 
F, being exact on the whole R 1 ' 3 , is exact also when restricted to R 1 ' 3 \ w, so that it is 
topologically trivial. That's the well-known fact that the electric charge, represented by F, 
is not topological, while the magnetic charge, which is the electric one for *F, is encoded 
in the topology of space-time. Here we see the difference between electric and magnetic 
charges. In particular, considering a charged particle moving in this background, its actions 
minimally couples to a potential A of F if we consider the field as electric, in which case 
A can be globally defined, or to a potential A' of *F (in R 1,3 \ w) if we consider the field 
as magnetic, in which case A is only local and we must consider gauge transformations (or 
viceversa if we exchange F and *F up to a sign). In particular, only from magnetic fields we 
can find Dirac quantization condition, i.e. q G Z up to a normalization constant, not from 
electric ones. 

The solutions of (18.31) can all be obtained from a particular one adding the solutions of 
(18.11) . One particular solution of (18.31) . in a reference frame in which the charge is fixed in 
the origin so that w = R x {0}, is: 

F = dA, A=-Ut 

where r is the distance of a point from the origin in R 3 (thus A is constant in time). Note 
that the potential A is a L^-form an all R 3 , thus F is an exact current in R 3 . In this way, 
calling V0I52 := X\dx 2 A dx 3 — x 2 dx\ A dx 3 + x 3 dxi A dx 2 the 2-form restricting on S 2 C R 3 
to the volume form, we get: 

F = dA = ±dr A dt = ^rdr A dt 
*F = ^3Vols2 

For r ^ 0: d*F = -ffrfr A vol 5 2 + ^3vol R 3 = fi(rvol M 3 - dr A vol 52 ) = . 
Instead, as a current in the whole R 3 , d* F = q ■ 5(0), since: 

(d * F,(p) = —{*F, dip) = —q I ^-vol S 2 A dip 

Jr 3 r 

= -Q / ^r— vol M 3 = -q / — dr = q ■ ip(0) 
Jr3 r A dr J Q dr 

up to a normalization constant. This soluton is static. 

We now make some topological remarks. We consider the following cohomology groups 
for a manifold X: 

• H^ R (X) is the de-Rham n-cohomology group, i.e. the group of closed n- forms up to 
the exact ones; 
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• H™ rn (X) is the n-cohomology group of currents on X; 

• H n (X,M.) is the singular n-cohomology group with real coefficients. 

These three groups are canonically isomorphic. In particular, the natural map H2 R (X) — > 
H^. n (X), obtained thinking of a form as a current, is a canonical isomorphism. To realize 
an isomorphism between H n (X, M.) and H% R (X) we can use iteratively the Poincare lemma, 
as explained in [9]. For all of these three groups we can consider the compactly-supported 
version, which we call respectively H% Rcpt (X), H™ rncpt (X) and H^^XjM). They are still 
isomorphic via the restrictions of the previous isomorphisms. 

We can define the singular cohomology groups with integral coefficients H n (X,Z), and 
there is a natural map (not injective in general) H n (X, Z) — > H n (X, R) whose image is made 
by quantized real cohomology classes: the latter correspond in the de-Rahm cohomology 
to the forms which give an integral value when integrated over a cycle. Poincare duality 
provides on a manifold a canonical isomorphism PD : H n (X,7j) — —* n (X, Z) with 

the analogous version for real coefficients. 

Coming back to the electric source in K 1,3 , if we restrict the second equation of ( 18. 3ft 
to a fixed instant of time, we get [d(*F)\^ t y x ^3] cpt = q ■ 5({p}), for p = w PI ({£} x IR 3 ). 
Since the point p is compact (contrary to w), it defines an homology class [p] G Hq(M. 3 ,Z), 
thus we can define a compactly-supported cohomology class PD R 3([p]). Under the isomor- 
phism H™ pt (X,M) ~ H™ rncpt (X) one has PD R 3([p]) ~ hence we obtain from Maxwell 
equations: 

[d(*F)\ {t}xRS ] cpt = q ■ PD {t}xR3 ([p]) . (8.4) 

This identity seems meaningless because we are identifying the class of an exact form with 
a cohomology class which is in general non-trivial. Actually, we are dealing with compactly 
supported cohomology classes, which can be trivial when considered as generic cohomology 
classes. Thus, the identity is meaningful and implies that the support of (*-P 1 )|{t} x iR 3 is n °t 
compact. In this way, we can see the electric (or magnetic) source as a homology cycle con- 
served in time whose coefficient is the charge; its Poincare dual measures the non-closureness 
of the associated magnetic field strength as a current Q This viewpoint seems redundant for a 
point-charge, but for an extended object as a D-brane, which can be topologically non-trivial, 
it is much more natural. 

The cohomological expression (18.4D is not Lorentz-invariant, since we must fix an instant 
of time. If we were able to treat w as a homology cycle, we could get from Maxwell equations 
a Lorentz-invariant expression: 

[d*F| = g.PD K i,.H 

without fixing a particular reference frame. We will develop the suitable homology theory 
to do this. 

x We can consider an inertial reference frame in which the charge is fixed in the origin, so that we consider 
the electric field it creates in IR 1,3 \ {(t, 0,0,0)}. In ths such a frame we can choose the solution of (|8.3p 
given by E_ — ^Uq and 13 = 0. As it follows from (|8.2p . F is then of the form F = dt A F', thus *F is time- 
independent and its restriction to any space-slice is the same. In this way we can simply write d* F = q ■ 6(0) 
and [d * F] cpt = PDr3[{0}], but this picture is not Lorentz invariant. 
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We remark that since the de-Rahm cohomology and the cohomology of currents are isomor- 
phic, we can also think of (*F) as a compactly-supported form whose support is contained 
in a small neighborhood of the origin. Similarly, the whole *F is a form whose support 
is contained in a small neighborhood of to. In this case, when we compute the charge as 
q = j S 2 *F, we must take S 2 outside the neighborhood. Using currents or forms is not 
important, since their cohomology are canonically isomorphic; what really counts is that 
we consider compactly-supported classes, which can be non-trivial also in IR 3 . However, it 
is more natural to use currents since Maxwell equations are naturally formulated with a 
5-function. 

8.1.2 Charge of a D-brane 

We consider type II superstring theory in a ten-dimensional space-time of the form S = 
IR 1,3 x X for X in general compact but not necessarily, such that the background metric 
in IR 1 ' 3 is the standard minkowski metric if and the H-flux is zero. A Dp-brane Y p has 
a (p + l)-dimensional world-volume WY p C S, which represents a classical trajectory in 
space-time. To define the charge of the D-brane, as for a particle we think that it is moving 
without accelerating in the non-compact directions IR 1 ' 3 (so the projection on X is fixed), so 
that the violated Bianchi identity becomes: 

dG^ p = q ■ 5(WY p ) dG p+2 = (8.5) 

where q is the charge, or equivalently, the number of D-branes in the stack. To compute 
the charge from the background data, we consider a linking manifold^! L of WY p in S with 
linking number I, so that we have: 




We can always choose a linking sphere (so that 1=1): in fact, we choose near a point 
p G WY p a reference frame such that WY p corresponds to the first p + 1 coordinates, then 
we take a small sphere in the transverse cohordinates. From Dirac quantization condition 
(see section IH731 [29] ) we know that the charge is quantized, thus G$- p must be an integral 
form. In particular, since by (18. 5ft we see that G$- p is not closed, we should say that G$- p 
restricted to the complement of WY p represents an integral cohomology class. Actually the 
quantization of Ramond-Ramond field seems inconsistent with the duality relation G = *G 
in the democratic formulation of supergravity. This is the so called *-problem, whose solution 
can be found in [6]. 

We now suppose that the brane is a particle in IR 1,3 . In a fixed reference frame we call 
M the space manifold M = IR 3 x X. We fix at an instant of time t the D-brane volume 
Y p>t C {t} x M. We call M t := {t} x M. Then, the violated Bianchi identity becomes 
dM t {Gs-p\M t ) — q'^iXp.t) s° that, ifY p j is compact (which is always the case when the brane 
is a particle in IR 1 ' 3 if X is compact), we obtain: 

[ d Mt (G 8 - p \ Mt ) ] C pt = PDa/ ( (q ■ Y P ,t) ■ (8.6) 

2 A linking manifold is the boundary of a manifold intersecting WY p tranversally in isolated points of its 
interior. 
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As pointed out before, it is important that the space manifold M is non-compact (see [53] 
and [28J), so that the Poincare dual of the brane volume is a compactly supported cohomology 
class, which can be trivial as a generic cohomology class. Thus, the identity (18.61) implies 
that, for homologically non-trivial branes, the support of Gs- p \{t}xM is n °t compact. In 
particular, PDm(q ■ Y p ) must live in the kernel of the natural map t : H^~ t p (M) — > H 9 ~ P (M). 
We could also write the first equation as dG^-p = PDs(q-WY p ), but, since WY P is in general 
non-compaclH so that it does not define an homology cycle, we postpone this discussion. 

We can compute the charge q at any fixed instant: if we consider a linking surface L t of 
Y p j in M t with linking number /, we have q = j J L (Gs- p \M t )- The charge q is conserved in 
time, actually all the homology class of the D-brane is conserved. In fact, let us consider two 
volumes Y p ^ tl and Y p ^ 2 . Then we can consider the piece of the world- volume linking them, 
which is (WY p )\[ tl j 2 ] X M- If we consider the canonical identification M tl ~ M t2 ~ M, we can 
consider both Y tl and Y t2 as cycles in M. If we consider the projection it : [t 1 , t 2 ] x M — ► M, 
then n((WY p )\[ tl j 2 ] xM ) is a singular chain in M which makes Y tl and Y t2 homologous. Thus 
they have the same Poincare dual and they define the same charge. 

As for classical electromagnetism, the solutions of (18.51) can be obtained from a fixed one 
adding the solution to the equations in the empty space: 

dG 8 _ p = dG p+2 = . (8.7) 

We study a particular static solution, which we aspect to be similar to the one of classical 
electromagnetism. Let us consider a brane that is a particle in IR 1 ' 3 and a reference frame in 
which it is fixed in the origin. Thus we have a cycle Y p C {0} x X. We consider the case in 
which there is a foliation of (IR 3 x X)\Y P made by manifolds of points at a fixed distance from 
Y p , as in classical electromagnetism where the origin foliates R. 3 \ {0} in spheres: for example, 
if we imagine a torus embedded in IR 3 in the standard way and we consider a vertical circle 
as a cycle, it foliates the torus in couples of circles parallel to it at a fixed distance (with 
the exception of the opposite one, in which case the two circles of the couple collapse to the 
same one). We now consider for a point x e (IR 3 x X) \ Y p the manifold Z x of the foliation 
containing x, which has dimension 8 (independently on p), since to cover a neighborhood of 
it we need the coordinates on Z x and only one parameter more, the distance from Y p . Then, 
in T X (Z X ), we consider the subspace V x parallel to the D-brane, i.e., if d(x,Y p ) = d(x,y), we 
consider the submanifold of points in Z x dinstant r from y and we consider its orthogonal. 
We call orthonormal system of generators of V x . Then we define: 

G p+2 = dA, A = -- — - — - • — ^— dz\ A ... A dzp A dt 
9 — p — 2 r y_p_z 

so that: 

Gp+2 = dA = r9 _ 9 p -i dr A dz\ A ... A dz p A dt 

= -^ht r dr A dz\ A ... A dz p A dt 
G 8 - P = ^vol z 

where Z is a submanifold of points at fixed distance with respect to Y p . In this way, as 
before, <iG 8 _ p = S(Y p ). In this solution G p+2 is exact, while Gs- P is non-trivial only on the 



If the brane is stable it exists for all the time, from — oo to +oo, thus the world-volume is non compact. 
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cycle given by a linking sphere of Y p with weigth q: all such linking spheres are homologous, 
since, if they have both the same radius, they are linked by a piece of the suitable leaf Z of 
the foliation. We remand to the next paragraph for a more complete discussion about this. 

For what concerns the solutions of (18.71) . from a Matrix representation analoguous to (I8.2p 
we get usual Maxwell equations. In particular, we split the Ramond-Ramond fields in the 
following way: 

G p = G s p + dt A G£_ a (8.8) 
so that, calling *g the Hodge-* in M, which is euclidean: 

* G p = - * 9 Gp_! + dt A (-l) p * 9 G s p . (8.9) 

In fact, all the terms of G s p are of the form / • dx^ A ... A dxi p , and their Hodge-* is 
'" '•/ • dt A dx h A ... A dx jg _ p = - dt A dx h A ... A dx jg _ p = 

(—l) p dt A * 9 f ■ dx ix A ... A dx ip . Similarly, all the terms of dt A G p __ x are of the form 
/ -dtA dx h A ... A dx ip __ ± and their Hodge-* is —e ^ 1 '-'^- 1 >Ji>~Jio- P f . dt A dx h A ... A dx ip _ 1 = 
_ £ ii,-,i p -uji,...,jio-p f . fa /\ d Xii A ... A dx ip _ x = — * 9 / • dt A dx ix A ... A dx ip _ i: the minus sign 
being due to the fact that dt is negative definite (for a review of Hodge-* with minkowskian 
signature see appendix IC. 21) . Then the solutions of dG p = and d * G p = becomes: 

dG p — : ~dt~ — d^Gp ^ — dgGp — 

d*G p = 0: -* 9n ^-{-iyd 9 * 9 G s p = d 9 * 9 Gl^=0 

which correspond to Maxwell equations for p = 2 in dimension 3 if we identify G p = *^ip(B) 
and G t p _ l = —tp(E) for tp : T(IR 3 ) — > T*(IR 3 ) the isomorphism given by the metric. 

There is a difference with respect to the classical electromagnetism theory, due to the 
fact that the space-time R 1 ' 3 x X can have non-trivial cycles in itself, even before putting 
the charge source, contrary to R 1 ' 3 which is contractible. Thus, the equations dGs- p = and 
dG p+ 2 = do not imply that Gs-p an d G p+ 2 are exact. We briefly analyze this difference. 
Since R 1 ' 3 is contractible, the natural immersion i : X — > R 1,3 x X, defined by i(x) = (0,x), 
induces an isomorphism in cohomology i* : H^ R (R 1,3 x X) — ^ H^ R (X) sending a class [u] 
in the class [u ] for cu := co\{o} x x- Thus, for any closed p-form u, we have u = u + dp 
witlfl u E A p T*X closed and p E A^^^R 1 ' 3 x X). Now, since X is compact, we can 
apply Hodge decomposition theorem (see [33]) to c^o so that, being it closed, we obtain 
^0 = ^-0 + dpo with ho harmonic in X. We can suppose dp 9 already included in dp, so we 
finally get: 

uj = h + dp (8.10) 

with ho G A P T*X harmonic and p G A P ~ 1 T*(IR 1 ' 3 x X). The form ho is uniquely determined 
by the cohomology class of ou, thus, if we fix such a class, we remain with the freedom of p. 
In particular, we have that: 

G p = (h ) p + dp p *G P = *(h ) p + *dp p 

4 We should write uj = it*ujo + dp for it : K 1 ' 3 x X — > X the projection, but for simplicity we identity a 
form on X (as u>q) with the corresponding form on IR 1,3 x X which does not depend on M 3 (as tt*u!q). 
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where p p is the analogue of the potential A. We remark that *(ho) p is exact being */i = 
(— l) p dt A dxi A dx 2 A dx 3 A * 6 h = l) p £i A c&e 2 A dx 3 A *6^o) > where in the last equality 
we used the fact that *eh is closed being /i harmonic in X. Thus, the non-triviality 
of the space-time topology is encoded in (h ) p for the electric charge and in the possible 
non-triviality of *dp p for the magnetic one. We interpret this physically by the fact the a 
non-trivial cycle can be thought of as a trivial one removing a charge, so that the charge is 
encoded in the background. For example, in classical electromagnetism if we consider the 
background M 1,3 \w for w the world-line of a charge, in that background Maxwell equations in 
empty space are satisfied, but the topology is non-trivial and *F is not exact. The situation 
is analogous. 

Up to now have assumed the existence of a suitable foliation of space-time in order to 
reprodce a situation analogue to the one of classical electromagnetism, but we can show that 
we can solve in general Maxwell equations. We search a static solution G p = dt A G t p _ l , so 
that, thanks to (18. 9p . we have *G P = — * 9 G p _ v We use smooth forms instead of currents 
for simplicity, then it will be immediate to reduce to Maxwell equations formulated with 
^-functions. Let us consider a form G t p _ 1 G A P ~ 1 (IR 1 ' 3 x X), decomposed as in ( 18.1 Oft : we 
now want to study the compactly-supported cohomology class of d* 9 G t p _ l . Given a function 
e : R — > R such that e = 1, for any manifold A there is an isomorphism: 

e* : H^ cpt (A) H^ cpt (R x A) 
[77] — ► [ e(x) dx A 77] 

whose inverse is the pull-back n* of the projection ix : R x A — > A (see [I2])Jf| Thus, 
fixing three functions e\,e 2 ,e 3 with integral 1 we obtain an isomorphism H'^ 3 (X) 
H2 R )Cpt (R 3 x X) given by [r/] — > [ei(x) dx\ Ae 2 (x) dx 2 Ae 3 (x) dx^Arj]. If we want to fix the 
cohomology class [d * G*_ 1 ] cp t, we can choose a harmonic on X corresponding (uniquely) 
to the fixed class under the latter isomorphism, and require: 

d * = ei(x) dx\ A e 2 (x) dx 2 A e 3 (x) dx 3 A a + d^ cpt 

for any compactly-supported form £ cpt . In order to show how to solve this equation, we 
remark that: 

• considering (18. 101) . we have that d*$ h = 0, since *gho = (—l) p dxi A dx 2 A dx 3 A * 6 /t 
where * 6 is the Hodge-dual on X; hence, being ho harmonic in X, d*g ho = 0, so that 
we have to consider the cohomology class [d*gdp]; 

• for a closed, e(x) dx A a — dyj® e • aj as one can see from the Leibnitz rule or directly 
from the definition of exterior differential. 

Thus we obtain: 

d* Q dp = ei(x) dx\ A e 2 (x) dx 2 A e 3 (x) dx 3 A a + d£ cpt 

d* 9 dp = d^f^ 1 ei • e 2 (x) dx 2 A e 3 (x) dx 3 A a) + d^ cpt 

* 9 dp = f* 1 ei • e 2 (x) dx 2 A e 3 (x) dx 3 A a + £ cpt + rjciosed 

dp = f* 1 e 1 ■ * 9 (e 2 (x) dx 2 A e 3 (z) dx 3 A a) + * 9 £ cpt + * 9 r] dosed . 

5 For currents the isomorphism (|8.1ip can be described by [<5(F)] ~~ * [^({0} x ^)]- 
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Let us show that the first term of the r.h.s. is actually exact. Since *g(e2(x) dx 2 Aes(x) dx 3 A 
a) = (—ly^dxi A * 6 a we obtain: 

Jq 1 e i " *9( e 2(%) dx 2 A e 3 (x) dx 3 A a) = (— l) p (/ Cl eijdxi A * 6 a 

where the last equality is due to the fact that *§a is closed since a has been chosen harmonic 
on X. Hence we obtain: 

p = {-If f* 1 ei -* 6 a + ^ + \ dosed (8.12) 

where dip = *g£ C pt + *9 r ldosed- The form if), in particular for what concers r] dosed , encodes the 
freedom of Maxwell equations in empty space. 

Asking [d *g G l_i]cpt = [ e i{ x ) dx\ A e 2 {x) dx 2 A e 3 (x) dx 3 A a] cpt , we found no obstructions 
on a: this could seem strange, since the r.h.s. must represent a class which is exact in the 
ordinary cohomology (not compactly supported), being d* 9 u exact. In particular, [(i* 9 u;] cpt 
lies in the kernel of the natural map l : H^- p (R 3 Xl)^ H 9 ~p(R 3 x X). Actually there 
is no contradiction, since, for manifolds of the form E x A, the map t is the zero map, 
i.e., every closed compactly-supported form on R x A is exact, although not necessarily 
compactly-supported exact. In fact, considering the isomorphism (18. lip , we see that every 
class in H p t {R x A) is represented by e(x) dxArj for r\ closed, and, as we have already shown, 
e(x) dx A r) = d(f* e ■ 77) . We can also see that 1 — considering the following maps: 

H£\A) ^ H* cpt (R x A) -U H*(R x A) H*(A) . 

The composition is the zero map, since, for a fixed form rj, being t the idendity on the 
representative, the composition is i*(e(x) dx A 77) = (e(x) dx A77)|{ } x a, but the restriction of 
e(x) dx gives 0. Since e* and i* are isomorphisms, the only possibility is that t = 0. 

This shows that, fixing the class of Y p , we can always solve (18. 6p . To obtain exactly (18. 5p 
we use modify £ cpt with a current whose differential is the difference between S(Y P ) and the 
form d * Gp_ x obtained with the previous procedure. 



8.1.3 Summary 

Summarizing, for a Dp-brane with world volume WY p we have equations: 

dG 8 - P = q ■ 5{WY P ) dG p+2 = 
from which we obtain the cohomological relation: 

[d Mt (G 8 ~p\&i t ) ] cp t = PD/i/i(<7 • Y Ptt ) 
and we compute the charge as: 

for L a linking manifold of WY p in S. The solutions of this system are given by one particular 
solution, which under suitable hypoteses is similar to the static one for classical electromag- 
netism, and a generic solution of the equations in empty space. The particular solution 
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can be obtained by an exact electric field strength and a magnetic one which is non-trivial 
only on the cycle obtained removing the charge, while the solutions in empty space can add 
topologically non-trivial terms in any cycle. We interpret these terms as charges hidden in 
the hole of the cycles which are not considered in our space-time region. 

The questions we would like to improve from this picture are about the cohomogical 
equations, in particular: 

• we must assume that the brane volume is compact at any instant of time, thus, e.g. 
for S = 1R 1 ' 3 x X, the brane must be a particle in the non-compact directions M 1,3 ; in 
the other cases we cannot describe the D-brane charge as a homology cycle conserved 
in time, so that, e.g., we miss the torsion part in describing D-branes and Ramond- 
Ramond fields (currents are real, so they do not contain torsion); 

• the equations are not Lorentz-invariant, since the whole world- volume is non-compact 
and we cannot have a global formulation. 

The second question arises also in classical electromagnetism theory, since the world-line of 
a particle is not compact, while the first is specific of D-brane theory. We now introduce a 
suitable homology and cohomology theory in order to solve these problems. 

8.2 Borel- Moore homology and D-branes 

The right tool to solve these problem is Borel-Moore homology with its modified versions, 
described in section [1.1. 21 In fact, it allows us to deal with non-compact homology cycles, so 
that we can consider branes with are not necessarily particles in the non-compact space-time 
directions and also write the charge equations considering the whole world- volume. 

8.2.1 Generic D-branes 

We recall that the space-time manifold is S = R x M with M = M. 3 xX for X a 6-dimensional 
compact manifold. We consider for the moment D-branes which are lines or planes in the 
non-compact space direction. If Y Pjt is the volume at time t, we call V = 7iRs{Y Ptt ) (one 
simple case is Y p>t = V x Y^_ kt with Y^_ kt C X, but this is not necessary). In this case, to 
define their charge we use modified Borel-Moore homology, considering that their volume is 
compact in the directions V 1 - x X. We thus write the charge equations as: 



We have chosen the couple (M, V^) but it is equivalent to the couple (M, V L x X), since 
X is compact. We can solve equations (18.131) in a way analogue to the particle case. We 
obtain up to isomorphism H^iV 1 - x X) ~ H p ~ 3+k (X), the isomorphism being given by 
3 — k applications of (18.111) . Thus, instead of solving 





dG 



8 



s 



-P 



ei(x) dx\ A e<2(x) dx2 A e^ix) dx% A a + d£ cpt 
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as in the ordinary case, we have to solve one of the two equations: 

dGl_ p = ei(x) dx\ A a + d^ cpt dG s s _ p = e\(x) dx\ A e 2 (x) dx 2 A a + d^ cpt 
depending whether k — 2 or k — 1. Then, the same procedure considered before applies. 

As ordinary homology is homotopy-invariant, similary the modified Borel- Moore homology 
of a split-manifold A x B is invariant under homotopies involving only B, i.e. under homo- 
topies of the form F t (a, b) = (a, Fj.(b)). In particular, the modified Borel-Moore homology of 

V x V 1 - x X, non-compact only on V, is isomorphic to the one of V x X since V 1 - retracts 
to a point. Now the only non-compact directions are the one on which cycles are allowed 
to be non-compact, thus we reduce to standard Borel-Moore homology. The situation is 
reversed for cohomology, since the ordinary one has non-compact support in general, and 
that's the one which is homotopy-invariant. Thus, the modified Borel-Moore cohomology of 

V x V 1 - x X, which is the cohomology with compact support on V , is isomorphic to the 
one of V x X. Since we remained only with compact directions, we reduce to the usual 
compactly-supported cohomology. 

Remarks: 

• One might think that we can always use standard Borel-Moore homology, since, having 
no hypoteses on the compactness of the cycles, it includes any kind of D-brane. This is 
not correct. In fact, let us consider a particle brane with worldvolume 1R x Y p in a fixed 
reference frame. Then, if we consider it as a Borel-Moore cycle, it is the boundary of 
IR x H 3 x Y p for H 3 = {(x, y, z) : x, y, z > 0}, thus it has no charge. In general, if we 
want a cycle to be non-trivial, we must assume the necessary compactness hypoteses. 

• We considered only lines or planes and not generic curves or surfaces. In the latter 
case, if we do not assume that they go at infinity along a fixed plane of the same 
dimension, we must consider only the direction at infinity of the brane itself, thus we 
should consider H P ((S U (WY P ) + , {oo}), Z) or in general H P ((S U WY p} (5UW%) \ 
(S U WY P )), Z). In terms of cycles in S we must ask that their closure on S intersects 
dS only on WY p . This is less natural but it works without any hypoteses. 

8.2.2 D-brane charge and world-volume 

Using modified Borel-Moore homology we can describe D-brane charges directly from the 
world-volume, without restricting to a fixed instant of time. In particular, let us consider a 
brane which is a particle in the non-compact space-time directions. In a fixed reference frame 
in which it is fixed in the origin we can rewrite the charge equation (dGs- p )\M t = PD M t {Q'Yp,t) 
as [dGs- p ] = PD BM (5 iR 3 j7r )(g • WY P ). However, with Borel-Moore homology, we can write a 
Lorentz-invariant expression holding for every brane, independently on the behaviour R 1,3 . 
We call V = 7r^i,3(WY p ) and we get: 



[cZC 8 _ p ] = PD BM{sy ± v) (q ■ WY P ) 



(8.14) 
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We do not have problems in considering always Borel-Moore homology in time-direction 
since any stable world-volume is non-trivial in that direction. If we would want to define 
an instanton charge, for a world-volume {t} x Y p , we could use analogue equations with 
ordinary PD (i.e. from ordinary homology to compactly supported cohomology in IR 1,3 x X); 
of course this is not a charge conserved in time, it is a trajectory charge but computed at a 
fixed instant since the trajectory itself is at a fixed instant. 

Equation (18.141) applies also to classical electromagnetism theory, since we can write 
[d * F] = PD BM(I i,3 ]W i l) (g ■ w). 

8.2.3 Space-filling D-branes 

Up to now we have not considered the most common D-branes, i.e. the space-filling ones. 
That's because, in this setting, their total charge would be zero. In fact, we should consider 
Borel-Moore homology which is non-compact in all IR 3 , but in this case the Poincare dual 
gives an ordinary cohomology class, thus, if is equal to dG$- p , it is necessarily the trivial 
class, so the charge equations have no solution. The physical reason is that the fluxes has 
no directions at infinity where they can go, so that there is no charge, as it happens for 
an electron on a compact space. For an electron, we sould put an anti-electron in another 
point of the space, so that fluxes go from one to the other. For D-branes we have two main 
possibilities: 

• There is an anti-brane, so that the total charge is 0. In this case, we could imagine to 
compute each of the two opposite charges: do to this, if Y is the brane and Y the anti- 
brane, we should solve the equations for Ramond-Ramond field in (IR 1,3 x X) \ WY P for 
Y p and in (IR 1 ' 3 x X) \ WY p for the anti-brane. The result should give Ramond-Ramond 
fields extendable on all (IR 1,3 x X) and closed, since the Poincare dual is the zero class. 

• There is an orientifold O assorbing fluxes, so that we compute Ramond-Ramond fields 
in (IR 1,3 xX)\0. 

In any case, we must consider a manifold which is not of the form IR 1,3 x X with X compact. 
However we can use without problems equation (18. 14ft . In fact, an orientifold or an anti- 
brane is of the form O = IR 1 ' 3 x O', so we consider (IR 1 ' 3 x X \ O') and we reduce to the 
previous case with the only difference that the internal manifold is non-compact. Here we 
must consider the cohomology BM(S, R 3 ~ k x(X\ O'), tt) and not BM(S, IR 3 " fc , tt) since the 
brane must be far from the orientifold in type II superstring theory. 

8.3 Wess-Zumino action 
8.3.1 Definition of the action 

If we consider a small charge q moving in an electromagnetic field, the action of the particle 
minimally couples to the electromagnetic field via the potential, i.e. we add the term q A. 
Such an integral is actually the holonomy of the line bundle over the curve 7, and in a generic 
background the field strength F can be topologically non-trivial, so A is locally defined and 



174 



CHAPTER 8. D-BRANE CHARGE AND RAMOND-RAMOND FIELDS 



has gauge transformations. The problem is that, as explained in [9], holonomy is a well- 
defined function on closed curves, while it is a section of a line bundle over the space of 
open curves. However, at classical level, when we minimize the action we do it for curves 
connecting two fixed points (they can be at infinity, in case the bundle extendes to the closure 
S). In this case, if we fix a trivialization of the bundle near the two points we define holonomy 
as a number; actually, on a connected component of curves likining X\ and X2 and homotopic 
one to the other, we can choose a trivialization along all the curves and this is equivalent 
to fixing a potential A . In this case, if we change potential by a gauge transformation 
A — > A + $, then S"(7) = S(7) + J but the summand J $ is independent on 7 since 
J $ — f , $ = / _ , $ = being $ closed and 7 — 7' contractible. We can have different 
constants J $ on each connected component of the space of open curves between X\ and 
X2, but this has no influence on the minima or in general on stationary points. At quantum 
level, since Wilson loop is an observable, on our background we have a fixed holonomy for the 
connection, then we must also consider the case in which 7 — 7' is a non-trivial cycle: in this 
case the difference is the Wilson loop of a geometrically trivial connection over 7 — 7', which 
is quantized for bundles, i.e. for F quantized, thus the homolomy is zero at the exponential, 
i.e. for the partition function. For the D-brane the same considerations hold, the minimal 
coupling being the Wess-Zumino action: 

Swz — Q Cp+i . 
JwY p 

We must assume that G p+ 2 is closed and quantized, i.e. that it represents an integral 
cohomology class. We see it as the curvature of a p-gerbe on S, and we assume that this 
gerbe is endowed with a connection C p+ i, so that dC p+ i = G p+ 2- Actually the local forms 
C p+ i are just the top forms representing the gerbe connection: a complete connection is 
given by a set of local forms from the degree p + 1 to degree one, to end with transition 
functions g ao -a +1 , as explained in appendix IB.21 In particular, for the sheaf of smooth 
p-forms on S and S} the sheaf of ^-valued smooth functions on S, the background data is 
a gerbe with connection: 

g p eH^\s,s 1 ^n 1 R ^---^ni +1 ) 

whose curvature is G p+ 2 and whose holonomy on the corresponding world-volumes are the 
Wess-Zumino actions. For a brief review about the holonomy of gerbes we refer to [9] 
chap. 3 and references therein: that discussion can be immediately generalized to p-gerbes, 
considering triangulations of dimension p+1 instead of 2. In particular, in the definition of 
the holonomy we must consider all the intermediate forms defining the connection, a fc-form 
being integrated on the fc-faces of the triangulation of WY p . The top forms C p+ i are only a 
small piece of information, so that the notation J WY C p+ i is actually approximate. 

Dirac quantization condition 

We now see in more detail Dirac quantization condition for Y p a brane with small charge 
moving in a background field G p+2 - Since C p+ i is a local potential for G p+2 , the theory 
must be invariant under large gauge transformations C p+ i — > C p+ i + $ p +i: we will see that 
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this invariance requires the quantization of G p+ 2, so that G p+ 2 can be seen as the field 
strength of a gerbe and C p +i as a connection on such a gerbe (which enters dynamically in 
the path-integral, so it is not fixed a priori). Hence we need that: 

• dG p+ 2 = in a neighborhood of WY P , so that G p+ 2 represents a cohomology class; 

• G p+ 2 represents an integral class (from Dirac quantization condition). 

For the first point, Maxwell equations for a Dp-brane Y p as a charge source give: 

dG^ p = 5(q ■ WY P ) dG p+2 = . 

In particular we deduce that dGs- p \s\wY p — 0. The need for G$- p to represent an integral 
class outside WY p can be physically seen by the argument of Dirac quantization condition. 
We consider a charged (6 — p)-brane moving in S, with charge small compared to the one 
of Y p , so that its coupling is g 6 _ p ■ f WY CV_ p . We want the theory to be invariant under 
large gauge transformations CV_ P — > CV_ P + <&7_ p with d$7_ p = 0: the action has not such 
an invariance, but, since we work in a quantum theory, we only need invariance of the path- 
integral J exp(iS). To obtain this, let us consider the set of world- volumes \& = {W^-p} 
with common boundary condition^, and let S and 5" be the actions with respect to CV_ P 
and C-j- p + $7_ p . Then given an element WYq_ p e 

S'(WY 6 - P ) - S(WY 6 - P ) = q [ $ 7 _ p . 

JwYe- p 

The path-integral contains the integration: 

J V(WY G _ P ) e iS{WY ^ 

where we denote by WY 6 - P the embedding X : WY§_ P — > S. Under the gauge transformation 
C 7 _ p -> C 7 _ p + $ 7 _p we get: 

J V(WY 6 _ p )e^ WY ^ = J V(WY 6 _ p )e^ WY ^ . e i9 W P *^ . 

For the theory to be invariant, we require that the new factor exp(iq J WY(i ®7-p) is an overall 
constant, i.e., it does not depend on WYq_ p . This means that, for WYq_ p , WYg_ p e \P: 

q / $ 7 - P -q $7- P e 2ttZ 

q / $ 7 -p e 2ttZ . 

JwYi_ p -WY b L p 

Let us call AW = WY§_ p — WYg . Since the boundary conditions of the paths are fixed, 
it is d(AW) = 0. Since, viewing $7_ p as a functional on homology, it is q J AW $7_ p = 



6 The boundary conditions can be given at two fixed instants of time or at infinity. In the first case, in 
what follows AW is a cycle in the space-time, otherwise it closes at infinity. 
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($7_ p , q- AW), then to achieve ($7- P , q- AW) = 2kn we must ensure that we are integrating 
an integral class on an integral cycle, i.e., we must quantize both the transition function 
$7_ p and the charge q. For the quantization of the charge, we consider G%_ p as a current (v. 
[33] ) which is equal to a closed form in S\WY P . We still denote that form with G 8 „ p . Then, 
by definition of q as integral over the linking surface (which, of course, does not intersect 
Y), quantization of q follows directly from the quantization of Gs- P - Similarly, for the brane 
WYq^p (as a charge source, not as small moving charge) we must quantize G p+2 . 



We now want to see that the quantization of the transition functions is equivalent to 
the quantization of the field strength G$-p- Let us suppose that AW is contained in the 
intersection of two contractible local charts U\ PI U 2 . We consider W\ C U\ and W 2 C U 2 
such that dW\ = —dW 2 = AW, and put W = Wi + W 2 . We choose the representatives 
CV_ p on XJ\ and C' 7 _ p on U 2 , and, on U\ PI U 2 , we put $7_ p = C' 7 _ p — C 7 _ p . Then: 

2kn = q C 7 _ p -q (C 7 _ p + $ 7 _ p ) = q / dC 7 _ p + q dC 7 _ p 
Jaw Jaw Jwi Jw 2 



q / G 



v ■ 

w 



Hence we must quantize the Ramond-Ramond field strength G$_ p . We can now see C 7 _ p as 
connection of a gerbe Q on (R x M) \ Wz with field strength G 8 ~ p (v. [35]). 



Remark: at the classical level, the dynamics is invariant under gauge trasformation of 
the form C 7 _ p — > C 7 ^ p + <iA 6 _ p , i.e., topologically trivial transition functions for the gerbe 
connection C 7 _ p . In fact, let us consider the set of world-volumes \1/ = {WY" 6 _ P } with 
common boundary conditions, and let S and S' be the actions with respect to C*7_ p and 
C*7_ p + <iA 6 _ p . Then given an element WY p G ^: 

S'(WY 6 „ P ) - S(WY 6 _ P ) = q f dA 6 . p = q [ A 6 _ p 

JwYe-p JdWY(,- v 

and, since the boundary conditions are fixed, this means that S'(WY e _ p ) = S{WY^ P ) + 
constant. 



8.3.2 Holonomy and boundary conditions 

As for line bundles, the holonomy of ap-gerbe is well-defined only on closed (p+l)-manifolds, 
i.e. on manifolds without boundary, while WY p , being the classical trajectory of the D-brane, 
is in general defined for all times so that it has a boundary at the limit time-coordinates 
— oo and +oo, or equivalently it has a boundary contained in the boundary of S. As for 
line bundles, if we fix boundary conditions we have no problems for the partition function. 
In general, the path-integral gives a section of a bundle, so the there are no problems. If 
we want to define the holonomy as a number, we must give boundary conditions at infinity, 
but, being the forms C p+ i defined only locally and only up to gauge transformations, what 
does it exactly mean to give boundary conditions for them at infinity? 
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We refer to [9] chap. 4 for a discussion about Cech hypercohomology and trivializations 
of gerbes. We can genearlize the discussion there to p-gerbes. In particular, we consider the 
compactification S of space-time making such that S is a manifold with boundary and S its 
interior, so that the infinity of S becomes the boundary dS. For example, for R 1 ' 3 x X such 
a compactification is D 4 x X for D A the 4-disc, so that the boundary is S A x X. Generalizing 
what explained in [9] to p-gerbes, if we have a p-gerbe Q p on S we can define its holonomy 
with respect to (p + l)-sub manifolds with boundary, but it is not a function, it is a section 
of a line bundle over the space of maps from open (p+ l)-manifolds to S. In particular, if we 
fix a (p + l)-manifold £ and we endow the space Maps(E, S) with a suitable topology, the 
holonomy of Q p is a section of a line bundle over Maps(E, S). However, if we fix a subspace 
T C S such that Q p \t is trivial, and we consider only maps such that <^{dT?) C T, then the 
line bundle becomes trivial. This is not enough to have a well-defined holonomy, since we do 
not have a preferred trivialization. However, a trivialization of Q p \t determines canonically 
a trivialization of the line bundle, making the holonomy a well-defined function. In this case, 
we consider dS as the subset T on which the gerbe must be trivial, since the boundary of 
the compactified world-volume WY P lies in the boundary of S. Thus, the background data 
must be not only a gerbe with connection Q p on S which is trivial on dS, but also a fixed 
trivialization of it. The Cech double-complex to consider is then: 



c°(s, n p R +1 ) © c°(ds, n p R ) c\s, n p R +l ) © c\as, c\s, n p R +1 ) © c\ds, n*; 



C°(S, titiQ&idStS 1 ) 



C (S,S} 



6" 



c\s, nDe&idSiS 1 ) 



6° 



c ,2 (5,^)ffic ,2 (95, i s 1 ; 



C 2 (S,S} 



5 2 



and we denote by H*(S,S} — * Q R —>■ ■ ■ ■ — > , dS) the hypercohomology of this complex. 
Thus, if we want to give boundary conditions to field in order to make Wess-Zumino action 
a well-defined number for a fixed trajectory extending in time from — oo to +oo, we must 
give as background data a gerbe with trivialization: 
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Chapter 9 
A-field and B-field 



9.1 The Freed- Wit ten anomaly 

We now want to classify B-field and A-field configurations in type II superstring backgrounds 
with a fixed set of D-branes. It is well known that to this end the appropriate mathematical 
framework is represented by gerbes (v. [38] and |14j). As line bundles on a space X are 
characterized, up to isomorphism, by the first Chern class in if 2 (X, Z), gerbes are classified 
by the first Chern class in H 3 (X, Z). Analogously, as a connection on a line bundle is given 
by local 1-forms up to gauge transformations, a connection on a gerbe is defined by local 
2-forms and 1-forms up to gauge transformations. Definitions and details used in the sequel 
are given in appendices IB. II and IB. 21 

Let us consider string theory on a smooth space-time X and let us consider a single 
smooth D-brane with world- volume Y C X. At first sight, one would expect the background 
to contain the following data: 

• on X a gerbe with a connection given by the B-field, with Chern class £ G H 3 (X, Z) 
and curvature H e Q 3 (X, Z), so that H is a de Rham representative of (, i.e., C®z^ ~ 

[H]dR, 

• on Y a line bundle with a connection given by the A-field. 

However, as pointed out in [31] , while the assignment of the gerbe on X is always given in the 
background, the presence of the line bundle is actually consistent only in some speficic cases, 
the most common being the one in which the gerbe restricted to Y is geometrically trivial 
and W2(Y) = 0, i.e., Y is spin (w 2 (F) is the second Stiefel-Withney class of the tangent 
bundle of Y, v. [16]). In general, there is a different object on the brane. To understand 
what, we start from the world-sheet path-integral. 



In the superstring world-sheet action there are the following terms: 



S D yj dipip D^ip j + 2tt ■ yj <f)*B + J <f>*A J (9.1) 

where : £ — > X is the embedding of the string world-sheet in the target space. The 
exponential of the first term is the Pfaffian of the Dirac operator coupled to TY via <p, thus 
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we write: 

e iS D pfaff ■ exp ( 2m ■ J (p*B J ■ exp ( 2ni J <f)*Aj . 

The Pfaffian may be problematic. In fact, evaluated in a point <ft G Maps(E, X), it must 
satisfy (pfaff D^) 2 = detD^, so we have a sign ambiguity and we need a natural definition 
of the Pfaffian, up to an overall constant which is immaterial for the path-integral. The 
problem is that the Pfaffian is not a function, but it is naturally a section of a line bundle 
over Maps(<9£, Y), called pfaffian line bundle, with natural metric and flat connection (v. 
|30j). If this bundle is geometrically trivial, we can choose a flat unitary section 1 up to an 
overall phase, so that we determine the Pfaffian as pfaff / 1; otherwise the latter is not 
well defined as a number. The first Chern class of the Pfaffian line bundle depends on W/^Y) 
(where W^Y) is the integral lift of the third Stiefel- Whitney class of the tangent bundle of 
Y, i.e., the obstruction to the existence of £/(l)-charged spinors on Y, v. [16] and [38]), while 
the holonomy depends on W2(Y). Thus, if the brane is spin the pfaffian is a well-defined 
function, otherwise the best we can do is to choose local parallel sections so that we have a 
local definition of pfaff D^. 

It turns out that the terms exp( 2ni ■ J E <ft*B ) -exp( 2iri ■ J 9E <p*A ) can compensate exactly 
the possible ambiguity of the Pfaffian, giving rise to a well-defined path-integral, if and only 
if: 

W 3 (Y) + (\ Y = 0. (9.2) 

The class Vt^Y) + C|y £ i^ 3 (Y, Z) is called Freed-Witten anomaly (see [SI])- In particular, 
(\y must be a torsion class since IY 3 (Y) is, so that [iy|y]dR = 0. 

Taking this picture into account, we now describe the geometrical meaning of the terms 
exp( 2iri ■ J s <p*B ) • exp( 2iri ■ J 9E <f>* A ), from which the classifying group of the 5-field and 
A-field configurations will naturally arise. 

9.2 Holonomy and Wilson loop 

The purpose of this preliminary section is to give a precise definition of the holonomy integrals 
that appear in ( 19. lft . Given the complexity of the definition for gerbes, we start with a 
description of the more familiar subject of holonomy for line bundles. 

9.2.1 Line bundles 

Global description 

Let us consider a line bundle with connection (L, V) on X and a closed curve 7 : S 1 — > X 
with a fixed point x = 7(e 27n '*): parallel transport along 7 gives a linear map t x : L x — > L x , 
which can be thought of as a number Holy (7) £ S 1 thanks to the canonical isomorphism 
L x (g> L x ~ C given by <S> v ~ V 9 ( u ) (such a number is independent of the chosen point 
x). Thus, denoting by LX the loop space of X, parallel transport defines a function Holy : 
LX — > S 1 called holonomy of V. 

What can we say about open curves? Given a curve 7 : [0, 1] — > X, let us put x = 7(0) 
and y = 7(1): parallel transport defines a linear map t x>y : L x —>■ L y , which is no longer 
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canonically a number, since L^ ®L y is not canonically isomorphic to C. Thus, given a curve 
7 G CX, CX being the space of open curves on X, holonomy is an element of a 1-dimensional 
vector space CL 7 = <g> L y : we now describe this vector space as the fiber over 7 of a line 
bundle CL — > CX, so that holonomy defines a section of CL. In fact, let us consider the 
bundle ^BL^IxI, i.e., = tx\L^ ® ix\L for m, 7r 2 : X x X -»■ X the projections 

to the first and second factor, respectively. We have a natural map 7r : CX —>■ X x X given 
by 7r(7) = (7(0),7(1)), so that we can define CL = 7r*(L^ IE L). By construction CL 7 = 
(L EL)^) = (L / IEL)( 7 ( ) i7 (i)) = £ 7 (o) ®-^t(i)) so we obtain exactly the desired fiber. Thus 
holonomy defines a section Holy : CL — > CX. Moreover ci(CL) = 7t*(7T2 ci(L) — 7r* ci(L)). 

As one can see from the expression of ci(CL), if L is trivial so is CL. There is more: a 
trivialization of L determines a trivialization of CL. In fact, if s : X — > L is a global section, 
it determines canonically a global section : X — > L given by s (s) = X x {1}, thus a 
section s^Bs : XxX ^ L^ML, thus, by pull-back, a global section vr*(s^Ks) : CX -> CL. 
What is happening geometrically? A global section s : X — > L provides a way to identify 
the fibers of L, hence a linear map L x — > L y becomes the number A such that s x — > A ■ s y . 
Thus, for a trivial bundle with a fixed global section, holonomy is a well-defined function also 
over the space of open curves. 

Similarly, a system of local sections of L, with respect to a good cover il = {Ui} i€ j, deter- 
mines a system of local sections of CL, with respect to the cover 23 defined in the following 
way: 

• let us fix a triangulation r of S 1 , i.e., a set of vertices of, . . . , of G S 1 and of edges 
a\, . . . , of C S 1 such that da} = - of for 1 < % < I and da] = a\- of; 

• we consider the following set of indices: 

• t = {of, . . . , of( T ); 0i, • • • , a i( T )} is a triangulation of S 1 1 

• (p : {1, . . . , /(t)} — ► / is a function J 

• we obtain the covering 23 = {V( T)tT )}( Ti(T ) e j of LX by: 

V( TlV ) = {7 e LX : 7(0-1) c _ 

Let us consider 7 G V( T ^y. then L^ <g> L 7 (i) is isomorphic to C via s^i) and s^^), so that 
we have a local trivialization Vfctp) x C, giving a local section V( T;V ) x {1}. Thus, we can 
describe transition functions of CL for 23 in terms of the ones of L for il. In particular, the 
local expression of parallel transport along 7 with respect to the fixed local sections is given 
by {pir,^} such that * 7 (o),7(i)(«,^) v (i) = ( x iP(t,<p) • z) v (Q" Then ' if 7 G V(r, v ) H V (r / )V /), we 
have, with respect to the second chart, t 7 ( ), 7 (i)(a;, ^)^'(i) = P(T',tp') ' z ) ¥>'(*')■ Then, since 
(x, 2;) ¥ ,(i) = (x, 0^(1)^/(1) • ^)^'(i), one has: 

*7(0),7(l)(^) z)<p(l) = ( x ,P(T,<p) ■ Z)<p(l) = (x,9ip{l),<p'(l') ■ P(r,<p) ■ Z)<p'(l') 
*7(0), 7 (1)(^) 0^(1), V '(1) • ^V(l) = (x,P{T',<p') ■ 9<p(l),ip'(l) ■ Z)<p>{l>) 

so that g v (i),<p>(i') ■ P( T ,<p) = P(t',<p') ■ g<p(i),<p'(i), thus, p( Tj(/P ) = P( r >') ' (^(O^'(i') " flWi)>¥>'(i))- Hence 
the transition functions of CL are exactly g{r,ip),{T',<p>){l) '■= ^(z), ¥ ,'(z')T( 1 ) ' 5V(i),<p'(i)7(0)- 
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In particular, a trivialization = g i 1 gj of L determines a trivialization of CL given by 
SW),(r>') = 0(t^)0(tV) for 9(r,ip)h) = ^(i)7(0) • ^(j)7(l) _1 , as it is easy to verify 

We can generalize a little bit this construction: let us consider a line bundle L — > X and 
a subset Fcl: we can consider the space CyX of open curves in X with boundary in Y, 
i.e. such that 7(0), 7(1) G K. In this case, we have n : CyX — > Y x Y and holonomy is a 
section of the bundle CyL = ir*(L\y Kl L\y). Thus, to have a function we only need the 
triviality of L\y and a global section of its, it is not necessary that the whole L is trivial; 
similarly, to have a set of local sections of CyL we just need a set of local sections of L\y. 

Local description 

We can now express the holonomy using local expression of the connection, so that we can 
generalize it to gerbes. Considering the covering 23 of LX previously defined, for a closed 
curve 7 G V{r,tp) we define^: 



I(t) 



i=i 



A>(0 + h logg v( i )iVii+1) (7(^+1)) 

7(4) 



(9.3) 



and one can prove that this is a well-defined function in R/Z. Let us stress that the definition 
of the holonomy depends not only on the local connetion {A a } but also on the cocycle {gap}- 

For 7 open we must skip the last transition function. First of all we describe an analogous 
open cover for the space of open curves CX: 

• let us fix a triangulation r of [0, 1], i.e., a set of vertices of, . . . , of, of +1 G [0, 1] and of 
edges a\, . . . , a] C [ 0, 1] such that: 

- da] = cx° +1 - cx° for 1 < i < I; 

— cr° = and of +1 = 1; these are called boundary vertices; 

• we consider the following set of indices: 

j _ f / \ • t = {<7?, . . . , a° l(r y cr° (r)+1 ; crj, . . . , a l l{r) } is a triangulation of [ 0, 1] 
\ ' • cp : {1, . . . , 1(t)} — > / is a function 

• we obtain a covering {V( TiCr )}( Ti0 -) g j of by: 

V {T>tp ) = {lECX: j(al) C U^} . 

Thus, we define: 



A '■= \z2 / ^« + lo s^w,^+i) (7(^+1)) + / ^(0- ( 9 - 4 ) 



1 We consider the index i of the triangulation as a cyclic index, thus 1 + 1 = 1. 
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In this case the integral is not well-defined as a function, but, as we have seen, it is a sec- 
tion of a line bundle CL — > CX with transition functions ^( r , v ),(r',^')(7) = 9tp{i),tp'{i)l{^-)~ X ' 
5V(i),¥>' (i)7(0)- If, for a submanifold Y C X, we ask that d'y G Y and we choose a trivializa- 
tion of L\y given by g a p(y) = g^iv) ' 9p{v)i we can express the transition functions of CL as 
#(t^),(t>')(7) = (flV»(Q7(l) ■ fi' v (i)7(0)" 1 ) • (V(07(l) • V(i)7(0)" 1 )" 1 , thus we obtain a trivial- 
ization of CL given by <7( T ,¥>)(7) — flV(z)7(l) _1 ■ SV(i)7(0). With respect to this trivialization, 
holonomy becomes a function given by: 

A { Yl I A <pW + lo g9<p(i), v (i+i) (7(^ + i)) 1 + / Ap(0 /qkn 

+ 2^ (log^d)(7(l)) - log ^(i) (7(0))) ■ 



7 



Cohomology classes and cocycles 

We remark the following facts, which will be useful later to better figure out by analogy the 
case of gerbes. Let us fix a good cover 11 = {U a } a ei on a space X: 

• when we specify a cohomology class a = [{g a p}} £ H 1 ^, C°°( • ,C*)), we associate to 
it an equivalence class up to isomorphism of line bundles, represented byE|: 

x C)J I ~ , (x,z) a ~ (x,g a p(x) ■ z)p, for x eU a p ; (9.6) 

• when we specify a cocycle {g a p} £ -^(il, C°°( • , C*)), we associate to it the equivalence 
class of a line bundle wi/i a fixed set of local sections {s a : X —> L} up to isomorphism 
with relative pull-back of the sections, such that g a p = s a /sp. In this case we have 
dependence on the covering il, but this is obvious since the local sections themselves 
determines the covering by their domains. We have a canonical representative for each 
of these classes given by (19.6jl . 

If we give a line bundle L with a fixed set of local sections {s a : U a — > L}, it is canonically 
isomorphic to a line bundle of the form (19.61) for g a p = s a f ' sp (of course the sections {s a } do 
not make {g a p } a coboundary since they are not functions, they are sections of a bundle). 
The isomorphism is simply given by <p(s a ) x = (x,l) a , and it can be applied to any bundle 
isomorphic to L with the pull-back of the sections {s a }. 



9.2.2 Gerbes 

The situation of gerbes is analogous to the one of bundles. In particular, the holonomy of 
a gerbe over a closed surface is a well defined function, while the holonomy for a surface 
with boundary E is a section of a bundle over the space Maps(S,X). If we consider the 
maps such that 0(9E) C Y, then a trivialization of the gerbe on Y, if it exists, determines 
a trivialization of the bundle, so that holonomy becomes a well-defined function. 

2 This equivalence class is much larger than the class made by the bundles of the form (|6.ip for the various 
representatives {g a p} of a. since there are all the bundles which are not of the form (|6.1[) but only isomorphic 
to one of them. 
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Closed surfaces 

Definition 9.2.1 Given a topological space X and a closed compact surface E, the space of 
maps from E to X , called EX ; is the set of continuous maps: 

r : E — ► X 

equipped with the compact- open topology. 

We now describe a natural open covering for the space of maps. In particular: 
• let us fix a triangulation r of E, i.e.: 

— a set of vertices a®, . . . ,of G E; 

— a subset E C {1, . . . , Z} 2 , determining a set of oriented edges {c} ab \ C £}( a ,6)e.E 
such that da} ab y = a b — of; if (a, b) E E then (6, a) ^ E and we declare <T/ 6o ^ := 



%,&)! 



— a subset T C {1,...,/} , determining a set of oriented triangles {o~ 2 abc ^ C 
S}(a,fe, c ) G T such that da 2 abc) = a\ a b) + crj 6 c) + oJ ca) ; given a, 6, c only one per- 
mutation of them belongs to T and for a permutation p we declare v 2 ,-, ,s := 

satisfying the following conditions: 

— every point P G E belongs to at least one triangle, and if it belongs to more than 
one triangle then it belongs to the boundary of each of them; 

— every edge aY ^ lies in the boundary of exactly two triangles a 2 a b , and a 2 b a d ^ , 
inducing on it opposite orientations, and cr 2 abc ^ PI cr 2 bad - ) = 0( ab y, if a point p G 
E belongs to an edge o~^ aV) and it is not a vertex, than the only two triangles 
containing it are the ones having a) ^ as common boundary; thus, there exists a 



function b:E^T 2 such that a\ ab) C da 2 bl{ab) and -a\ ab) C <9o 2 2(afe) ; 

— for every vertex cr? there exists a finite set of triangles {cr^ Qi 02 ^, . . . , &f i>ak 0l )} 
having cr? as vertex, such that of. „ „ % fl of. „ n = a}- „ , (we use the 

o i i (i,aj,a j+1 ) (i,a j+1 ,aj + 2) (i,a j+1 ) \ 

notation fcj+1 = 1), these triangles are the only one containing cr? and their union 
is a neighborhood of it; thus, there exists a function B : {1, . . . , /} — > ]J i=1 T fci , 
such that G T fc < and B(i) = {a 2 ^^ . . . , crj. 

we consider the following set of indices: 

f . . • r = {cr?, . . . , cr? i?, T} is a triangulation of E 
[ • ip : 1 — > j is a function 

and a covering {V(r,a)}(T,a)eJ °f is given by: 

V(t jV ) = {r G EX : r(cr( o6c) ) C u^ aAc) }. 
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One can prove that these sets are open in the compact-open topology and that they cover 
EX. 

For a fixed T £ EX, there exists (r, ip) £ J such that T £ V7 T)¥ ,). The function (p : T I 
induces two functions: 

. <p E : £ - J 2 , given by <^(a,&) = (^(a, 6)), ^(6 2 (a, 6)) ; 

• <p v : {1,...,/} -> UU( /3 ) fcl " 2 ' such that e (/ 3 ) fcl " 2 and (^(i))' = M^W), 
We define: 

X] / 2 + E / x K E (a,b) 

i kl (9-7) 

+ EE lo s^«y( r (^)) • 
»=i j=i 

The last term needs some clarifications: we briefly discuss it. The logarithm can be taken 
since we have chosen a good covering, so the intersections are contractible. Of course, it 
is defined up to 2iviZ, so the quantity that can be well-defined as a number is exp(J r S). 
The sum is taken in the following way: we consider the star of triangles having of as 
common vertex (each of them associated to a chart via tp) and, since we are considering 0- 
simplices, that corresponds to 2-cochains, we consider the possible triads with first triangle 
fixed ((p v (i)Y = p[B 3 (i)), p(B 3+1 (i))^ and sum over them. The fact we fixed 

B l (i) as first triangle has no effect, since we could consider any other possibility Up^ (i)Y = 
(ip{B a (i)), ip(B^(i)),ip(B^ +1 {i))). In fact, by cocycle condit ion with indices (1, i, % + 1, a) we 
have that gi, i+1 , a ■ 9i,i,i+i = 9i,i+i, a ■ 9i,i, a , thus g a)i)i+1 = g^ a ■ gx,i,i+i ■ gi,i+i, a , but in the 
cyclic sum the extern terms simplify, hence the sum involving g a ,i,i+x is equal to the sum 
involving gi^i+i- Finally, we sumed over j = 1, . . . , ki, but for j — 1 and j = ki we obtain 
trivial terms, hence the real sum is for j — 2, . . . , ki — 1. 

Surfaces with boundary 

Definition 9.2.2 Given a topological space X and a compact surface with boundary E, the 
space of maps from E to X, called EX, is the set of continuous maps: 

T : E — >X 

equipped with the compact-open topology. 

As before: 

• let us fix a triangulation r of E, i.e.: 

— a set of vertices of, . . . , of £ E; 
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— a subset E C {1, . . . , Z} 2 , determining a set of oriented edges {C( a6 ) C E}( afe ) e £ 
such that <9cr( a fe) = of — o°; if (a, b) E E then (6, a) ^ E and we declare 0"(;, a ) := 

— a subset T C {1,...,Z} 3 , determining a set of oriented triangles {c 2 abc ^ C 
S}(a,fe, c ) G T such that da 2 a b c) = oj a6) + oj 6c) + oj^; given a, b, c only one per- 
mutation of them belongs to T and for a permutation p we declare cr^ ,s := 

satisfying the usual conditions for triangulations; there exists a partition E = BE U IE 
in boundary edges and internal edges, and two functions: 

— b: IE^T 2 such that oj^ C <9o 2 1(a6) and -cr^ C da 2 2{ab) ; 

— b: BE^T such that a\ a b) C <9o 2 (afe) ; 

moreover, there exists a partition {0,...,/} = BVUIV in boundary vertices and 
internal vertices, such that: 

— for i G IV, there exists a finite set of triangles {a 2 { 0i . . . , o^ 2 Qfe having o 4 ° 
as vertex: a 2 - „ ,nu ( 2 . „ = of- n with a cyclic order (i.e., we use the 

' (i,aj,a,j +1 ) (z,a,j + i,aj + 2) (i,a,j + i) J \ ' 

notation hi + 1 = 1); these triangles are the only ones containing of and their 
union is a neighborhood of it; thus, there exists a function B : IV — > Yiieiv T ki , 
such that B(i) G T ki and B(i) = {o 2 ai . . . , crf.^}. 

— for i G -BV, there exists a finite set of triangles {a 2 - . . . , af { A (without 

of. „ having o? as vertex: uf. „ \Haf. „ s — a}- , for 1 < i < fc, 

these triangles are the only ones containing of and their union is a neighborhood of 
it; thus, there exists a function £? : BV — > LL =gW T fci_1 , such that £?(i) G T fcl_1 
and £?(z) = {of- „ „ n, . . . , of- n A; 

\ J L (1,01,02)' ' Mfej-l.Ofej) J ' 

we consider the following set of indices: 



f , s • r = {of, . . . , of , E , T\ is a triangulation of E 
[ • ip : I — ► 1 is a function 

and a covering {V( TiCr )}( T O -) e j of EX is given by: 

V(t#) = {r G EX : T(a 2 aM ) C U v(aAc) }. 

One can prove that these sets are open in the compact-open topology and that they cover 
EX. 



For the holonomy in this case, the only possibility is to use the same definition as for 
closed surfaces, omitting the boundary edges and vertices in the integration. This forbids 
the well-definedness of the integral as a function. We obtain a line bundle L over the space 
of maps Maps(<9E, y) with the following properties (we call Q the gerbe): 
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• C\(L) depends on ci(Q), thus, if Q is trivial then L is trivial too; 

• a particular realization of Q as a Cech hypercocycle (see appendices IB.ll and IB. 21 for 
notations) determines a realization of L as Cech cocycle; in particular, if Q is of the form 
{dap-y, 0, B} with g a/ 3 y constant, we obtain a realization of L with constant transition 
functions whose class in H 2 (Maps(<9£, Y), S 1 ) depends on [{<7 Q /?}] £ H 2 (Y, S 1 ). In 
particular, for a realization of the form {^ a( a 7 , 0, B} with [77^] = W2(Y), we obtain 
a realization of the L with the same class as the parallel sections of the Pfaffian line 
bundle. 

One can prove that the function for a specific trivialization can be obtained in the following 
way. Let us consider a trivial gerbe {g a /3-y} £ B 2 (X, S}), and let g^ = g a p ■ g^ ■ g ja . We 
have: 

B a — B/3 = dA a/ 3 

A af 3 + A/3 7 + A 7a = d log g aP + d\ogg Pl + dlogg ia 
(A af3 - dlogg a(3 ) + (A/3 7 - dloggfa) + (A 7Q - dlogg ja ) = 
5 {A a/3 - d\ogg a p} = 
and, since the sheaf of 1-forms is fine, hence acyclic, we obtain: 

A a/3 - d\ogg a/3 = A a - Ap . 

We now define the integral of the connection. For a fixed V e EX, there exists (r, tp) G J 
such that 7 G V(j >ip ). We define: 

B := 22 / B^^ + / \(a,b,c) ■ ( 9 - 8 ) 

Jr , \Jr(a? , ,) JT{daJ , ,) / 

As before, the logarithm can be taken since we have chosen a good cover and it is defined 
up to 27riZ, so that exp(27rz • J r I?) is as well-defined number. The contribution of A to the 
internal edges cancel in pairs, so only the integral of A on boundary terms remains. That is 
why this expression is usually denoted by: 

/ B+ I A. 

Jr Jdv 

This expression is equivalent to the one obtained by changing B choosing transition functions 
on the boundary corresponding to the fixed realization. 



9.3 Classification by hypercohomology 

We are now ready to describe the classification group for 5-field and A-field configurations 
in superstring theory with a single D-brane. Our background is specified in particular by a 
space-time gerbe Q belonging to the following hypercohomology groupE): 

G = [ {g aM , —A a pj B a } ] G H 2 (X, S'^Qi^nl) (9.9) 

3 We refer to appendices IB.ll and IB. 21 for notations. 
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where d = (2iri)~ 1 do log , g a pj are functions from triple intersections to S 1 , A a p are 1-forms 
on double intersections and B a are 2- forms on the opens sets of the cover. In (19. 9p . we 
denote by S} the sheaf of smooth ^-valued functions on X and by the sheaf of real 
p-forms. On a single brane Y C X we consider the restriction of the space-time gerbe, for 
which we use the same notation Q\ Y = [{g a /3y, — A a p, B a }] E H 2 (Y, S} — > fijjj — > f2|). To 
give a meaning to the holonomy for open surfaces with boundary on Y, we must fix a specific 
representative of the class Q |y, i.e., a specific hypercocycle; this operation is analogous to 
fixing a set of local sections on a line bundle up to pull-back by isomorphism (see section 
19.2.11) . To compensate for the possible non-definiteness of pfaff-D^, this hypercocycle must 
take the form {77^/37, 0, B + F}, with r\ a p^ representing the class W2 E H 2 (Y, S 1 ), denoting by 
S* 1 the constant sheaf. Here B + F is a 2-form globally defined on Y, which we now explain 
in detail. The choice of the specific cocycle ?7 Q/ g 7 in the class W2 turns out to be immaterial, 
as we will show later. 

In order to obtain the hypercocycle {?7a/3 7 , 0, B + F} from any gauge representative {g a /3-y, 
—A a/ 3, B a } of the gerbe G\y, the brane must provide a reparametrization of Q \y, which, by 
an active point of view, is a hyper cob oundary, i.e., a geometrically trivial gerbe. That is, 
given {g a f3-y, —A a/3 , B a }, the brane must provide a coordinate change {g~^ ■ f] a ^, A a/3 , dA a }, 
so that: 

{g a p 7 , -A a/3 , B a } ■ {g~^ ■ rj a ^, A a/3 , dA a } = {ri a)3j , 0, B + F} (9.10) 

for a globally defined B + F = B a + dA a . In order for this correction to be geometrically 
trivial, it must be that: 

{flW? 7 ' Vap-y, A af3 ,dA a } = 5 l {h af3 ,A a } (9.11) 

i.e. {g~jg~ ■ r] a/ 3 7 , A a f3, dA a } = {5 l h a p, —dhap + Ap — A a ,dA a }. For this to hold one must 
have: 

• {QaB-y'VaPi} = {^hap}'- this is precisely the statement of Freed- Witten anomaly, since, 
considering the Bockstein homomorphism (3 in degree 2 of the sequence — > Z — > M. — > 
S} — > 0, this is equivalent to j3( [g a p-y] ) — P( [Vaffy] ), i- e - ; CW — W 3 (Y); only under 
this condition is g~^ ■ r] a/37 trivial in the i S 1 -cohomology; 

• Ap — A a = dh a/ 3 + A a/ 3: these must be the transition relations for A a (coherently 
with [12]); this is always possible since 5 1 {dh a/ 3} = { d( — g a ^ ) } = {—dg a/37 } = 
—S 1 {A a/3 } and fl^ is acyclic. 

From the transition relations of A a we obtain dAp — dA a = dA a p, thus B + F is globally 
defined. Of course B a and A a themselves depends on the gauge choices, while B + F is 
gauge- invariant Q 

4 We remark that, for W3(Y) = 0, from the exact sequence O-vZ^-R-v^-vOit follows that w 2 (Y), 
having image under the degree-2 Bockstein homomorphism, by exactness can be lifted to a real form G on 
Y. Therefore, the gerbe [ {r] a pj, 0, B + F} } can be also represented by [ {1, 0, B + F + G} ]: however, this is 
not the cocycle we need, since we need transition function realizing the class W2(Y). These two cocycles are 
equivalent on closed surfaces, since they represent the same gerbe, but not on open ones. 
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Let us now discuss the role of the representative of the class w^iY) e H 2 (X, S 1 ). The 
choice of a different representative corresponds to changing by constant local functions the 
chosen sections of the bundle over loop space, which define the holonomy for open surfaces. 
This kind of ambiguity is also present for the Pfafnan, since it also defines a section of a 
flat bundle with the same holonomy. If W2(Y) 7^ 0, we have no possibility to eliminate this 
non-definiteness. We can only choose the sections for the Pfafnan and for the gerbe, in such 
a way that on the tensor product we have a global flat section, up to an immaterial overall 
constant. Instead, if w 2 = 0, both the pfafnan and the gerbe are geometrically trivial, thus 
we have a preferred choice, given by a global flat section for both. In this case, we fix the 
canonical representative rja^ = 1. We will see in the following the consequences of this fact 
for the gauge theory of the D-brane. 



How can we jointly characterize B-field and A-field taking into account the gauge trans- 
formations contained in the previous description? This unifying role is played by a certain 
hypercohomology group, which we would like now to introduce. Since this construction is 
not very familiar in the literature, we would like for pedagogical reason to start with the 
analogous group for line bundles. 



9.3.1 Line bundles 

Let us consider an embedding of manifolds % : Y — > X: we want to describe the group of 
line bundles on X which are trivial on Y, with a fixed trivialization. We recall that S} is 
the sheaf of smooth functions on X: it turns out that the sheaf of smooth functions on Y 
is its pull-back i*S_ . We thus obtain a cochain map (i*) p : C P (X,S}) — > C P (Y,S}), which 
can be described as follows: we choose a good cover il of X restricting to a good cover il|y 
of Y, such that every p-intersection Ui ...i p \y comes from a unique p-intersection Ui .„i p on 
X. Given a p-cochain ©i <...<i p fi ...i p , we restrict /i ...j to U io ...i p \y whenever the latter is 
non-empty. In this way we obtain a double complex: 



C°(Y, S 1 ) C 1 (Y, S 1 ) C 2 (Y, S 



i\ a 2 



C° (X, S 1 ) — C 1 (X, S 1 ) — C 2 (X, S 1 ) - 

We denote by H'(X, S},Y) the hypercohomology of this double complex. We claim that 
H l {X,S\Y) is the group we are looking for. In fact, the latter can be defined in the 
following way: we choose a line bundle L on X with a fixed set of local sections {s a }, so that 
the transition functions are {(? Q/ g} for g a p = s a /sp. We consider {s a \y} and we express the 
trivialization by means of local functions {f a } on Y such that f a ■ s a |y gives a global section 
of L\ Y . We have that C\X,S\Y) = C\X,S}) © C°(Y,S}), so that we can consider the 
hypercochain {g a /3,f a }- We now claim that this is a hypercocycle: to see this, we describe 
the cohomology group H l (X, S}, Y). 

• Cocycles: since 5 l {g a p, f a } = ffigap, ((i*) 1 ^^) -1 • fpfa 1 }, cocycles are characterized 
by two conditions: 5 1 g a f3 = 0, i.e., g a p is a line bundle L on X, and (i*) 1 ^^ = /s/q 1 , 
i.e., f a trivializes L\y. 
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• Coboundaries: 5°{g a } = {S°g a , (i*)°g a } thus coboundaries represents line bundles 
which are trivial on X, with a trivialization on X restricting to to chosen one on 
Y. 



To explain the structure of the coboundaries, let us remark that if we choose different sections 
{s' a = (f a ■ s a }, the same trivialization is expressed by fa = L Pa\y 1 'fa- Thus the coordinate 
change is given by {(p~ 1 (pp, ^aly}, which can be seen, by an active point of view, as a X x C 
with the trivialization F x {1} on F, i.e., a trivial bundle with a fixed global section on 
X restricting to the chosen trivialization on Y. Hence, H l (X, S_ ,Y) is the group we are 
looking for. 



Line bundles with connection 

Let us now define the analogous group for bundles with connection. The relevant complex 
is the following: 



c°(x, ni) © c°(y,s}) ^^-c 1 (x, nl) © c\y,s}) — c 2 (x, ni) © c 2 (y,s}) — 



d®(i*f 



d®(i*) 2 



C°(X,S}] 



8° 



C\X,S}' 



6 1 



C 2 (X,S 1 ' 



6- 



We denote by H'(X,S} — * the hypercohomology of this double complex. We claim 

that the group we are looking for is H l (X, S} — > f^, Y). The cochains are given by 
C^XtS 1 -> Q^,Y) = C 1 (X, S 1 )© C° ( Y, %) © C° (Y,S}), so that we consider {g a p, -A m f a }. 



• Cocycles: since 5 l {g a p,-A a J a ) = {^g^, -dg a/3 - Ap + A a , {{i*) l g a p)~ l ■ fpf^ 1 }, 
cocycles are characterized by three conditions: 5 1 g a p = 0, i.e., g a p is a line bundle L 
on X, A a — Ap = dg a/3 , i.e., A a is a connection on L, and (i*yg a p = fpf^i i- e -> fa 
trivializes L\y. 



• Coboundaries: since S°{g a } = {S°g a ,dg a p, (i*)°g a }, coboundaries represents line bun- 
dles which are geometrically trivial on X (see appendix), with a trivialization on X 
restricting to the chosen one on Y. 
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9.3.2 Gerbes 

Let us now define the analogous group for gerbes with connection. The relevant complex is 
the following^: 



c°(x, nl) © c°(y, ni) ^ fr(x, n|) © c\y, %) ^ c 2 (x, nl) © c 2 (y, ^£ 



d ^*) ' 
-d 



C°(X, ^)©C ,0 (F,5 1 ) — 



de(i*)° 



a" 



-J 



^(X, fii ) © C* 1 ^ S 1 ) — (7 2 (X, fii ) © C< 2 (Y, S 1 



d (i*) 2 
-J 



<5 2 e<5 2 



de(j*) 2 



We denote by H'(X,S} — > — » fi^, Y) the hypercohomology of this double complex. We 
claim that the group we are looking for is H 2 (X,S} — > — > fi^, Y). The cochains are 
given by C 2 (X,S} fi^ -> Y) = C^S 1 ) © ^(X,^) © C 1 ^ 1 ) © © 
(7 (Y, so that we consider {g a p-y, — A Qj g, /i Q/ 3, S Q , — A a }. 



A„a), (i*) 2 g a p.y ■ 



Cocycles: since <5 2 {# Q/37 , -A a/J , /i a/J , 5 Q , -AJ = {5 2 # a/ 3 7 , d# a/37 + S -\-i\ a p), 
uh a p, —d(—A a p)+Bp—B a , — A a p)+dh a p + A a — Ap}, cocycles are characterized 

exactly by the condition we need in order for {g a p-y, — A a p, B a } to be a gerbe with 
connection and {h a p, A a } to trivialize it on Y; 



• Coboundaries: since P{g a p, A a , h a } = {^g^, -dg a p+Ap-A a , {{i*) l g a p) l -hph a l , dA a , 
(i*)°A a — dh a }, coboundaries represent gerbes which are geometrically trivial on X (see 
appendix), with a trivialization on X restricting to the chosen one on Y. 

There is a last step to obtain the classifying set of -B-field and A-field configurations: in 
general we do not ask for a trivialization of the gerbe on Y, but for a cocycle whose transition 
functions represent the class u>2(Y) G H 2 (Y, S 1 ). The transition functions of a coboundary 
in the previous picture represent the zero class, so they are consistent only for u>2(Y) = 0. 
Hence, we cannot consider the hypercohomology group, but one of its cosets in the group of 
cochains up to coboundaries. In fact, the condition we need is not cocycle condition, but: 



2 {9ai3y> — A Q/ 3, h a p, B a , —A a } = {0, 0, ?7 Q/ 3 7 , 0, 0} 



(9.12) 



thus we need the coset made by cochains satisfying ( 19.12ft up to coboundaries. Actually, we 
need anyone of these cosets for [ { r] a ^ } ] = w 2 (Y) G H 2 (Y, S 1 ). We denote their union by: 



Ht 2 (Y)(X,S} — > Vt^ — > fi^, Y) 
and this is the set of configurations we are looking for. 



(9.13) 



3 The maps denoted by matrices are supposed to multiply from the right the row vector in the domain. 
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9.4 Gauge theory on a single D-brane 

We are now ready to discuss the possible geometric structures of the gauge theory on the 
D-brane, arising from the previous picture. The main distinction turns out to be whether or 
not the B-field is flat when restricted to the D-brane. 



9.4.1 Generic 5-field 

We consider the coordinate change given by the D-brane: 

{gaPi, — h a p,B a }-{g~l-r) a p y ,A a p,dA a } = {r) a/3l ,Q,B + F} 

~ (9.14) 
\9ap-y ' Vafr, A a ,a, dA a } = {5 h a p, -dh a p + Ap- A a , dA a } . 

Since, by Freed- Witten anomaly, [ { g a p 7 } ] = [ { ?7 Q /3 7 } ] G H 2 (Y, S}) (not the constant sheaf 
S 1 , the sheaf of functions S}), we can always choose a gauge {r] a p 7 ,0, B}, but we can also 
consider any gauge {rj Q pj, 0, B'} with B' — B a closed form representing an integral de Rham 
class: for a bundle, this corresponds to the free choice of a global automorphismJ§ Given a 
certain gauge of the form {?7 Q/ g 7 , 0, B}, the brane gives a correction {1,0, F} to arrive at the 
fixed gauge {t7 Q/ 3 7 , 0, B + F}. In fact, ( 19.14ft becomes: 

{7 la p 1 ,0,B}-{l,0,dA a } = {i la p 1 ,0,B + F} 

(9.15) 

{1, 0, dA a } = {5 h a p, -dh a p + Ap - A a , dA a } . 

We thus get 5 1 h a p = 1 and —dh a p + Ap — A a = 0, so h a p give a gauge bundle on the brane 
with connection — A a and Chern class [— F\. However, since B and F are arbitrary, such 
bundle is defined up to large gauge transformations B — > B + $ and F — > F — $ for $ 
integral 

Moreover, we have the freedom to choose a different representative r] a p 7 ■5 1 X a p of w 2 (Y) G 
H 2 (Y, S 1 ). This is equivalent to consider: 

{?7 a/37 ,0, B} ■ {5\ a p, 0, dA a } = {t]^ ■ 5X a p, 0, B + F} 

(9.1b) 

{5X a p, 0, dA a } = {5h a p, -dh a p + Ap - A a , dA a } . 

We thus obtain that Sh a p = 5X a p, i.e., S(h a p/X a p) = 1. So, instead of {h a p}, we consider the 
bundle [ h a p / X a p ] instead of [ h a p ] . Since the functions X a p are constant, the real image of the 
Chern class is the same. In fact, if we write h a p = exp(2ni ■ h a p) and X a p = exp(2ni ■ X a p), 
we have that h a p + hp 1 + h ia = h a p^ G Z defining the first Chern class, and similarly 
X a p + A/3 7 + A 7Q , = X a p y G Z. However, since X a p are constant, A Q/ g 7 is a coboundary in the 
sheaf K and the real image of the Chern class of X a p is 0. 



6 For gerbes. we directly see this from the fact that (1, 0, $) is a hypcrcoboundary for $ integral. Indeed, 
we have: 

®\u a = d(p a tpp - (fi a = dp a p p af} + fip n + p Ja = C a p y G Z 

thus tpp — ip a — dh a p for h a p = exp(2iri ■ p a p) and 8 h a p = 1. Hence, (1, 0, $) = 5 1 (h a p, ip a ). 
7 In particular, we can always choose the gauge F = 0, obtaining a flat line bundle. 



9.4. GAUGE THEORY ON A SINGLE D-BRANE 



193 



This means that we fix a line bundle up to the torsion part. Thus, the holonomy of — A a 
is defined also up to the torsion part: this ambiguity is compensated for by the one of the 
pfaffian, due to the need of obtaining a global section of the tensor product. If w 2 = 0, we 
can choose the preferred representative r] a p 7 = 1, thus we completely fix a line bundle up to 
large gauge transformation. 

9.4.2 Flat 5-field 

If B is flat, its holonomy is a class Hol(5|y) £ H 2 (Y, S 1 ) (constant sheaf S l ). We distinguish 
three cases: 

• Hol(£>|y) = w 2 (Y) =0: as before, we can choose the gauge r\ a ^ = 1, but, via 
an operation analogous to choosing parallel local sections for line bundles, we can 
obtain {1,0,0} instead of a generic {1,0, B}. The choice B = is canonical (it 
fixes also large gauge transformations). Thus we get {1,0,0} • {1,0, dA a } = {1,0, F} 
with {1,0, dA a } = {^hap, —dh a/3 + Ap — A a ,dA a }. Hence we have S 1 h a p = 1 and 
Ap — A a = d a p. In this case, we obtain a line bundle L with connection — A a and 
Chern class ci(L) such that ci(L) ®zK = [— F]dR, i.e., a gauge theory in the usual 
sense, canonically fixed. However, we will see in the following that, also in this case, 
there is a residual freedom in the choice of the bundle. 

• Hol(-B|y) = W2(Y): as before, we choose {77^,0,0} instead of a generic {r] a p y , 0, B}. 
The choice B = is canonical (it fixes also large gauge transformations). Thus we 
get {r] a p y , 0,0} ■ {1,0, dA a } = {r] af3y ,0,F} with {1,0, dA a } = {^h^, -dh aj3 + A p - 
A a ,dA a }, or, as discussed before, {t7 Q/ 3 7 ,0,0} • {^Xap, 0, dA a } = {r] a p 7 ■ 5 1 \ a p,0, F} 
with {(^Aq^, 0, dA a } = {^hap, —dh a/ 3 + Ap — A a ,dA a }. In this case, we obtain a 
canonical line bundle with connection — A a up to the torsion part, with real image of 
the Chern class [— F}. 

• Hol(i?|y) generic: in this case, we can use the same picture as for non-flat B- fields, 
obtaining a non-canonical gauge bundle, or we can use flatness to obtain a canonical 
gauge theory of different nature. In the latter case, we fix a cocycle {g a /3j} such that 
[{<? a/ 3 7 }] = Hol(£>|y) £ H 2 (Y, S 1 ). We thus get a preferred gauge {g Q/ 3 7 , 0, 0}, so that 
(19.111) becomes {g~p~ • rjap^^.dAa] = {^ x h a p,—dh a p + Ap — A a ,dA a }. We obtain 

^ l h a p = g~p^ ■ r] a pry and Ap — A a = dh a p. Since g~^ ■ r] a p-y are constant, we obtain a 
"bundle with not integral Chern class" , as explained in the next section. 

Remark: We have said above that only for Hol(5|y) = and W2{Y) = we are able to 
recover the torsion of the gauge bundle. Actually, we can still recover the torsion part even if 
W2(Y) = and B is flat. In fact, also in this case we can choose rjap^ = 1 fixing the transition 
function h a p of the bundle. Let us consider a fractional bundle L such that 5{h a p} = {g~p^} 
for [g a/ 3 7 ] = Hol(5|y) £ H 2 (Y, S 1 ). Then, evaluating the holonomy of B over the generators 
of H 2 (Y, Z), we can find a discrete subgroup T < IR such that Ci(L) £ H 2 (Y, T), so that Ci(L) 
has a torsion part. This is more interesting if we know the fractionality of the brane (see 
below): for example, if we have a ^-fractional gauge theory (e.g., fractional branes from 
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Z n -orbifolds), we have ci(L) G H 2 (Y, ±Z) ~ # 2 (F,Z). 
□ 

A comment is in order when Hol(-B|y) = = 0: also in this case, the bundle 

is not completely fixed, but there is a residual gauge freedom. In fact, such configura- 
tion is described by [ {g a p-y, — A a/ 3, h a p, B a , — A a } ] e H 2 {X,S} — > — > D,^,Y) such that 
[{dap-yy ~ A Q/3 ,.B Q }] is geometrically trivial on Y. As we said, we can choose on Y the pre- 
ferred gauge {1, 0, h a/3 , 0, — A a } so that the cocycle condition gives exactly {1, 0, S 2 h a p, 0, dh a p+ 
A a — Ap} = 0, i.e. — A a is a connection on the bundle [/i a /?]- There is still a question: how 
are the possible representatives {1, 0, h a p, 0, — A a } of the same class? Can they all be ob- 
tained via a reparametrization of the bundle [h a p,A a ] G ff 1 (F, 5 1 — > f^)? The possible 
reparametrization are given by: 

{1, 0, h a /3, 0, -A a } ■ {^gap, -dg a p + Ap - A a ,{{i*Y g^)' 1 • hph' 1 , dA a , (i*)°A a - dh a ] 

= {1,0,^,0,-4,} 

thus we get the conditions: 

5 x g a p = l -dg a p + Ap-A a = dA a = . (9.17) 

If we choose g a p = 1 and A„ = we simply get h' a/3 = h a p ■ hph~ l and A' a = A a + dh a , 
i.e., a reparametrization of [h a p,A a ] e H 1 ^, S} — > and that is what we expected. 
But what happens in general? Equations (19.171) represent any line bundle g a p on the whole 
space-time X with flat connection — A a , thus they represent a residual gauge freedom in the 
choice of the line bundle over Y: any flat bundle on Y which is the restriction of a flat line 
bundle over X is immaterial for the gauge theory on the D-brane. Can we give a physical 
interpretation of this fact? 

Let us consider a line bundle L over Y with connection — A a : it determines the holonomy 
as a function from the loop space of Y to S 1 . Actually, we are not interested in a generic 
loop: we always work with <9E, with E in general not contained in Y: thus, such loops are in 
general not homologically trivial on Y, but they are so on X. Let us suppose that L extends 
to L over X: in this case, we can equally consider the holonomy over dT, with respect to L. 
If L is flat, such holonomy becomes an 5 1 -cohomology class evaluated over a contractible 
loop, thus it is 0. Hence, a bundle extending to a flat one over X gives no contribution to 
the holonomy over the possible boundaries of the world-sheets. Therefore, also in the case 
Hol(-B|y) = W2{Y) = 0, we do not have a canonically fixed bundle with connection on the 
brane: we rather have an equivalence class of bundles defined up to flat ones extending to 
flat space-time bundles. For another important comment on this point, see the conclusions. 

9.5 Real Chern classes 

In the previous section we showed that for B flat we obtain a gauge theory on a generalized 
bundle: while bundles are represented by cocycles {g a p} in Cech cohomology, such gener- 
alized bundles are represented by cochains whose coboundary S 1 {g a p} is made by constant 
functions (not necessarily 1), realizing a class in H 2 (X, S l ). We now see that even in these 
cases we can define connections and first Chern class, but the latter turns out to be any 
closed form, not necessarily integral. 
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Let us consider the definition of Chern class of a trivial bundle: we have a bundle [ {g a /3} ] G 
^(il, S 1 ), so that g af3 ■ ■ g ia = 1; if g a p = e 2m ' p ^, we have p a p + p^ 7 + p ia = p aPl G Z, 
so that we obtain a class [ {p a p~,} ] G H 2 (iX, Z) which is the first Chern class. 

Let us call T n the subgroup of S 1 given by the n-th root of unity. If we call the 
subgroup of R made by the fractions - for k G Z, then T n = e 2?ri '™ z . Let us suppose 
we have a cochain {gap} G C^il, £ ) such that g a p ■ gp n ■ g ia = g a p^ G T n . Then, for 
g a /3 — e 2m ' pa0 , we have that p a p + pp^ + p ia = p a p y G -Z, so that we obtain a rational class 
c i = [{Pa/37}] G -fP(il, Q) such that n ■ c\ is an integral class. Can we give a geometric 
interpretation of these classes? 

A 2-cochain can be thought of as a trivialization of a trivialized gerbe, in the same way as 
a 1-cochain (i.e., a set of local functions) is a trivialization of a trivialized line bundle; thus 
a line bundle is a trivialization of a gerbe represented by the coboundary 1, in the same way 
as a global function is a global section of X x C. We describe first the easier case of local 
functions trivializing a line bundle, i.e., we lower by 1 the degree in cohomology. 

9.5.1 Trivializations of line bundles 

Definition 

As line bundles, which are classes in -n (il, S}), are trivializations of gerbes represented by 
the coboundary 1, likewise a section of a line bundle, represented by transition functions 
equal to 1, is a class in H°(ii, S}), i.e., a function / : X — > S 1 . A cochain {/ Q } G C°(il,S}) 
is a section of a trivial bundle represented by transition functions f~ x ■ fp. 

Given a function / : X — > S 1 , we can naturally define a Chern class Ci(/) G -/^(il, Z), 
which is the image under the Bockstein map of / = [{/«}] G i^°(il, S}). We directly 
compute it as for bundles: since fp ■ f~ x — 1, for f a — e 2m ' Pa we have pp — p a = p a p G Z, so 
that we can define a class ci(/) = [ {p a p} } G i^ 1 (il, Z). The geometric interpretation is very 
simple: Ci(/) is the pull-back under / of the generator of if 1 (5' 1 , Z) ~ Z. As we have done for 
bundles, let us suppose we have a cochain [ {f a } ] G C°(ii, S}) such that f' 1 ■ fp = f a p G r„. 
Then pp — p a = p a p G -Z. Therefore we obtain a class ci = [{p^}] G ^ 1 (iX, Q) such that 
n ■ ci is an integral class. 

From the exact sequences point of view, the Chern class is the image of the Bockstein map 
of the sequence: 

— >Z — >R -^S} — ► . 

In the fractional case, since 5°f a takes values in T n , the cochain {/«} is a cocycle in S} / T n . 
Thus, we consider the sequece: 

— > — > r ^i^T' 51/ r n — > 

and the image of the Bockstein map is exactly the fractional Chern class. We have con- 
structed in this way rational Chern classes, but this is generalizable to any real Chern class. 
In fact, it is sufficient that p a p be constant for every a, (3 to apply the previous construction, 
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using the constant sheaf S 1 instead of r n . The corresponding sequence, which contains all 
the previous ones by inclusion, is: 

— >R — >R s — ► S^S 1 — >0. 

In other words, if the cochain is a cocycle up to constant functions, we obtain a real Chern 
class. If these constant functions belong to T n , we obtain a rational Chern class in -Z. We 
now want to give a geometric interpretation of these classes. 

Geometric interpretation 

If we think of the cochain as a trivialization of X x C, it follows that different trivializations 
have different Chern classes, depending on the realization of the trivial bundle as Cech 
coboundary. This seems quite unnatural from a topological point of view, since the particular 
trivialization should not play any role. However, if we fix a flat connection, we can distinguish 
a particular class of trivializations, which are parallel with respect to such a connection. 

Let us consider a trivial line bundle with a global section and a flat connection V, which 
we think of as X x C with a globally defined form A, expressing V with respect to the global 
section X x {1}. We know the following facts: 

• if we choose parallel sections {f a }, we obtain a trivialization with a real Chern class 
c i({fa}) £ H l (X, M), and the local expression of the connection becomes {0}; 

• the globally defined connection A, expressed with respect to 1, is closed by flatness, 
thus it determines a de Rham cohomology class [A] G Hj R (X). 

We now prove that these two classes coincide under the standard isomorphism between Cech 
and de Rham cohomology. This is the geometric interpretation of real Chern classes: the 
real Chern class of a trivialization o/IxC is the cohomology class of a globally- defined flat 
connection, expressed with respect to X x {1} ; for which the trivialization is parallel. 

If the trivial bundle has holonomy 1 (i.e., geometrically trivial), we can find a global 
parallel section: thus there exists a function / G S}) trivializing the bundle, and the 

Chern class of a function is integral. If we express the connection with respect to 1 we obtain 
an integral class [ A] = while if we express it with respect to the global section / • 1 

we obtain 0. 

We now prove the statement. Given {f a } G C°(ii,S}) such that 5°{f a } G C l (&, S l ), we 
consider the connection V on X x C which is represented by with respect to {f^ 1 }- If we 
represent V with respect to X x {1} we obtain A a = df a , and A a — Ap = d(fp • f^ 1 ) = 0. 
We thus realize the 1-form A as a Cech cocycle: we have that A a = (27ri)~ 1 dlog f a and 
(2ni)~ 1 log fp — (27n) _1 log/ a = (2tti)~ 1 \ogg a p = p a p which is constant, so that ~ 
[{P*p}\fr{x*y % definition Ci({/ a }) = [{p a p}\, thus [A] h i r{x) ~ c 1 ({/ a }) i? i (XR) . 

Moreover, if we consider the sequence 0— >Z— > M> ^ S 1 — > 0, for pgi : H X {X, R) — > 
H 1 (X,S 1 ),weh a veth a tp s ic 1 ({f a })=p s i [p a p] = [fpf" 1 }^- Thus, for 5°{f a } G C^S 1 ) 
(hence, obviously, 5°{f a } G Z X {X, S 1 )) we have that the first Chern class is one of the possi- 
ble real lifts of [^°{,/a}]si. Therefore, p$i Ci({f a }) is the holonomy of the trivial line bundle 
on which the connection A, previously considered, is defined. 
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Hypercohomological description 

The trivialized bundle X x C with global connection A corresponds to the hypercocycle 
{1, — A] E Z 1 (X,S_ 1 — > fijk). For A flat and {f a } parallel sections, we have [{1,— A}] = 
[{o°/ a ,0}], thus the difference is a coboundary: 

{l,-A}-{S°f a Jf a } = {S°f a ,0} 

thus df a = A a so that, as proven before, [A] ~ ci({f a })- 

If / is globally defined, we get {I, -A} ■ {l,df} = {1,0} so that [A] = [df] which is 
integral: this corresponds to the choice of a global parallel section / • 1 in X x C. 

9.5.2 Trivializations of gerbes 

Let us now consider a trivialization of a gerbe {h a p} E C 1 (X, S}) such that ^{hap} £ 
C 2 (X, S 1 ). We can consider a connection {— A a } such that Ap — A a = dh a p, as for an ordi- 
nary bundle. We have dA a = dAp so that —F = —dA a is a global closed form whose de Rham 
class [-F] is exactly the fractional Chern class of [{h a p}) E 6~ 1 (C 2 (X, S 1 )) / B^X, S 1 ). 
We define such a trivialization with connection as an element of the hypercohomology group: 

H^x^'/s'^ni) . 

We interpret the Chern class of such trivializations as before: we consider the flat gerbe 
[ {^h a p, 0, 0} ], and we represent it as [{1,0, — F} ]: 

{1, 0, —F} ■ {5 l h a p, -dh a p + Ap- A a , dA a } = {5 l h a p, 0, 0} 

from which we obtain: 

Ap — A a = dh a p dA a = F\u a ■ 

From these data we can now realize F as a Cech class: we have F\jj a = dA a and Ap — A a = 
dh a p, thus 5 1 dh a p = 0, thus {2m)~ 1 5 l \ogh a p is constant and expresses [F] as Cech class. 
The latter is exactly cx({h a p}). 

What happens for the holonomy of these connections? In general anyone of them is not 
well-defined as a function on closed curves, but it is a section of a line bundle that, on 
curves which are boundary of open surfaces, is canonically trivial and coincides with the one 
determined by the flat gerbe realized by (1, 0, F) but with respect to the sections 5g. In fact, 
the expression of the holonomy of A on dH coincides with the holonomy of (Sg, Ap — A a , dA Q ) 
on E, but S(g, 0) = (Sg, d\ogg a p, 0) and the sum is (1, 0, dA a ), thus the gerbe is (1, 0, F) but 
it is realized on open surfaces with respect to Sg. 

9.6 Stack of coincident branes 

Up to now we have discussed the case of a single brane. In the case of a stack of coincident 
Dp-branes, we need non-abelian cohomology (see [H]). However, here we would like to 
avoid a technical discussion and just state the main differences with respect to the abelian 
case. We will arrive to the same conclusions as [12], taking into account the presence of the 
Pfaffian. 
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Let us consider again the fundamental equation (19.141) : 

{dap-/, — A a( g, B a } ■ {g~^ • ?7 a /3 7 , A a/3 , dA a } = {r) a /3 y , 0, B + F} 

{SW* 7 ' Va/3j, A a/3 , cL4 a } = {^/i^, -rf/i Q/3 + A/3 - A a , dA a } . 

Since 5 l h a p = ■ r] a/3 ^, the class [g~ l r]] G if 1 (Y, J S 1 ) must be trivial: this means that 
C\y = W3 (V), which is the Freed- Witten anomaly equation. Instead, in the case of a stack 
of branes, /i Qi g G £/(n). Then, if we think of ■ r] a ^ as a multiple of the identity I n , the 
relation dr/i^ = ■ ?7 aj g 7 is not a trivialization of [g^ 1 ?]] G iS 1 ) any more and it 

does not imply that C|y = Wa(Y). We thus rewrite the previous equation as: 

{<7a/?7> — Aa/J, 5 Q } ■ {fl 1 ^ • A aj3 , cL4 a } = {77 a /3 7 , 0, 5 + F} 

~ ( y . j- o ) 

' Vafa, A a/3 , cL4 Q } = ^Tr {5 l h aP , -h~^dh al3 + h~pAph a p - A a , dA a + A a A A a } 

where the trace is taken in all the components. We thus obtain A = -TrA and F = -TrF. 

1 n n 

A rank-n bundle {h a p} such that S 1 {h a/ 3} realizes a class in H 2 (X,S}) is called a twisted 
bundle or non- commutative bundle. For (3 the Bockstein homomorphism in degree 2 of the 
sequence -> Z -> R -> S l -> 0, we define /?' = ^[^{/i^}] G H 3 (X,Z). Thus, for the 
relation J 1 /^ = g~^ 7 • to hold, one must have: 

13' = W 3 (Y)-(\ Y . (9.19) 

This is the Freed- Witten anomaly equation for stack of branes. We remark that, while in the 
abelian case the A-field corresponds to a reparametrization of the gerbe, in the non-abelian 
case it provides another non-trivial gerbe, which tensor-multiplies the gerbe of the B-field. 

The classification of configurations in this case is analogous to the case of a single brane, 
allowing for the possibility of a non-commutative bundle when j3' 7^ 0. For /?' = 0, we have 
the same situation as before, with irrational Chern classes for non integral bundles. 

9.7 Conclusions 

We have classified the allowed configurations of I?-field and A-field in type II superstring 
backgrounds with a fixed set of D-branes, which are free of Freed- Witten anomaly. For a 
single D-brane Y C X, we distinguish the following foundamental cases: 

• B geometrically trivial, W2(Y) = 0: we fix the preferred gauge (1, 0, 0), so that we have 
(1, 0, F) = S(h, —A) with (h, —A) a line bundle, up to the residual gauge symmetry; 

• B flat: we fix the preferred gauge (g, 0, 0) so that we have (g _1 ?7, 0, F) = 5(h, —A) 
with (h, —A) a "bundle" with, in general, a non-integral Chern class; the image in S 1 
of such a Chern class is given by Hol(5|y) — W2(Y); even if this bundle has integral 
Chern class, i.e., if Hol(-B|y) = W2{Y), in general it is defined only up to the torsion 
part; if Hol(B|y) = W2{Y) = we end up with the previous case so that we recover 
the torsion part up to the residual gauge; 
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• B generic: we fix a gauge (rj, 0, B) so that we have (1, 0, F) = S(h, —A) with (h, —A) 
a non- canonical line bundle, where non-canonicity is related to large gauge transfor- 
mations B — »• B + $ and F — > F — $ for $ integral. 

For a stack of coincident branes the situation is analogous, except for the possibility of 
non-commutative bundles. 

So far we have considered the case of one brane or stack of coincident branes. One 
may wonder what happens when we have more than one non- coincident branes or stacks of 
branes: this case is actually already included in the previous discussion, thinking of Y as 
the disconnected union of all the world- volumes. In particular, the residual gauge symmetry 
becomes an ambiguity corresponding to the restriction to each brane of a unique flat space- 
time bundle. In physical terms this can be seen as follows: if we choose two cycles, one for 
each brane, which are homologous in space-time but not necessarily homologically trivial, 
since the difference is homologically trivial we can link them by an open string loop stretching 
from one brane to the other. In this way we determine the holonomy on the difference, i.e., 
the difference of the holonomies on the two loops. We thus remain with a global uncertainty, 
represented by flat space-time line bundles. 

Let us briefly comment on the case of fractional branes coming from orbifolds. Using 
the notation of [7j, let V be the internal orbifold group, whose regular representation splits 
into M irreducible representations of dimensions dj for J = 0, . . . , M — 1, and let Cj be the 
corresponding cycles in the ADE-resolution of the orbifold singularity. B is taken flat on 
the internal space and satisfying the formula f G B = di / \F\ for / = 1, . . . , M — 1, while, 
on the last cycle, J Cq B = — J2i^o di f G B. Moreover one chooses F on a cycle representing 
Co (to be subsequently shrunk) such that j Co F — 1, while, on the chosen representatives 
of the other cycles, one chooses F — 0. What does this mean in our language? One fixes a 
gauge {1, 0, B} on the whole internal space (r/ Q/ g 7 = 1 because the manifold involved is spin), 
supposing that the hypercocycle fixed on the representatives of the C/s, for / ^ 0, is the 
restriction of the global one: one thus gets F = 0. On the representative of Co, instead, we 
consider a hypercocycle corresponding to the restriction of the global one, modified by an 
automorphism of the gerbe which generates F so that j Co F = 1. In conclusion we obtain, 
on C , {1, 0, B + F}. This is not the canonical gauge choice adopted in section that gives 
rise to a fractional bundle: had we made this choice, we would have obtained a bundle with 
a fractional Chern class F, whose imagine in S 1 is given by Hol(S|c / ) = di / \Y\. 
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Chapter 10 

D-branes and K-theory 



10.1 Overview 

K-theory provides a good tool for classifying D-brane charges. In the case of vanishing 
H-Hux, there are two main approaches in the literature. The first one consists of applying 
the Gysin map to the gauge bundle of the D-brane, obtaining a K-theory class in space- 
time. This approach is motivated by Sen's conjecture, stating that a generic configuration of 
branes and antibranes with gauge bundle is equivalent, via tachyon condensation, to a stack 
of coincident space-filling brane-antibrane pairs provided with an appropriate K-theory class. 
The second approach consists of applying the Atiyah-Hirzebruch spectral sequence (AHSS) 
to the Poincare dual of the homology cycle of the D-brane: such a sequence rules out some 
cycles affected by global world-sheet anomalies, e.g. Freed- Witten anomaly, and quotients 
out some cycles which are actually unstable, e.g. MMS-instantons. We start assuming for 
simplicity that the space-time and the D-brane world- volumes are compact. As we have seen 
in the first part, for a given filtration of the space-time S = S 10 D S 9 D ■ ■ ■ D S°, the second 
step of AHSS is the cohomology of S, i.e. E^iS) = H q (S,'L), while the last step of AHSS 
is given by: 

= KerjK^S) -» K q (S q ^)) 
00 1 ] Ker (K q {S) — ► K*(S«)) ' 

Hence, e.g. for IIB theory, given a D-brane world-volume WY P of even codimension q = 
10 — (p + 1) with gauge bundle E — > WY P , if the Poincare dual of WY P in S survives until 
the last step of AHSS, it determines a class {PD 5 (H / 1^)} £ E^°(S) whose representatives 
are bundles belonging to Ker(K q (S) — > K q (S q ~ 1 )). 

These two approaches give different information, in particular AHSS does not take into 
account the gauge bundle. Thanks to what we have seen in the first part about the link 
between Gysin map and AHSS, we have the tools to relate the two approaches, always 
assuming that the H-Qux is vanishing. In fact, let us consider a Dp-brane Y p with world- 
volume WY P C S and gauge bundle E — > WY P , and let i : WY P — > S be the embedding. We 
know that i x (E) £ Ker(K q (S) — ► K q (S q ~ 1 )) for q = 10 - (p + 1), and that: 

{PD 5 (W%)} J5S ,o = [i I (J5)] ES .o. 

Thus, we must first use AHSS to detect possible anomalies, then we can use the Gysin map 
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to get the charge of a non-anomalous brane: such a charge belongs to the equivalence class 
which we have reached by AHSS, so that Gysin map gives actually more rich information. 

Moreover, we can compare this picture with the case of rational coefficients: since Chern 
character provides isomorphisms K(S) ® Z Q~ H CV (S,Q) and K^S) ® Z Q~ H odd (S,Q), 
and since AHSS with rational coefficients degenerates at the second step, i.e. at the level 
of cohomology, we gain a complete equivalence of the two K-theory approaches, being both 
equivalent to the old cohomological classification. We now describe in more detail what we 
have summarized up to now. 

10.2 D-brane charges and K-theory - Part I 

As we already said, for simplicity we start working assuming the ten-dimensional space- 
time S to be compact, so that also a D-brane world-volume WY p is compact. This seems 
not physically reasonable, but it has more meaning if we suppose to have performed Wick 
rotation in space-time, so that we work in a euclidean setting. In this setting we loose the 
physical interpretation of the D-brane world- volume as a volume moving in time and of the 
charge q, actually all the homology class [q ■ Y Ptt ], as conserved in time. Thus, rather than 
considering the homology class of the D-brane volume at every instant of time, we prefer 
to consider the homology class of the entire world-volume in S, using standard homology 
with compact support. The physical definition of the charge q is the one we described 
in minkowskian space-time, but we now work in this setting assuming the homology class 
q ■ WY p to be the trajectory charge in the eculidean space-time. We will come back soon to 
the usual picture. 

10.2.1 Classification 

For a Dp-brane with (p + l)-dimensional world- volume WY p and charge q we consider the 
corresponding homology cycle in S: 



For what will follow, it is convenient to consider the cohomology of S rather than homology, 
defining the charge density: 



The identity [8(q ■ WYp)] ~ PDs(<7 • WY P ) ®z M. holds under the canonical isomorphism 
between the cohomology of currents and the singular cohomology with real coefficients. 

This classification encounters some problems due to the presence of quantum anomalies. 
Two remarkable examples are the followings: 

• a brane wrapping a cycle WY P C S is Freed- Witten anomalous if W^WT^,) ^ 0, hence 
not all cycles are allowed (v. [31] and pi]); 
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• given a world-volume WY P with W 3 (WY P ) ^ 0, the cycle PD W y p (W3(WY p )) is a cycle 
in WY p called MMS-instanton (v. [UJ) and the charge of these branes cannot be 
conserved. 

The two points above imply that: 

• the numerator Z 9 ~ P (S, Z) is too large, since it contains anomalous cycles; 

• the denominator B 9 ~ P (S,I*) is too small, since it does not cut instanton charges. 

There are other possible anomalies, although not yet completely understood, some of which 
are probably related to cycles not representable by a smooth submanifold (v. [53], [E] and 

m)- 

We start by considering the case of world- volumes of even codimension in X, i.e. we start 
with IIB superstring theory. To solve the problems mentioned above, one possible tool seems 
to be the Atiyah-Hirzebruch spectral sequence (v. [1]). Given an appropriate filtration of 
the space-time manifold S = S±o D • • • D So, such a spectral sequence starts from even- 
dimensional simplicial cochains of S and, after a finite number of steps, it stabilizes to the 
graded group E%>°(S) = 2fc K 2k (S) / K 2k+1 (S) where K q (S) = Kev(K(S) - K(S q )). We 
can start from a representative of the Poincare dual of the brane PD s{q ■ WY P ), which in 
our hypotheses is even- dimensional, and, if it survives until the last step, we arrive to a class 
{PDs(g • IVYp)} G Kg-p(S) I K 9 _ p+ i(S) . The even boundaries d%, d±, . . . of this sequence are 
0, hence the important ones are the odd boundaries. In particular, one can prove that: 

• d\ coincides with the ordinary coboundary operator, hence the second step is the even 
cohomology of S (v. [HI] and [1]); 

• the cocycles not living in the kernel of d% are Freed- Witten anomalous, while the 
cocycles contained in its image are MMS-instantons (v. [21] and [17]). 

As we will say in a while, there are good reasons to use K-theory to classify D-branes charges, 
hence, although the physical meaning of higher-order boundaries is not completely clear, the 
behaviour of ofa and the fact that the last step is directly related to K-theory suggest that 
the class {PD 5 (g • WYp)} G E^ p '° is a good candidate to be considered as the charge of the 
D-brane. Summarizing, we saw two ways to classify D-brane cycle and charge: 

• the homological classification, i.e. [q ■ WY p ] G H p+ i(S,Z); 

• the classification via AHSS, i.e. {PD 5 (g • WY P )} G E^ P '°(S). 

10.2.2 K-theory from Sen conjecture 
Gauge and gravitational couplings 

Up to now we only considered the cycle wrapped by the D-brane world-volume. There are 
other important features: the gauge bundle and the embedding in space-time, which enter 
the action via the two following couplings: 
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• the gauge coupling through the Chern character of the Chan-Paton bundle; 

• the gravitational coupling through the A-genus of the tangent and the normal bundle 
of the world- volume. 

The unique non-anomalous form of these couplings, computed by Minasian and Moore in 
EH, is: 



SD / rC A ch(E) A el A (10.1) 

JWY P sjA{N{WY v )) 

where i : WY p — »• S is the embedding, T(WY p ) and N(WY P ) are the tangent bundle and 
the normal bundle of WY p in S, and d G H 2 (WY P ,Z) is a class whose restriction mod 2 
is W2(N (WYp)) . The polyform that multiplies i*C has 0-term equal to cho(E) = rk(E), 
leading to the previous action for q = rk(E). Hence, (110.11) is an extension of the minimal 
coupling q J C p+ i, and the charge previously defined is restored as the rank of the gauge 
bundle. In the case of anti-branes, we have to allow for negative charges, hence the gauge 
bundle is actually a K-theory class: a generic class E — F can be interpreted as a stack 
of pairs of a brane Y and an anti-brane Y with gauge bundle E and F respectively. For 
z # : H*(WY P , Q) — > H*(S, Q) the Gysin map in cohomology, we define the charge density: 



Q WYp = i # (ch(E) A el A . (10.2) 

Since new terms have appeared in the charge, we should discuss also their quantization, which 
is not immediate since Chern character and A-genus are intrinsecally rational cohomology 
classes. Actually, the expression (110.11) has meaning if we suppose C to be globally defined, 
i.e. if we suppose G to be trivial at any degree. Otherwise we have mixed terms with a 
locally defined potential multiplying a rational form defined globally on WY p . We do not 
discuss here these problems (see |S3])- 



We put for notational convenience: 



G(WY P ) = el A ^ i(T( ^ )} 



The action ( 110. If) is equal to: 

S D / i*C A G(WY P ) . 

JPD WYp (ch(E)) 

Let {qt ■ WYk} be the set of branes appearing in the Poincare dual of ch(E) in WY P : the 
first one is PDwY p (ch. (E)) = q ■ WY p , so the leading term is the old action without gauge 
and gravitational couplings. The other ones are lower dimensional branes. Let us consider 
the first one, i.e. WY\ = PD^y (chi(E)). Then the correponding term in the action is 
J WYi i*C A G(WY P ), which can be" written as J WYi i*C A G(WY X ) + J WYi i*C A (G(WY p ) - 
G(WYi)). Since in the second term of the sum G(WY p )—G(WYi) has 0-term equal to 0, then 
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PDwy 1 (G(WY p ) — G{WYij) is made only by lower-dimensional subbranes, so, proceeding 
inductively until we arrive at DO-branes, we can write: 

f i*C A G(WY P ) = V / C A G(WY 1>h ) 

JWY 1 h=(j JWY 1>h 

where, for h = 0, it is VKY^o = WY\. Proceeding in the same way for every WY k , we obtain 
a set of subbranes {qk,h • WY k ^}, which, using only one index, we still denote by {q k ■ WY k }. 
Therefore we get: 

SdV[ i*C A G(WY k ) . 

k J WY k 

From this expression we see that the brane WY P with gauge and gravitational couplings is 
equivalent to the set of sub-branes WYk with trivial gauge bundle. Moreover we now show 
that: 

z # (ch(£) A G(WY p )) = £)(z fc )# G(WY t>k ) (10.3) 

k 

i.e. the charge density of the two configurations is the same. To prove this, we recall the 
formulas: 

i#(a A i*(3) = i#(a) A (3 




(10.4) 



for a e H*(WY P , Q) and /3 G H*(S, Q). Thus: 

/ i*C A dx{E) A G{WY p ) = f i# [i*C A c\i{E) A G{WY P )] 

JwY p JS 

= [ C Ai # (ch(£) AG(WY P )) 
Js 

[ i* k C A G(WY k ) = [ (<*)# VIC A G{WY k )] 

k JwY v k Js 

= [ CA^) # («) . 

Since the two terms are equal for every form C, we get formula (110.31) . We thus get: 

Splitting principle: a brane Y with gauge bundle is equivalent to a set of sub- 
branes Y k with trivial gauge bundle, such that the total charge density of the two 
configurations is the same. 

The physical interpretation of this conjecture is the phenomenon of tachyon condensation 
(v. [66] and [21]): the quantization of strings extending from a brane to an antibrane leads 
to a tachyonic mode, which represents an instability and generates a process of annihilation 
of brane and antibrane world- volumes via an RG-flow (v. [TJ), leaving lower dimensional 
branes. In particular, given a brane Y p with gauge bundle E — > WY P , we can write E = 
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(E — rk E) +ik E , so that E — ikE G K(WY p ): thus we see this configuration as a triple made 
by a brane Y p with gauge bundle rkE, a brane Z p with gauge bundle E and an antibrane 
Z p with gauge bundle rkE. Thus, by tachyon condensation, only Y p remains (with trivial 
bundle, i.e., only with its own charge), while Z p and Z p annihilate giving rise to lower 
dimensional branes with trivial bundle, as stated in the splitting principle. Moreover, if we 
consider a stack of pairs (Y p , Y p ) with gauge bundles E and F respectively, this is equivalent 
to consider gauge bundles E © G and F © G respectively, since, viewing the factor G as a 
stack of pairs (Z p , Z p ) with the same gauge bundle, we have that by tachyon condensation 
Z p and Z p disappear, leaving no other subbranes. This is exactly the physical interpretation 
of the stable equivalence relation of K-theory. This principle, as we will see, is an inverse of 
Sen conjecture, but we will actully use it to show Sen conjecture in this setting. 

Remark: the splitting principle holds only at rational level, since it involves Chern char- 
acters and y4-genus. At integral level, we do not state such a principle. 

K-theory 

Since we are assuming the the if-flux vanighes, in order not to be Freed- Witten anomalous 
the brane must be spin c , hence, since the whole space-time is spin c , also the normal bundle 
is. Thus we can consider the K-theory Gysin map %\ : K(WY P ) — > K(S). We recall the 
different iable Riemann-Roch theorem (v. [37] and |56j): 

ch(ii(E)) A A(TS) = 2#(ch(£) AeU A(T(WY p ))) . (10.5) 
Using fllO. 51) and (110.41) we obtain: 

i*CAdi(E) Aei A >/g£55» = / C A ch («■(£)) A J A(TS) . 
Thus we get: 

SD J C A ch (*,(£)) A \JA{TS) 

hence: 

Q WYp = ch^E) A y/A(TS) . (10.6) 
In this way, ( 110.61) is another expression for Qwy p with respect to (110.2j) . but with an impor- 
tant difference: the A-factor does not depend on Y p , hence all Qwy p is a function only of E. 
Thus, we can consider i\E as the K-theory analogue of the charge density, considered as an 
integral K-theory class. The use of Chern characters, instead, obliges to consider rational 
classes, which, although they have to come from integral ones for Dirac quantization, cannot 
contain torsion. 

Sen conjecture 

Let us consider the two expressions found for the rational charge density: 

Q$ Yp =i#(ch(E)AG(WY p )) 

QwYp = ch(i\E) A \J A(TS) . 
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Q WYp is exactly the charge density of a D9-brane (whose world- volume coincides with S), 
whose gauge bundle is the K-theory class i\E. Hence, expressing the charge in the form 

(2) 

Qwy p f° r eacn brane in our background is equivalent to thinking that there exists only one 
couple brane-antibrane of dimension 9 encoding all the dynamics. Hence we formulate the 
conjecture (v. [H2] and [66\): 

Sen conjecture: every configuration of branes and anti-branes with any gauge 
bundle is dynamically equivalent to a configuration with only a stack of coincident 
pairs brane-antibrane of dimension 9 with an appropriate K-theory class on it. 

To see that the dynamics is actually equivalent, we use the splitting principle stated above: 
since Qwy p = Qwy p i the brane Y p with the charge Qwy p anc ^ the D9-brane with charge Q^ Yp 
split into the same set of subbranes (with trivial gauge bundle). We remark that to state 
Sen conjecture is necessary that the if -flux vanishes. Indeed, space-time is spin c (space-time 
spinors exist), hence Freed-Witten anomaly cancellation for D9-branes requires that H = 0. 
Actually, an appropriate stack of D9-branes can be consistent for H a torsion class, but we 
do not consider this case in the present paper. 

To formulate both the splitting principle and the Sen conjecture, we only considered the 
action, hence only rational classes given by Chern characters and A-genus. Thus, we can 
classify the charge density in the two following ways: 

• as a rational cohomology class i # (ch(E) A G(WY P )) £ H CV (S, Q); 

• clS 8b rational K-theory class i\E £ Kq(S) : = K(S) ®z Q- 

These two classification schemes are completely equivalent due to the fact that the Chern 
character: 



is an isomorphism. This equivalence is lost at integral level, since the torsion part of K(S) 
and H ev (S,lt) are in general different. Moreover, since at integral level we do not apply the 
splitting principle, we do not really have Sen conjecture: the classification via Gysin map 
and cohomology are different, and the use of Gysin map is just suggested by the equivalence 
at rational level, i.e., by the equivalene of the dynamics. 

Moreover, for the integral case, we saw also the classification via AHSS. In the rational 
case, we can build the corresponding sequence AHSSq (v. [1]), terminating at the groups 
Qoo'°(S)i ft stabilizes at the second step, i.e. at the cohomology level. Hence, the 
class [i#(ch(E) A G(WY P ))} £ Q™'°(S) is completely equivalent to the cohomology class 




i#(ch(£) A G(WY P )) £ H CV (S, Q). 



10.2.3 Linking the classifications 



To summarize, we are trying to classify charges of D-branes in a compact euclidean space- 
time S. To achieve this, we can use cohomology or K-theory, with integer or rational 
coefficients, obtaining the possibilities showed in table 110. 1L 
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Integer 


Rational 


Cohomology 


PD 5 (g • WY P ) e H 9 ~p(S, Z) 


i # (ch(E)AG(WY p )) eH™(S,Q) 


K-theory (Gysin map) 


h{E) e K(S) 


ii(E) E Kq(S) 


K-theory (AHSS) 


{PD s (q-WY p )}eE^°(S) 


{i#(ch(E)AG(WY p ))}eQZ>°(S) 



Table 10.1: Classifications 



In the rational case, as we have seen, there is a complete equivalence of the three ap- 
proaches, since the three groups we consider, i.e. ® 2fe H 2k (S, Q), Kq(S) and @ 2fc Q^'°(S) 
are all canonically isomorphic. Instead, in the integral case there are not such isomorphisms 
(the three groups are all different), and there is a strong asymmetry due to the fact that in 
the homological and AHSS classifications the gauge bundle and the gravitational coupling are 
not considered at all, while they are of course taken into account in the Gysin map approach. 
Up to now we discussed the case of even-codimensional branes: that is because the Gysin 
map requires an even-dimensional normal bundle to be defined. We will discuss also the 
odd-dimensional case, considering the brane embedded in the suspension S 1 S of space-time, 
and the picture will be similar. 

Since the integral approaches are not equivalent, we have to investigate the relations 
among them: it is clear how to link the cohomogical class and the AHSS class, since the 
second step of AHSS is exactly the cohomology. Since we have seen the link between Gysin 
map and Atiyah-Hirzebruch spectral sequence, we can also link these two approaches. In 
fact, let us consider a Dp-brane Y p with world- volume WY P C S and gauge bundle E — > WY P , 
and let % : WY p -> S be the embedding. We proved that u(E) e Ker(K q (S) — ► K^S^ 1 )) 
for q — 10 — (p + 1), and that: 

{PD 5 (W p )} E .o = UE)\e^ ■ 

Thus, we can use AHSS to detect possible anomalies, then we can use the Gysin map to 
get the charge of a non-anomalous brane: such a charge belongs to the equivalence class 
which we have reached by AHSS, so that Gysin map gives more rich information. Two 
different bundles give the same information at the degree 9 — p, hence, their difference at 
this degree is a coboundary for some step of AHSS and so it carries zero charge. That's 
because the £'^" p ' (S')-class depends only on the restriction to the (9 — p)-skeleton of a CW- 
decomposition. Maybe the non-triviality of the bundle and the embedding can be seen at 
higher degrees: but, while for the rational case we have a complete splitting of i\(E) in all 
the degrees of Q^°(S) or Q^ d '°(S), this is not possibile at integral level, at least if the 
cohomology has torsion (the only case in which integral and rational classifications are really 
different). Thus, at integral level, we consider the AHSS-class {PDs(g • H^l^)} G E^ P '°(S) 
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as giving weaker information with respect to the K-theory class i\{E) G K{S), with the 
linking; given by the fact that the AHSS-class is exactly [i\(E)] G E^ P '°(S). 

10.3 D-brane charges and K-theory - Part II 

We now rediscuss the topics of section 110.21 without assuming compactness of space-time. 
We consider S = K 1 ' 3 x X for X compact. We will consider later also the case of X non 
compact. In a fixed reference frame, we call M = R 3 x I the space manifold. We assume 
the background metric to be the classical minkowski one rf^ on IR 1,3 . 

10.3.1 Review of cohomological description 

To calculate q, we think of the brane as a magnetic monopole, i.e., as a source for violation of 
Bianchi identity of the associated magnetic Ramond-Ramond field strength. For the p-brane 
Y p let us consider the corresponding magnetic field strength Gs- P and electric field strength 
Gp+2 = *G$- P . The violated Bianchi identity for the world-volume WY P is: 

dG 8 - P = 5(q ■ WYp) . (10.7) 

In co homology we get: 

[dG 8 -p] = PD jBM ( Si ( 7rRl 3 ( l yy p ))± i7r) (g ■ WYp) . 
For every fixed instant t, we put M t = {t} x M and Y Pjt = WY p PI M t . Then: 

[d Mt (G s 8 __ p \ Mt ) Jcpt = PDA/ t (g • Y p ,t) ■ 

We now consider a linking (8 — p)-cycle L of WY p in S with linking number /: by definition, 
there exists a (9 — p)-chain B such that #(-B, Y) = I and L = dB. Then (v. [58]): 

q = - f 8{q- WYp) = - f dG^p = - f G^p . (10.8) 

This is the way we recover q from the background data. The case q < corresponds to anti- 
branes. The charge q is conserved in time, actually all the homology class of the D-brane 
is conserved. In fact, in a fixed reference frame, let us consider two volumes Y Pitl and Y Ptt2 . 
Then we can consider the piece of the world-volume linking them, which is (WY p )\[ tltt2 ] X M- 
If we consider the canonical identification M tl ~ M t2 ~ M, we can consider both Y tl and Y t2 
as cycles in M. If we consider the projection n : 1 2 ] x M — > M, then 7r((WYp)\^ lit2 ] xM ) 
is a singular chain in M which makes Y tl and Y t2 homologous. Thus they have the same 
Poincare dual and they define the same charge. 

10.3.2 K-theoretical description 

In [27], within the standard homological description of D-brane charges, we described the 
D-brane charge density class: 
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leading, for a fixed reference frame, to a charge conserved in time: 

i,T,.«i e flr , " ,iBj,)1 ' ) (« ! xx). 

We can describe analogously the D-brane charge within the K-theoretical picture. In par- 
ticular we define the D-brane charge density as: 

i(w„j,,)M':i , «™ i 'i ( i«xi) 

and we can show that, for a fixed reference frame, it leads to a charge conserved in time: 

[(y p ,«,£:«,i t )] e jrr( ( *" (y ' j),x ")(R 3 xX). 

The fact that it is conserved in time depends on the fact that if we fix two volumes Y ptl and 
Y Pt t 2 we can consider the piece of the world- volume linking them, which is (WY p )\[ tu t 2 ]xM- If 
we consider the canonical identification M tl ~ M t2 ~ M, we can see both Y tl and Y t2 as cycles 
in M. If we consider the projection ir : [ti, £2] x M — > M, then (WY p \[ tltt , 2 ] xM , E\[ tl>t2 ] xM , ir o 
*l[ti,t2]xAf) makes Y tl and Y t2 K-homologous in M. 

We remark that K-homology is 2-periodic, thus only the parity of the gradation index is 
relevant. We also remark that the class conserved in time belongs to standard K-homology 
if the D-brane is a particle in the non-compact space-time directions M 1 ' 3 . 

We can now consider the corresponding cohomological version, involving in particular K- 
theory. Actually the approach via Gysin map turns out to be equivalent to the one via 
K-homology thanks to what we said in subsection 14.5.31 In particular, we define the charge 
density simply applying the Poincare dual, which we have seen to correspond to the Gysin 
map. Thus we get the charged density: 

[i,E]EK 9 - p , , JR^xX) 
and the charge conserved in time: 

The latter is conserved since it is the Poincare dual of a conserved K-homology class. This 
does not seem so evident if we consier directly the K-theoretical approach without referring 
to K-homology. Morover, we immediately see that charges in IIB theory are classified by 
K°(S) and in IIA theory by K 1 ^): the K-homology cycle has naturally the same dimension 
of the D-brane world- volume (since the gauge bundle lives in K°(WY P ), so the dimension of 
the cycle is the one of WY P ), thus by Poincare duality and considering the periodicity we 
get the analogous result for K-theory. We remark that the class conserved in time belong 
to usual K-theory if the D-brane is space-filling, which is actually a particular case by this 
point of view. For this case, the same considerations of [27] apply. 
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We now consider AHSS. In this case, since to have finite convergence of the spectral 
sequence we need to work with a finite CW-complex, we consider the one-point compacti- 
fication in the direction of the brane in IR 1 ' 3 and the disc compactification in the ortogonal 
directions, so that the brane becomes a non-trivial cycle with the suitable compactness 
hypoteses. Thus, calling V = (71^1,3 (WYp)) 1 - we get the charge density: 

{PD s (q ■ WY p )} G E 9 ^°(V + xWxX) 

and, calling W = (7^3 (Y^))- 1 , the charge conserved in time: 

{PD s (q ■ Y p>t )} G E g -P'°(W+ xW^xX). 

The same relation between Gysin map and AHSS holds. 

We can now show the analogous table of llO.ll without assuming compactness. In particular, 
we get table 1 10. "21 for the world- volume charge and table llO.TH for the charge conserved in time. 
In any case the charge conserved in time is the restriction at a fixed instant of the world- 
volume charge, and the link between the three charges is analogous to the one we found 
assuming compactness of space-time. 
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Integer 


Cohomology 


p D ^M( Kl ,3(W P ))X l7r ) 

6 U PJ/ cpt((7r K i,3(iyy p ))- L ,7r) V 7 


K-theory (Gysin map) 




K-theory (AHSS) 


{PD(g ■ »%)} 6 £jr'-"(( J r I „. s (»'y p ))+ x ( I r„ J (»%))-'- x X) 



Table 10.2: World- volume charge 





Integer 


Cohomology 




K-theory (Gysin map) 




K-theory (AHSS) 


{PD(g ■ »%)} 6 ^-'• c ((7r E .(F I ,, t ))+ x (ir BS (y p .,))J- x X) 



Table 10.3: Charge conserved in time 



Part IV 
Pinors and spinors 
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Chapter 11 
General theory 



11.1 General definitions 
11.1.1 Clifford algebras 

Definition 11.1.1 Given a real vector space with a bilinear form (V, (•,•)) its Clifford al- 
gebra C1(V, (■, ■)) is obtained from the free unit algebra generated by V and 1 quotienting by 
the relations: 

{v, w} = —2{v, w) . 

We denote: 

• Cl(n) = Cl(M. n ,g) with the usual euclidean scalar product g\ 

• Cl(p, q) = Cl(R p+q , 7] p,q ) with r] p,q the standard form of signature (p,q). In particular, 
CI (1, n — 1) = Cl(IR n , 77) with rj the usual minkowskian metric. 

Given a Clifford algebra C1(V), we have a natural embedding V C C1(V), and its image 
generates C1(V). Hence we have the following splitting: 

ci(y) = ci°oo©ci 1 oo (11.1) 

where C\°(V) is the subalgebra generated by products of an even number of vectors and 
C1 1 (V A ) is the subspace (not subalgebra!) generated by products of an odd number of vectors. 
It is easy to verify that this gives a structure of Z 2 -graded algebra to Cl(^). If we define the 
involution: 

L : C1(V) — ► C1(\0 

defined by l(v\ ■ ■ ■ v n ) — v n • ■ ■ v± and extended by linearity, we have that C\°(V) and C1 1 (V A ) 
are the eigenspaces of 1 and —1 of 1. 

Given a Clifford algebra C1(V), we can consider its complexification: 

ci(y) = a(y) ® K c. 



215 



216 



CHAPTER 11. GENERAL THEORY 



The complexified algebra still has a natural splitting: 

C\(V) = Cf(V)®C\ 1 (V) (11.2) 

defined in the same way since the vectors still generate (by products and complex linear 
combinations) the algebra. Clearly C\°(V) and C1 1 (V A ) are the complexifications of C1°(V) 
and CI 1 00. 

11.1.2 Pin and Spin 

Definition 11.1.2 Let V be a real vector space and C1(V) its associated Clifford algebra. 
We define a unit vector as a vector ofV C C1(V) with square norm ±1. Then: 

• Pm{V) is the subgroup of(Cl(V),-) whose elements are products of unit vectors and 

±1; 

• Spin(^) = Pin(V^) n C\°(V) is the subgroup of (C1(V), •) whose elements are ±1 and 
even products of unit vectors. 

We can define an action Ad of the non-null vectors of V C Cl(V^) on V itself and this 
action naturally extends to Pin(V) and Spin(V^). In particular, we put: 

Ad v (w) := -v ■ w ■ ir 1 . (11.3) 

It is easy to verify that, for non-degenerate bilinear forms, Ad^ is the reflection with respect 
to the hyperplane f -1 , so that in particular Ad v (V) = VWv G V. In fact, decomposing 
w = ctv + (3V 1 - and considering that v^ 1 = — j^z, we have: 

Ad v (w) := - — — v ■ (av + (3v L ) ■ v = (av 3 — fty 2 !!" 1 ) = —av + (3v L . 
\\ v \\ \\ v \\ 

Since reflections are generators of orthogonal transformations, we have a natural surjective 
map: 

7T : Pin(V) -> 0(V) . 

it is a 2 : 1 covering, since the reflection with respect to v or —v is the same operation, i.e., 
Ker(7r) = ±1. Since a product of an even number of reflections is a rotation and viceversa, 
7r restricts to a surjection: 

7T : Spin(V r ) -> SO(V) 
which is still a 2 : 1 covering with kernel ±1. 

Remark: the groups 0(V) and SO(V) are thought with respect to the fixed metric (or 
pseudo-metric) (■,■). 
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11.1.3 The structure of complex Clifford algebras 

We start from the structure of the complexified Clifford algebras, since it is particulary 
simple. First of all, it is clear that Q(p, q) — C\(p+q), since Cl(p, q) is canonically isomorphic 
to the free algebra obtained from the complex vector space C p+q with the scalar product 
extended by linearit}0 and with relations {v,w} = —2{v,w): since the extended product 
depends up to isomorphism only on the rank p + q, we get Cl(p, q) ~ Cl(jo + q). 

Lemma 11.1.1 There is an isomorphism: 

C\(n + 2) ~ Q(n) ® c Cl(2) 

given in the following way: 

• we consider on C n the C-linear extension of the euclidean scalar product of MP; 

• we fix {ei, . . . , e n } an orthonomal basis ofC n , {e[, e' 2 } an orthonomal basis of C 2 and 
{fi, ■■■,fn, fn+i, fn+2} an orthonomal basis ofC n+2 ; 

then an isomorphism is: 

1 1 

fi — > ei ® ie[e' 2 

fn > C n ® i&^&2 

/ n+ i -> \®e' x 
f n+2 -> 1 <g> e' 2 . 

Proof: It is easy to prove that the images of the f/s are linearly independent in Cl(n) (8>c 
Cl(2). We now verify the behaviour with respect to the product. We first notice that 
{ie^ 2 f = -eWAe'2 = (e;) 2 (e 2 ) 2 = (-1)(-1) = 1. Thus: 

• {et ® ie'^'2, ej <S> ie'^} = {ei, e-,} <S> (^e^) 2 = —5^ <8> 1 = —5^] 

• {1 ® e'i, 1 ® e;.} = 1 ® {4 e;.} = 

• {ej <g> ie^e' 2 , 1 <g) e^} = ® %{e' x e! 2 e^ + e^e'^) = 0. 

Thus the linear mapping in the statement can be extended to an algebra homomorphism 
and, by dimensional reason, it is an isomorphism. □ 

Lemma 11.1.2 

1. Cl(l) ~ C©C; 
8. Cl(2) ~ M(2,C). 

1 Thus the extension is a bilinear form, not an hermitian product. 
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Proof: For the first, Cl(l) is generated by 1 and eo with e\ = —1. Let us consider the base 
v = |(l + e ) and = — e ). Then it is easy to prove that (a v + aiVi)(/3 v + PiVi) = 
(a p )v + (a 1 p 1 )v 1 , so that Cl(l) ~ C © C. 

For the second, Cl(2) is generated by 1, eo, e\ with e 2 = —1 and {eo,ei} = 0. Let us 
consider the following map Cl(2) — > M(2, C): 



1 



1 0" 




~i 0" 




' 1" 


1 


e -> 


i 


e 1 -> 


-1 



It is easy to prove that this map is an algebra isomorphism. □ 

From the two previous lemmas, we immediately deduce the following theorem: 

Theorem 11.1.3 

• Cl(2fc) ~ M(2 fc ,C); 

• Cl(2fc + 1) ~ M(2 fc ,C)©M(2 fc ,C). 

□ 

11.1.4 The structure of real Clifford algebras 

11.1.5 Spinors 

Even-dimensional case 

Let us start with the even-dimensional case: since C1(2A;) ~ M(2 fc ,C), it has a unique 
irreducible representation $ up to isomorphism, i.e., the foundamental one acting on C 
by matrix multiplication. For p + q = 2k, one has Spinfjo, q) C Cl(p, q) C Cl(2/c), thus $ 
restricts to a representation p : Spinfjo, q) — > GL(2 k , C). 

Definition 11.1.3 The elements of C 2 ^ , thought as a Spin(j>, g) -module, are called (p,q)- 
Dirac spinors. 

Although the representation of Cl(2k) on <C? k is irreducible, its restriction of Spin(p, q) 
is not. In fact, for an orthonormal basis {ei, . . . , e2k\ of M. p+q , let us consider the product 
e = ei---e 2 fc € Spin(p, q) C C\(2k). It anti-commutes with every e^, since ei---e 2 fcej = 
( — l) 2fc ~ 1 ejei ■ • ■ (the —1 at the exponent is due to the fact that when e, encounters 
itself there is no exchange to do), thus it commutes with every element of Spin(p, q), since 
the latter are linear combinations of even products e^ • • -e^: hence, e is a Casimir of the 
representation p. Moreover: 

e 2 = ei • • • e 2fcei • • • e 2fc = (-l) 2 ^ 1 • (-l) 2fe ~ 2 • ■ ■ {-lfe\ ■ ■ ■ e\ k 
= (_l) e ^.(_l) P = (_l)fc+ P 



thus the only possible eigenvalues of p(e 2 ) are ±1 for k + p even and ±z for k + p odd. 
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Definition 11.1.4 The chirality element of Cl(p,q), with p + q = 2k, is: 




ei • ■ ■ e 2 k ■ 



In this way the eigenvalues of e c are always ±1. Therefore, the representation p splits into 
two representations C 2 = S + © S~, where S* 1 * 1 are the ±l-eigenspaces of e c . It turns out 
that S + and S~ are irreducible. 

Definition 11.1.5 The elements of S + and S~ , thought as Spin(j>, q) -modules, are called 
Weyl spinors or chiral spinors. 

Since Cl(p, q) C Cl(2fc), we can restrict the foundamental representation $ to a complex 
representation tp : Cl(p,q) — > M(2 fc ,C). Identifying C 2 with M 2 + , we can also think tp 
as a real representation ^ : Cl(p, g) — > M(2 fc+1 ,IR). It can happen that p^ is reducible in 
IR 2 +1 = Sr © IS-®.- If, for example, we can represent Cl(p, q) by real matrices, we can choose 
5*18 = M. 2 . Since SpinQo, q) C C\(p, q), when we have such a decomposition we can restrict 
p R to p R : Spin(j9, q) — > End R (5 , R ). 

Definition 11.1.6 T/ie elements of Sk, thought as a Spm(p,q) -module, are called Majorana 
spinors. 

When Sm. exists, it may be compatible with the chirality decomposition or not, i.e, it can 
happen that Sr = © for S^jr = Sr fl S ± . 

Definition 11.1.7 The elements ofS^, thought as a SpinQo, q) -module, are called Majorana- 
Weyl spinors. 

Odd-dimensional case 

11.1.6 Lie algebra of the spin group 

Since SpinQo, q) C C\(p,q), the latter being a vector space, we have that the Lie algebra of 
Spin(p, q), i.e., so(p, q), can be naturally embedded in the tangent space TiQ(p, q) ~ Cl(p, q). 
We claim that, for an orthonormal basis e±, . . . , e n of (IR P+I3 , r] p,q ), the Lie algebra is generated 
as a vector space by the double products e-fij for i < j. In fact, if and ej have both square 
norm 1 or —1 we can consider, for any i £ R, the unit vector u(t) = — cos(t)ei + sin(t)e2 
and the curve in Spin(p, q) given by (p(t) = t\ -u{t) = cos(t) + sin(t)eie2- Then, 0(0) = e^. 
Instead, if e« and tj have square norm with opposite sign, we consider u{t) = — cosh(t)ei + 
sinh(t)e2 and we argue in the same way. Thus, the vector space (ejej)j<j is contained in the 
Lie algebra: for dimensional reason, it coincides with it. 

We now claim that an explicit isomorphism from so(p, q) thought as the Lie algebra of 
SO(p, q) C GL{p + q, R), and so(p, q) thought as the Lie algebra of Spin(p, q) C Cl(p, q), is 
given by: 
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for i < j. In fact, we just need to check the commutator rules of the r.h.s.: 

[ 2 6q6/3, ~2&[i&v\ 4(60.6^36^6^ 6/^61/606/3) 

so that we have the following two possibilities: 

• if {a, /9}n{/i, u} = 0, then e^e v e a ep = e a epe^e v since we have to perform two exchanges 
for e v and two for e M , getting (— l) 4 = 1; in this case the commutator is 0; 

• if, for example, a = /x, we have e a epe^e v = —rj aa e^e u and e^e v e a ep = —r) aa e v ep = 
rj aa epe U) so that the anticommutator gives — \r] aa epe u , coherently with the fact that 
[M ia P\ M {av *>} = -T] aa MP u . Similarly for the other cases. 

Remark: Usually ^e^ej is written in the form \[ei,ej}. 

11.2 Two dimensional spinors 

11.2.1 Clifford algebras of dimension 1 and 2 
Lemma 11.2.1 

• Cl(l) = C, C1(1,0) = R®R; 

• Cl(2) = M, Cl(l,l) = M(2,R). 

Proof: Cl(l) = (l,ei) with e\ = —1, hence identifying e\ with % we have the isomorphism 
with C. Morover, C1(1,0) = (l,ei) with e\ = 1. If we put e± := |(1 ± ei), we have that 
C1(1,0) = (e_,e + ) with e± = e± and e_e + = 0. Hence the isomorphism with R © K is 
obtained by the identifications e_ ~ (1, 0) and e + ~ (0, 1). 

We have that Cl(2) = (1, ei, e 2 , eie 2 ) with = e\ = —1 and (eie 2 ) 2 = — 1. It is easy to 
verify that the identifications e\ ~ i, e 2 ~ j, ~ give the isomorphism with H. Finally, 
Cl(2) = (1, ei, e 2 , eie 2 ) with e 2 = 1, e 2 = —1 and (eie 2 ) 2 = 1. The isomorphism with M(2, R) 
can be given for example by the identifications: 





"1 


0" 




"-1 0" 




" r 




" -1" 







1 


ei ~ 


1 


e 2 ~ 


-1 


eie 2 ~ 


-1 



□ 



Cl(l, 1) is obviously a real subalgebra of M(2, 
be described by the matrices of the form: 

a (3 
—[3 a 

So we have for example the identifications: 
1 



C). The same is true for Cl(2), since EI can 
a, /3 EC. 



"1 


0" 




'% " 




" r 




"0 i 





1 


ei ~ 


-i 


e 2 ~ 


-1 


de 2 ~ 


i 
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and Cl(2) is given by the real combinations of these matrices. Hence, we have the following 
lemma: 

Lemma 11.2.2 

• Cl(l) = C1(1,0) =c©c,- 

• Cl(2) = Cl(l,l) = M(2,C). 

□ 

Remark: The lemma is a particular case of a general fact: the complexification Cl(p, q) 
depends only on p + q. 



11.2.2 Pin and Spin in the euclidean case 

The generic unit vector in Cl(2) is given by ug = cos(6 l )ei + sin(0)e2, while the generic vector 
is v — Aei + \xe-i. The product of two unit vector is given by: 



Uij) ■ uq = (cos(^)ei + sin('0)e2) • (cos(#)ei + sin(#)e2) 
= cos(7r + if) — 6) + sin(7r + if) — 9)eie2 
= cos(p) + sin(p)eie 2 . 



;ii.4) 



We have proven that the generic unit vector ug acts on IR 2 as reflection along the hyperplane 

ust looking at the action on e\ and e<i) that the representative 
-cos(2#) -sin(2^)" 
- sin(2#) cos(2^) 

one can verify that the composition of two reflections u$ ■ ug is a rotation by 2 (ip — 6), i.e., 
a rotation by 



Ug. One can easily verify (; 
matrix of such reflection is 



Multiplying the representative matrices 



Now we verify these relation within the Clifford algebra Cl(2). We choose representative 
matrices so that the elements of the spin group All .4j) are rotations: 



Hence, we have: 





"1 


0" 




"z " 




"0 i 




"0 -1 







1 




-i 


e 2 ~ 


i 


eie 2 ~ 


1 



Uq 



i cos(9) 
i sin(6 l ) 



S p = U,p- Ug 



i sm(9) 
—i cos(6 l ) 

cos(p) — sin(p) 
sin(p) cos(p) 



;ii.5) 



2 To verify the representative matrix we can also check that the vector (cos(0), sin(0)) is sent to its opposite 
and that its ortogonal (— sin(0), cos(0)) is sent into itself. Moreover, we can see that ug and — ug generate 
the same reflection, since —ug = u^+g, but 2(tt + 6) = 29. 
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where p = it + ip — 6. In particular, we see that Spin(2) ~ S0(2), they are both isomorphic 
to U(l) via s p — > e tp . The generic vector v = Aei + pe 2 is given by: 

iX ifi 
ifi —iX 

We can now explicitely calculate the action of Pin(2) and Spin(2) on M 2 , starting from 
Spin(2): 



cos(p) — sin(p) 
sin(p) cos(p) 



cos(p) sin(p) 
-sin(p) cos(p) 



iX ifi 

ifi —iX 

X cos(2p) — p sin(2p) A sin(2p) + p cos(2p) 

A sin(2p) + p cos(2p) p sin(2p) — A cos(2p) 



corresponding to the vector: 



cos(2p) 


— sin(2p) 




"A" 


sin(2p) 


cos(2p) 







Similarly: 



u e [v 



icos(8) isin(6) 
isin(^) — ^08(6*) 



icos(9) —ism(9) 
isin(6 l ) icos(0) 



iX ifi 
ifi —iX 

-X cos(2#) - p sin(2#) -A sin(2^) + p cos(2#) 
-A sin(2^) + p cos(2#) A cos(2^) + p sin(2#) 



and the result corresponds, as aspected, to the vector: 



cos(2#) 


-sin(2^)" 




"A" 


sin(2#) 


cos(2^) 







S0J2) is connected, while 0(2) has two connected component, diffeomorphic one to the 
otheio: one is SO (2), which is a subgroup, the other is 0(2) and is given by the trasfomations 
connected to —1. Similarly, Spin(2) is connected, since it is a 2:1 covering of the connectet 
group S0(2) with kernel ±1, and 1 and —1 are in the same connected component: in fact, 
consider the path <p(t) = cos(nt) + sin(7rt)eie 2 . Instead, Pin(2) as two connected component 
Spin(2) and Pin(2), which are connected coverings of 5*0(2) and 0(2). As Spin(2) ~ S0(2), 
similarly Pin(2) ~ 0(2). 



11.2.3 Two dimensional euclidean spinors 

We now construct the complex spinor representation. Since Cl(2) = M(2,C), then C 2 is 
naturally an irriducible Cl(2)-module, which we denote by S. By the embedding Spin(2) C 
Cl(2) C Cl(2), we can consider S as a representation of Spin(2). By (111.51) . we can see that 
the generic element s p acts on S simply as a rotation by p, extended by C-linearity. 



3 Thus, the group manifold of 0(2) is S 1 x S 1 . 
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S is irreducible as CI (2) -module, but it become reducible with rispect to Spin(2). Infact, 
we have two joint eigenspaces for Spin(2)-elements: 



cos(p) — sin(p) 

sin(p) cos(p) 

cos(p) — sin(p) 

sin(p) cos(p) 





" 1 " 


= e~ ip 


' 1 " 




i 




i 




' 1 " 


= e ip 


' 1 " 




— i 




— i 



;ii.6) 



Hence we have a splitting S = S © S + , with S = C as vector space, on which an element 
of Spin (2) acts as a real rotation by — p and p respectively. 

Definition 11.2.1 The elements of S are called (2- dimensional) spinors or Dirac spinors, 
the elements of S~ and S + are called chiral spinors or Weyl spinors. 

We have seen two actions of the spin group: 

• s p acts via Ad on IR 2 C Cl(2) as a rotation by 2p; 

• s p acts on S by a rotation of ±p. 

The first action is actually an action of SO(2), since s p = s p+n , in particular —1 = 5^ = 1. 
The second one, instead, is an action of Spin(2) not passing to the quotient. As Spin(2) is 
a 2:1 covering of SO(2), similarly we can see S ± as a 2:1 covering of IR 2 , but we have to 
remove the origin. In particular, we construct a morphism of (real) representations sending 
a vector r ■ e ld G S — C to the vector r ■ e ±2t6 £ IR 2 ~ C. The explicit morphisms, which 
are 2:1 covering outside 0, are given by: 



cp : b 



' 1 " 




"1" 




" 1 " 




"0" 















1 



;n.7) 



We can thus imagine a Weyl spinor as a vector corresponding to its double-rotated, so 
that a vector and its opposite have the same image. A Dirac spinor is simply a couple of 
Weyl spinors rotating in opposite directions. 



Moreover, the representative matrix of s p is real. Hence we have a decomposition of S = C z 



in two real representations 



which we denote by S = Sr © iS^. 



Definition 11.2.2 The elements ofS^ andiSiR are called (2- dimensional) Major ana spinors. 

Looking at the action of Spin(2) on Sr and z'Sr, it is a usual rotation. This is due to 
the fact that Spin(2) ~ 50(2) since they are both isomorphic to U(l). However, it is not 
correct to reduce this action to rotations via a covering of IR 2 , since there is not a definite 
chirality. 
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Remark: the fact that the components of a Majorana spinor are both real or both imagi- 
nary, is a consequence of the fact that we have represented e\e 2 by a real matrix. Otherwise, 
we would however have the decomposition of S in two real representations of Spin(2), each 
formed by real linear combinations of two fixed complex vectors. 

We obtained two splittings of S, given by S = S~ © S + and S = Sr © iS^. These two 
decomposition are not compatible, in the sense that the factors of the Majorana splitting 
are not themselves splitted by the Weyl decomposition, i.e., Majorana-Weyl spinors does not 
exist in the two-dimensional euclidean setting. 

11.2.4 Pin and Spin in the minkowskian case 

Let us now analyze the structure of SO(l, 1) and 0(1,1). If we fix the vector e\ = (1, 0) e M 2 , 
a euclidean rotation by 9 moves it to the unit vector eg such that 9 is the lenght of the arc 
in S 1 between e\ and eg. In the minkowskian setting, let us consider the right component of 
the hyperbola H l = x 2 — y 2 — 1: it is the hyperbola with asympotics y = x and y = —x, 
passing through (1,0). A minkowskian rotation by 9 moves e\ to the vector eg such that 9 
is the length of the arc in H l between e\ and eg. The matrix of such rotation is: 



cosh(#) sinh(6 l ) 
sinh(#) cosh(#) 



'11.81 



The behaviour of e 2 = (0, 1) is analogous for the upper component of the hyperbola x 2 — y 2 = 
— 1. Any vector (v%, v 2 ) moves on the hyperbola x 2 — y 2 = ±a 2 passing through it. Actually 
50(1, 1) is not connected: the transformations (111.81) are the component SO°(l, 1) connected 
to the identity. 

The other component is S'0 1 (1, 1), connected to the inversion i : (t>i,i>2) - * (—Vi, — 1*2)- 
It is made by transformations obtained composing 1 with anyone of (]11.8j) . In particular, 
1 flips the two components of the hyperbola passing through a point. The matrix of such 
transformations are: 

- cosh(#) sinh(6 l ) 
sinh(6 l ) — cosh(6*) 



;ii.9) 



0(1, 1) has 4 connected components: two are S'O (l, 1) and S'0 1 (1, 1), the other two are 
0°(1,1), connected to the time inversion^ r : (fi,^) ~" *■ (^l; - ^2), and 1 (1,1), connected 
to the space inversionE] k : v 2 ) — > (— v±, v 2 ). Matrices for such tranformations are: 



O (M) 



cosh(^) — sinh(^) 
sinh(^) — cosh(6*) 



0^1, 1) 



— cosh(#) sinh(^) 

— sinh(^) cosh(#) 



We then define in the obvious way 0°(1, 1) 
O^l, 1). Of course, SO°(l, 1) and 0°(1, 1) 
cosets. 



= SO°(l,l)UO°(l,l) and 0^1,1) = SO x {l, 1)U 
are subgroups, while 5'0 1 (1, 1) and 1 (1, 1) are 



4 Time is the negative-definite direction. 

5 We could exchange the definitions of (1, 1) and (1, 1), since they are not canonical. 
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The generic unit vector in Cl(l, 1) is given by: 



uf = sinh(6 l )ei ± cosh(6>)e2, ||^6»|| 2 = 1 
= ±cosh(0)ei + sinh(6')e2, ||^|| 2 = — 1 



(11.10) 



The product of two unit vector can be of the form: 



± cosh(p) + sinh(p)eie 2 
sinh(p) ± cosh(p)eie 2 . 



(11.11) 



In particular, the following relations hold: 




±{ip+e)- 



±(V+6») 



Of course Spin(l, 1) is not connected, since there is at least the topological subdivision 
Spin(l, 1) = Spin°(l, 1) U Spin 1 (l, 1), but it turns out that neither Spin°(l, 1) is connected, 
since Spin(l, 1) is the trivial 2:1 covering 50(1, 1) x 5*0(1, 1). In particular, Spin(l, 1) has 
the 4 connected components corresponding to fill. lip . 

We have proven that the generic unit vector ug acts on M 2 as reflection along the hyperplane 
We now compute the representative matrix of such a reflection r{ujf). For ug = 
(± cosh 9, sinh 9), one has Ug = (sinh^, ±cosh6>): in particular, ug lives on x 2 — y 2 = 1, 
while Uq is its reflection with respect to y = x and lives on x 2 — y 2 = —1. Moreover, 
(1,0) = icosh^ ■ (± cosh 9, sinh 9) — sinh# • (sinh^, ±cosh#), thus it is sent by t{u^) to 
=Fcosh^ • (± cosh 9, sinh 9) — sinh# • (sinh 9, ± cosh 9) = (— cosh 29, =F sinh 29). Similarly, 
(0,1) = — sinh# ■ (± cosh 9, sinh 9) ± cosh# • (sinh 9, ± cosh 9), thus it is sent by t{u^) to 
sinh# • (± cosh 9, sinh 9) ± cosh^ • (sinh 9, ± cosh 9) = (± sinh 29, cosh 29). At the end, the 
representative matrix is: 



Since vq = Uq, for vg we obtain the same result reflecting with respect to the other component 
of the decomposition of (1, 0) and (0, 1), thus we get: 



Multiplying the representative matrices one can verify that the composition of two reflections 
Uip ■ uq is an element of 5*0(1, 1) corresponding to 2(ip — 9), which we call 2p0 

6 A non-degenerate bilinear form, as the minkowskian one, defines an orthogonal space even if it is not 
positive-definite. 

7 In particular, one can see that ug and — ug generate the same reflection. 



cosh(±2#) sinh(±2#) 
sinh(±2#) cosh(±20) 



cosh(±2fl) 
sinh(±2#) 



sinh(±2fl) 
cosh(±2#) 
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Now we verify these relations within the Clifford algebra Cl(l, 1). We choose representative 
matrices so that the elements of the spin group (11 1.1 II) are rotations: 



"1 


cf 




"1 " 




" f 




"0 


1" 





1 




-1 


e 2 ~ 


-1 


eie 2 ~ 


1 






Hence, we have, for example: 



u. 



sinh(#) cosh(#) 
- cosh(6 l ) — sinh(#) 

- cosh(p) sinh(p) 
sinh(p) — cosh(p) 



11. 12) 



where p = — 6). The generic vector v = Xe± + pe 2 is given by: 

A n 
-fi —A 

We can now explicitely calculate the action of Pin(2) and Spin(2) on IR 2 , starting from the 
Spin group action. We have: 



- cosh(p) sinh(p) 
sinh(p) — cosh(p) 



A 



-A 



— cosh(p) — sinh(p) 

— sinh(p) — cosh(p) 



A cosh(2p) + p sinh(2p) A sinh(2p) + p cosh(2p) 
—A sinh(2p) — p cosh(2p) —A cosh(2p) — p sinh(2p) 



corresponding to the vector: 



cosh(2p) sinh(2p) 
sinh(2p) cosh(2p) 





"A" 







If we do the same computations for the other families of (11 1.1 II) . we find the following 
scheme: 



Spin(l,l) element 



Action on vectors 



cosh(p) sinh(p) 
sinh(p) cosh(p) 



cosh(— 2p) sinh(— 2p) 
sinh(— 2p) cosh(— 2p) 



- cosh(p) sinh(p) 
sinh(p) — cosh(p) 



cosh(2p) sinh(2p) 
sinh(2p) cosh(2p) 



;n.i3) 



sinh(p) cosh(p) 
cosh(p) sinh(p) 



- cosh(2p) sinh(2p) 
sinh(2p) — cosh(2p) 



sinh(p) — cosh(p) 
— cosh(p) sinh(p) 



— cosh(— 2p) sinh(— 2p) 
sinh(— 2p) — cosh(— 2p) 
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For the Pin group action, we also consider the single unit vectors, obtaining the following 
scheme: 



Pin(l,l) element 



Action on vectors 



cosh(6 l ) 
— sinh(6 l ) 



sinh(#) 
— cosh(#) 

sinh(#) - 
cosh(6 l ) - 



sinh(#) 
- cosh(6 l ) 



— cosh(#) sinh(6>) 

— sinh(0) cosh(0) 



cosh(#) 
— sinh(6 l ) 



cosh(#)' 
sinh(#) 



cosh(-2#) sinh(-2#)~ 
■smh(-20) cosh(-2#) 



-cosh(2#) sinh(2#) 
- sinh(2#) cosh(20) 



cosh(-20) -sinh(-2#)" 
sinh(-2#) -cosh(-20) 



cosh(2#) -sinh(2#) 
sinh(2#) - cosh(2#) 



(11.14) 



11.2.5 Two dimensional minkowskian spinors 

We now construct the complex spinor representation. Since Q(2) = M(2,C), then C 2 is 
naturally an irriducible Cl(2)-module, which we denote by S. By the embedding Spin(l, 1) C 
Cl(l, 1) C Cl(2), we can consider S as a representation of Spin(l, 1). By the scheme ( 111.131) . 
we can see that the generic element s p acts on S simply as an element of 0(1, 1). 



S is irreducible as Cl(2)-module, but it become reducible with rispect to Spin(l,l). In 
fact, we have two joint eigenspaces for Spin(l, l)-elements, generated by (1, 1) and (1, — 1) 
respectively, with the following scheme: 







(1,-1) 


b p 


e p 


e~P 




-e~ p 


-e p 


n 


eP 


-e~ p 




-e~ p 


e p 



Hence we have a splitting S = S ®S + , with 5" = C as vector space, on which an element 
of Spin(l, 1) acts as a real rotation by — p and p respectively. 

Definition 11.2.3 The elements of S are called (2- dimensional) spinors or Dirac spinors, 
the elements of S~ and S + are called chiral spinors or Weyl spinors. 

We have seen two actions of the spin group: 

• s p acts via Ad on IR 2 C Cl(2) as a rotation by 2p; 

• s p acts on S by a rotation of ±p. 
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The first action is actually an action of SO (2), since s p = s p+7T , in particular — 1 — s w = 1. 
The second one, instead, is an action of Spin(2) not passing to the quotient. As Spin(2) is 
a 2:1 covering of SO(2), similarly we can see S ± as a 2:1 covering of IR 2 , but we have to 
remove the origin. In particular, we construct a morphism of (real) representations sending 
a vector r ■ e ld G S ~ C to the vector r ■ e ±2t6 G IR 2 — C. The explicit morphisms, which 
are 2:1 covering outside 0, are given by: 



" 1 " 




Y 


±i- 


" 1 " 




"0" 









e 4 


















1 



We can thus imagine a Weyl spinor as a vector corresponding to its double-rotated, so 
that a vector and its opposite have the same image. A Dirac spinor is simply a couple of 
Weyl spinors rotating in opposite directions. 

Moreover, the representative matrices of and are real. Hence we have a decomposi- 
tion of S = C 2 in two real representations C 2 = IR 2 © zIR 2 , which we denote by S = Sr (BiS^. 

Definition 11.2.4 The elements of Sr andiS^ are called (2- dimensional) Majorana spinors. 

Looking at the action of Spin(2) on Sr and zSr, it is a usual rotation. This is due to 
the fact that Spin(2) ~ 5*0(2) since they are both isomorphic to U{1). However, it is not 
correct to reducible this action to rotations via a covering of 1R 2 , since there is not a definite 
chirality. 

Remark: the fact that the components of a Majorana spinor are both real or both imagi- 
nary, is a consequence of the fact that we have represented e\e2 by a real matrix. Otherwise, 
we would however have the decomposition of S in two real representations of Spin(2), each 
formed by real linear combinations of two fixed complex vectors. 

We obtained two splittings of S, given by S = S~ © S + and S = Sr © iSj&- These two 
decomposition are not compatible, in the sense that the factors of the Majorana splitting 
are not themselves splitted by the Weyl decomposition, i.e., chiral real spinors does not exist 
in the two-dimensional euclidean setting. 

11.3 Four dimensional minkowskian spinors 

We have an analogue of lemma 111. 1.11 for the real case: 
Lemma 11.3.1 There is an isomorphism: 



Cl(p+l,g+l) ~Cl(p,g) © K Cl(l,l) 
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given by, for {eo, . . . , £ q -i, eo, • • • , an orthonomal basis of (IR n , rf' q ), {e' Q , e' } an or- 

thonomal basis o/(IR 2 , 77) and {</? 0) • ■ • , (Pq-i, fq, /o> • • • > /p-ij /p} an orthonomal basis of^ n+2 

p+l,q+l\ . 



V 



1 

¥>0 



1 

e ® 4 e o 



/o 



1 ® 4 
e ® 4 e o 



/p-i 
/p 



Proof: It is easy to prove that the images of the fj's are independent in Cl(p, q) <8>rC1(1, 1). 
We now verify the behaviour with respect to the product. We first notice that (ed e d) 2 = 



£ d e d £ o e o 



-(!)(-!) = 1. Thus: 



{Si g> £ e o> £ i ® £ 'o e 'o} = i £ ii £ A ® (4 e o) 2 = 5 ij ® 1 = 



{e, g> 4 e 0' e j ® 4 e d) = l e i' e i) ® (4 e d) 2 = ® 1 



{£i <g> e' e' , ej ® e e } = e^} ® (4 e d) = ® 1 = 0; 



{e^ <g> £ e , 1 <g> e' } = e { ® (e' e' e' + e' Q e' Q e' Q ) = 0; 



Thus the linear mapping in the statement can be extended to an algebra homomorphism 

and, by dimensional reason, it is an isomorphism. 

□ 



In particular, by the previous lemma we have that Cl(l,3) ~ Cl(l,l) ®r C1(0, 2), i.e., 
Cl(l,3) ~ M(2,H). We thus construct the isomorphism at matrix level. We consider the 
identifications for C1(0, 2) ~ H and Cl(l, 1) ~ M(2,R): 



1 
1 



e 



i 
-i 



ei 



i 
z 



e ei 



-1 

1 



1 
1 



1 
-1 



1 
-1 



4 e d ~ 



1 

1 
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Thus we get for Cl(l, 3): 



e ~ 



1 

1 


















T 1 ~ 1 



e ~ 








1 

1 



-10 



e <g> 4 e o 



The chirality matrix is given by: 









i 














— % 


i 














—i 









ei 



r ---r a 



-1 
10 
0-100 
10 



% 

% 

% 

1 



Chapter 12 

Pin and Spin structures 



12.1 Pinors vs Spinors 
12.1.1 Preliminaries on pinors 

We recall that the group SO(n) has a unique 2-covering Spin(n), while the group 0(n) 
has two inequivalent 2-coverings Pin ± (n), obtained from the Clifford algebras with positive 
and negative signature respectively, as explained in [35] (for Clifford algebras we use the 
convention vw + wv = 2{v,w), without the minus sign). Let p^ 1 : Pin ± (n) — > 0(n) be 
such 2-coverings with kernel {±1}, both restricting to p : Spin(n) — > SO(n). If we fix a 
the canonical basis {ei, . . . ,e n } of M n and we denote by ji the reflection with respect to 
the hyperplane e^, we have that 0(n) = (SO(n),ji), and (p ± ) _1 ({l, ji}) = {±l,±ei}: the 
latter is isomorphic to Z4 if e\ = — 1 and to Z2 © Z2 if e\ = 1, that's why in general we get 
non-isomorphic coverings. For details the reader can see (45j . 

Definition 12.1.1 Let tt : E — > M be a vector bundle of rank n with a metric and let 
/Tq : Po-^ ^* M be the principal 0(n)-bundle of orthonormal frames. A pin ± structure on 
E is a principal Pin (n) -bundle vr Pin ± : P Pin ±E — * M with a 2-covering £ : P Pin ±E — > PoE 
such that the following diagram commutes: 

P Pin± £ x Pin^n) — P Pin± £ 




P E x O(n) : ^P Q E 



Definition 12.1.2 Two pin^ structures (^p^i,^) and (7r pi ± ,^ /=t ) are equivalent if there 
exists a principal Pin -bundles isomorphism if : P Pin ±E — > P pin ±E such that £' o if — £. 

Similarly to the case of spin structures, there is a simply transitive action of H l (M, Z 2 ) on 
pin ± structures on a bundle E — > M. Given a good cover it = {U a } ae i of M, the bundle E 
is represented by 0(n)-valued transition functions {g a p\- A pin 1 * 1 structure is represented by 
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Pin ± (n)-valued transition functional {s af 3} such that p ± (s a p) = g a p] all other pin 1 * 1 structures 
are represented by {s a p ■ e a p} for {e a p\ a Z 2 -cocycle and depend up to equivalence only by 
[{ £ q/?}] ^ iP (M, Z 2 ). In particular, this implies that if there exist both Pin + and Pin - 
structures, their number is the same. Given a real vector bundle it : E M the following 
conditions hold: 

• E admits a Pin + -structure if and only if 102(E) = 0; 

• E admits a Pin~-structure if and only if m; 2 (P) + W\(E) U W\(E) = 0. 

For the proof the reader is referred to [33]. As for spin structures, a pin structure on a 
manifold is by definition a pin structure on its tangent bundle. 



Let M be a manifold of dimension 2n. Given a pin 1 * 1 structure £ : P Pin ±M — > PoM and 
an isometry <p : M — > M, we define the pin ± structure via the following diagram: 



P Pin± M 



PoM 

p 

M 




PoM 

v 

M 



i.e. = dip" 1 o £. We remark that total space of the principal bundle P Pin ±M is the same 
for both £ and (p*£: what changes is the way it covers PoM. Thus, also the vector bundle 
of pinors S := P Pin ±M x p C 2 ™, being p the standard action of Pin ± (2n) on C 2 ™ as Clifford 
module, has the same total space in both cases. The only difference is the projection to 
M, which can be seen ignoring the second line of the previous diagram: we simply have 
p^.g = Lp~ l o i.e. if we call : — > M and q v *^ : — > M the two bundle of pinors of 
£ and <p*£, it follows that = S v *^ as total spaces and (S v *^) x = (S^)^^, i.e. S v *^ = (p*S^. 
This is the well-known geometrical property that pinors, as well as spinors, are scalars under 
isometries (or in general under diffeomorphisms, see [IS])- The differential dtp does not have 
any local effect on pinors (contrary to vectors), it just determines the way they must be 
globally thought of as pinors, i.e. the way the corresponding principal bundle covers PqM. 



We recall that two pin 1 * 1 structures £ : P Pin ±A/ — ► PoM and £' : P pin± M — > PoM are 
equivalent if there exists a principal bundle isomorphism p : P Pin ±M — > P pin± M such that 
£ = £' P- We say that a pin ± structure £ is invariant under an isometry <p if £ ~ tp*£, i.e., 

x It is not true that the pin structure depends only on [{s a /3}] G H 1 (M,Pm ± (n)) for Pin ± (n) the sheaf 
of Pin ± -valued smooth functions, because such a cohomology class determines the equivalence class of the 
principal bundle without considering the projection to the tangent bundle. In particular, two spin lifts can 
be isomorphic as principal pin^-bundles, but in such a way that there are no isomorphisms commuting with 
the projections to PoM: in this case they determine the same class in ff 1 (M, Pin (n)) but they arc not 
equivalent as pin structures. 
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if there exists a (non-canonical) lift dip completing the following diagram: 



:i2.1) 




If such a^dip exists, there are only two possibilites, linked by an exchange of the two sheets: 
in fact, dip is a lifting of the map to a 2 : 1 covering of the codomain (see [35] prop. 1.34 
pag. 62). Calling 7 the sheet exchange, the two possible liftings are dtp and dtp o 7. Then 
dip o ^ = ^ o dip since, if dip{p x ) = q v ( x )i then the only possibility is that dip{p/{p x )) = 7(^(2)) 
in order to cover dip. 

We now consider invariance under isometries of pinors, i.e. of sections of the associated 
vector bundle. Since we just have S^.g = (p*S% so that the total spaces are the same, also 
the sections of the two bundles, as subset of their total spaces, are the same. In particular, 
a section s G F(S^) becomes naturally a section of (p*S% via the natural map: 



v? ■ r(<%) — > T{S^ € ) 



This is the scalar behaviour of a pinor field. If £ ~ from diagram (112. ip we have the 
isomorphism dip : Ps P i n M — ► -Pspin^, unique up to sheet exchange, so we have a vector 
bundle map dip : S^*^ — > S^: the ambiguity of dip corresponds via p to a sign ambiguity on 
the action on S%. Thus we have a map: 



Q id „ ±dip c 
D£ ► O v *£ > D£ 

whose behaviour with respect to the base point is: 

{St) x {St) x = (5^^)^-1(2) (St) x 

(note that dip commutes with projections since it is a bundle map, while the identity is not) 
inducing the natural map of sections: 



so that the invariance condition reads: 

s = ±dip o T] 9 {s) 

i.e. s x = ±d(p(s,p-i(x)). We remain with a sign ambiguity, contrary to the case of vectors, in 
which case we can completely define invariance of a section by requiring that dip(v) = v. As 
explained in [TH], for pinors (as well as for spinors) we have just a projective action of ip. So 
also the notion of invariance is affected by this. 
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12.1.2 Double covering of a non-orientable manifold 

As is well-known, every non-orientable manifold X has an orientable double-cover X with 
an orientation-reversing involution r such that X ~ X / r. It can be constructed as follows: 
we choose an atlas {(U a , ip a )}aei of X with corresponding transition functions g a p, and we 
consider the Z 2 -bundle with charts U a x Z 2 and transition functions e a p equal to the sign 
of the Jacobian J(g a p)- The involution r is the exchange of the two sheets. If we consider 
the projection ir : X — > X, then X as a manifold has an atlas given by couples of charts 
{(7T~ 1 U a ,tp a o Tv)} aeI so that the transition functions are still g a p for both the components 
of 7r -1 (C/ aj g). We now want to study the behaviour of 7T* : Hi(X,Z* 2 ) - ► Hi(X,1^ 2 ) and con- 
sequentely of ir* : H l (X,I* 2 ) H x {X 1 r L 2 ). We recall the following canonical isomorphisms 
(see [35]): 

#i(A,Z) ~ Ab Ti\ (X) 

H x (X, Z 2 )~H X (A, Z) ® z Z 2 (12.2) 
H 1 (X,Z 2 ) ~ Hom(#i(A,Z),Z 2 ) ~ Hom(#i(A, Z 2 ), Z 2 ) . 

Let us show that, for 7r* : Hi(X, Z 2 ) — > Hi(X, Z 2 ), the image Im^* has always index two 
in Hi(X, Z 2 ), or equivalently that Ker7r* ~ Z 2 in if 1 (A, Z 2 ). This can be seen in two ways. 
One is the following simple algebraic lemma: 

Lemma 12.1.1 Let G be a group and H a subgroup such that [G : H] — 2. T/ien the natural 
map Ab iJ — > Ab G /ias image of index 2. 

Proof: For g £ G, g and g -1 lie in the same if-coset. Thus, considering a commutator 
9i929i 1 g 2 1 we have that an even number of factors can lie in the coset G\H, thus the product 
lives in H; hence G' < H. Let us prove that the image of the natural map ip : H / H 1 — > 
G/G' has index 2. If g' = gh for g, g' e G and h E H, then {g'} G /G> = [g]G/G'[h] G /G' = 
[gjG/G'^dhjH/H')- Thus the number of cosets of Im^ in G/G' is less than 2. Moreover, if g £ 
G\H it cannot happen that [<?]g/g' = VKIA] because otherwise gEh-G'dh-H = H. 

□ 

The previous lemma for G = tti(A) and = tti(A) implies that [ifi(A, Z) : 7r*ifi(A, Z)] = 
2. The other way to prove the latter result is by means of the following exact sequence in 
cohomology, which can be found in [50] : 

H'-^X, Z 2 ) U ^ W(X, Z 2 ) H\X, Z 2 ) /P(A, Z 2 ) 

For % — 1, since H°(X, Z 2 ) = Z 2 we have that Im(Uu>i(A)) = ^i(A), thus by exactness 
Ker 7r* = {0, u>i(A)} ~ Z 2 . This is what we expected: since the double covering is orientable, 
the pull-back ir* must kill W\(X). 

Since Z 2 is a field, H l (X, Z 2 ) is a vector space, thus every subspace can be complemented. 
Hence we have: 

H\X,Z 2 ) = Z^elmvr* (12.3) 
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where vr* : H X (X, Z 2 ) -> Ihitt* is a surjection with kernel Z 2 . Since if^X, Z 2 ) = i^pf, Z)<g> z 
Z 2 , its dimension is equal to the Betti number b\ (X) plus the number of Z 2 & -components of 
H 1 (X,Z): we call this number bf\x). The dimension of Im7r* is thus &i 2) (X) - 1 so, m 
(112.31) . we have k = b\ (X) — b{ (X) + 1. Thus we get the following general picture: 

7T* — 

Z 2 B( ^ W - 1) ©(Z 2 = Ker 7 r*). 



In the sequel we will also need another general result: we compare the tangent bundle 
of X and the tangent bundle of X. We recall that if / : X — > Y is a continuous map and 
p : E ^ Y a fiber bundle, the pull-back 7r 2 : f*E — > X is defined as the fiber product Ex Y X 
via 7r and /, thus its elements are of the form (e,x) with p(e) = f{x). The projection is 
7r 2 (e, x) = x. 

Lemma 12.1.2 For it : X — > X the projection and p : TX — > X , p : TX — > X the tangent 
bundles, there is the canonical bundle isomorphism: 

(f : TX ix*TX 

tp(v) = (dn(v),p(v)) . 

Similarly for the orthogonal frame bundles with respect to a metric g on X and its pull-back 
ir*g on X there is the canonical isomorphism: 

cpo : PoX n*P X 

Proof: It is easy to verify that tp is a well-defined bundle map. It also follows from the 
definition of pull-back: 

tin 



TX 

p 

1; 



> n*TX 

tp 7Tl 



ill 



X 



TX 

v 



12.4) 



By construction the map (p lifts the identity of X and it must satisfy iritp(v) = dir(v), thus 
<p(v) = (dir(v),p(v)). We have to verify that it is an isomorphism on each fiber, i.e. that 
dn x is an isomorphism for each x: this is true since 7r is a local diffeomorphism. The same 
considerations apply for frame bundles. □ 



12.1.3 Pinors on the double covering 

We now want to compare pinors on a non-orientable manifold X and pinors on its double 
covering X which are r-invariant. We start with the following simple lemma: 
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Lemma 12.1.3 If X admits a Pin -structure or a Pin -structure then X is spin. 

Proof: by lemma [12.1.21 we have that W2{X) = n*W2{X). Since Wi(X) G Ker7r*, we obtain 
ii*W2(X) = 7r*(u> 2 (X) +wi(X) Uwi(X)), thus if there is a pin 1 * 1 structure we get W2(X) = 0. 
□ 



Let us suppose that a pin 1 * 1 structure on X is r-invariant. Thus we have two possible 
liftings of dr: 



dr, droy 




Since dr o 7 = 7 o dr, it follows that (dr o = dr , and the latter can be only id or 7, since 
it is an auto-equivalence of £ which covers dr 2 = id. 



We would like to show that the pull-back of a pin structure on X is a pin structure on 

~2 

X which is r-invariant and such that dr = id. Then, X being orientable, we will be able 
to reduce the structure group to Spin. Let us consider the following diagram: 



7T*Pp- m ±X — — >- P Pirl ±X 



Pin^ 



12.5) 



PoX 




where £ defines the pull-back on X of the spin structure £ of X, for (p defined in lemma 
112.1.21 Thus we consider as total space of the bundle exactly 7r*P Pin ±X. We now see that £ 
is r-invariant. We recall that r*£ is defined by: 
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and we claim that r*£ ~ £ via the two possible equivalences: 

7T*P P; „±X (1 ' T) ' (7,r) : 7T*Pp in ±X 



PnX 




where 7 is the exchange of sheets of P PiD ±X with respect to PoX, while r is the exchange 
of sheets of X with respect to X. In fact, by diagram (112.51) we have £(p',x) = y? -1 o 
(£, id)(p', x) = f~ 1 (p, x) = dir^ 1 (p) where 715 is tt restricted to a neighborhood of x on which 
it is a diffeomorphism. Therefore, for 5 = 1,7: 

dr o f(p', £) = dr{d^\p)) = d(r o ^(p) = d^fo) 

I o (e,r)(p',x) = £(e(pV(*)) = 
so that the diagram commutes. In particular, we see that the two possible isomorphisms 
dr = (1, r), (7, r) have the property that dr =1. We have thus constructed a function: 

$ : {pin structures on X} — ► {pin structures on X r-invariant with dr — 1} . 



dr 



We now show that $ is surjective, i.e., that a r-invariant pin structure £ on X satisfying 

-2 

1 is the pull-back of a pin structure on X. The latter is: 
i : P Pin ±X /dr — ► P X jdr~ P Q X . 



In more detail: 




PnX 



£ 

where ^{[p]) = dn(p). From dr = 1 we get that the quotient is a 2-covering of PoX, 

otherwise we would obtain a 1-covering, i.e. a bundle isomorphism, since 7 = dr would 
identify also the two points of the same fiber. To see that £ ~ 7r*£, we use the equivalence: 



Pp m ±X 



r*(P Pin± X / dr) 



[12.6) 




P X 



for ji{px) = (\px]i x). The inverse of \i is given by ji x) = Px or equivalently \i 1 ([pj], t(x)) 

dr(p x ). The diagram is commutative: (p^ 1 o (£, id) o [i(p$) = ip^ 1 o (£, id)([pg], x) = ip~ l ((v o 
[£])([&]),*) = V~\dn(l(p,))rx) = i(pi). 
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It is easy to show that $ commutes via ir* with the actions of H 1 (X, Z 2 ) and iP(X,Z 2 ). 
In fact, for £ : P Pin ±X — > PcX a pin 1 * 1 structure, up to isomorphism we can view $(£) as 
7r*£ : 7T*P Pin ±X — > 7r*P X. We fix a Cech class [u] € -H^ll, Z 2 ) for a good cover it = {U a } aeI 
of X. If the transition function of P Pin ±X are s a p and we fix a representative u, then the new 
transition functions are s a p-uj a p. On the two components of 7r~ 1 U al 3, the transition functions 
were both s a p and they become both s a /3 ■ uj a/ 3, i.e., to acts on the transition functions of 7r*£ 
exactly as h*oj. Since [vr*u;] = 7r*[a>], we get the claim. Thus we have a diagram: 



{Pin -structures on X} 

O 



~ — - — - & 

{Pin -structures on X r-invariant with dr =1} 

o 

H 1 (X,Z 2 ). 



This implies in particular that $ is made by two inequivalent pin 1 * 1 structures, obtainable 
from each other via the action of wi(X) £ Ker ir*. We will now show that the two inequivalent 
counterimages can be recovered as P Pin ±X / dr and P Pin ±X / (dr 07), by proving that these 
two quotients are inequivalent. In fact, let us suppose that there exists an equivalence: 



P Pin ±X / dr ■ 




P 



o 



then it lifts to an equivalence of the pull-backs: 

PoX 




7T*(P Pin± X/dr) 
P Pin ±X / dr ■ 



P Pin± X/(dro 7 ) 




7T*(P Pin± X/(rfro 7 )) 



7T1 



P Pin± X/(dro 7 ) 



Po^ 



but, being both the pull-backs equivalent to P Pin ±X via f)12.6p . the only two possibilities for 
p are the following: 



PphytX 



id, 7 



P-Pir&X 



7T*(P Pin± X / dr) 7T*(P Pin± X / (dr o 7)). 

Let us show that none of the two can be a lift of p. In fact, if it were so, they would be of 
the form: 

P(M,£) = (j>\p],x) (12.7) 



12.1. PINORS VS SPINORS 



239 



while: 

( \p S ] , X) PS ^— Px ( \p S ] , X) 



{\Px],r(x)) dT( Ps; ) ^+ dr(p £ ) — ^ ([dr(p s )], r(z)) 

and in the codomain [p x ] 7^ [dr(p^)] since the class is taken with respect to dr 07, thus (112. 7p 
is inconsistent. The same would happen choosing 7 instead of the identity. Thus p lifts only 
the autoequivalences of each of the two quotients, not an equivalence between them. 



Now that we have seen the relationship between pin ± structures on X and the corre- 
sponding ones on X, we analyze such a relationship at the level of pinors (i.e. sections of 
the associated vector bundles). Let us start from X and pull-back a pin ± structure as in the 
following diagram: 



7T*P p - m ±X ^ P Pm ± X 



PnX ^PqX. 



For the associated bundles of pinors, we have that (7r*P Pin ±X) x p C 2 " ~ 7r*(P Pin ±X x p C 2 ") 
canonically. Thus, given on X a pinor s G r(P Pin ±X x p C 2 "), we can naturally consider on 
X its pull-back tt*s G r((7r*P Pin ±X) x p C 2 "). The natural equivalence between £ and r*£ is 
given by dr(p, x) = (p, t(x)), and, if we extend it to the associated vector bundles, we have 
that a section s' G r((7r*P Pin ±X) x p C 2 ™) is the pull-back of a section on X if and only if 

dr(s') = s'. 

Viceversa, let us start from X. We fix a pin 1 * 1 structure £ such that £ ~ r*£ with dr — 1. 
Then there are two natural vector space isomorphisms: 

• dr-invariant sections of the associated bundle correspond to sections of the pin 1 * 1 struc- 
ture P Pm ±X I dr on X; 

• (dr o 7)-invariant sections of the associated bundle correspond to sections of the pin 1 * 1 
structure P Pin ±X / (dr 07) on X. 

In particular, s = dr o rj T (s) means that s x = dr(s T ( x )), while s = dr o 7 o rj T (s) means that 
s x = —dT(s T ( x )), since the action of 7 corresponds to the multiplication by —1 G Pin ± (n). 
We remark that if we want to describe invariance of pinors under general isometries, we 
must take into account the sign ambiguity discussed in the first section. In the present case, 
since we distinguish dr and dr o 7 on the basis of the associated quotient on X, we fix this 
ambiguity. 



12.1.4 Spinors and orientation-reversing isometries 

The discussion of the first paragraph about pin 1 * 1 structures and isometries holds also for spin 
structures and orientation- preserving isometries, but it must be modified in order to deal 
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with orientation- reversing isometries. In fact, in the previous definition of invariance, if ip 
does not preserve the orientation, the differential dip does not have the same SO-bundle for 



spin structures. Let us consider what happens on the associated vector bundle of spinors: 
we have seen that the vector bundles of spinors q : 5* — > M and q' : S' — ► M corresponding to 
£ and <p*£ satisfy S' x = S^-im. If we split the bundles into chiral sub-bundles S = S + © S~ 
and 5" = S' + (BS'~ , we have that for ip orientation-reversing S'^ = S^-i^ and viceversa, i.e., 
the chiralities are reversed. The reason for this is that the chirality element of the Clifford 
algebra of TM, which is the product of elements of an oriented orthonormal basis, becomes 
pointwise its own opposite if we change orientation (it is enough to multiply by —1 one of 
the vectors). So for £ and ip*^ the chirality elements are opposite. Thus, to define invariance, 
we must consider the case of different spin structures for the two chiralities, i.e. we must 
deal with ordered couples of spin structures. 

Definition 12.1.3 The bundle of spinors associated to an ordered couple of spin structures 
(£>£') is the vector bundle S^> := S£ © S^i , where is the bundle of positive- chiral spinors 
with structure £ and S^, is the bundle of negative- chiral spinors with structure 

Definition 12.1.4 An ordered couple of spin structures (£,£') ^ s oriented if both spin struc- 
tures lift the bundle of frames relative to the same orientation. 

We can now consider the pull-back of couples of spin structures. 

Definition 12.1.5 For ip : M — > M an isometry and (£,£') an ordered couple of spin 
structures, we define: 

• for ip orientation-preserving, v J *(£,£ / ) := (v 9 *^; V 9 *^')/ 

• for ip orientation-reversing, := </?*£)• 

We say that (£,£') is invariant under tp £') — (£,£'), where ~ means that they are 

componentwise equivalent. 

Let us now see that for ip orientation-preserving, if £ is invariant then the couple (£,£) is 
invariant. If <p is orientation- reversing, when the two components are equal the couple is 
never invariant; in order for a couple to be invariant in the latter case it must satisfy £' ~ ip*C, 
and £ ~ Denoting by u and v! the two possible orientations, diagram ( 112. ip (page 12331) 
becomes now: 





-Pro,. M 



PsoM 



M 



p 



V 



M 



M. 



2 The two bundles could be isomorphic but not canonically, so we cannot think of dip as an automorphism 
anyway. 
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and it gives the equivalence ~ We have also the analogous diagram reversing £ and 
Then we have a canonical representative (£,y?*£)5 satisfying (y?*) 2 £ — £: then, the previous 
diagram becomes: 

P Spin M- id '^P Spin M 




where 7 is the sheet exchange. However, we can canonically choose the identity as equiva- 
lence. The ambiguity is left in the choice of d(p 2 ) for the equivalence {<p*) 2 £, ~ £. However, 
when tp is an involution, every couple of the form (£, <p*£) is ^-invariant, and no ambiguity 
is left in the choice of equivalences. 



We now consider the invariance of spinors for (^-invariant couples of spin structures. In 
the orientation-preserving case, since the two elements of a couple are independent, the same 
considerations of the first paragraph about pinors apply separately for both elements of the 
couple. For the orientation-reversing case, we have the same ambiguity for couples (£, £') 
with £' ~ (p*£ and £ ~ If, as discussed before, tp is an involution and we choose the 

canonical representative (£, y?*£) , we do not have any ambiguity left, and we have a good 
notion of (^-invariant spinor. We call the involution r instead of ip. In this case, the invariance 
acts as follows: let us consider a section s G T(S^ >T *^), i.e. a section s~) G T(S£ © S~»^). 
Then: 

4 e (5^) x «x e (iS^) s = (5'+) T(x) 

and we have the identity (S^) x — ► (S^) x = (S~*^) T ( X ) inducing on sections the map r\ T : 
T(S^) — > V(S~ t ^). Thus we can ask s~ = r] T (s + ), i.e. s~ = r] T (s + ) x = s*,y An invariant 
couple is thus of the form r/ T (s + )), which corresponds to (s+, si^). 
We remark that given a generic couple s~) we can write it as: 

( + rtO) + - rtO), hi*- + + - v(s + )) ) 

so that we can project it to an invariant couple by considering: 

This is coherent with closed unoriented superstring theory, where the quantum states sur- 
viving the projection are of the form (ip n + ^ n )|0). 



12.1.5 Spinors on the double covering 

For any spin structure £ on X the couple (£,t*£) is r-invariant. Thus, the requirement 
of invariance does not entail any relationship with pin 1 * 1 structures on X. Let us suppose 
that £ is a r-invariant pin structure: then, if we restrict it to spin structures £ u and £ u / 
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corresponding to the two orientations u and u', we get isomorphisms ~ t*£ u / and £„/ ~ r*£ u 
because the diagram: 

dr 



restricts to: 



PoX 




PoX 




P$pin u ,X 






Cu' 






Pso 


v dr 

u' 


Pso 





Pso u X *■ Pso u ,X 

In particular, we get an isomorphism of couples dr : (£ u ,t*£ u ) — ^ (t*£u', 6u')- 



We can thus find a correspondence between pin 1 * 1 structures on X and suitable couples of 
spin structures on X. Given £ u , we extend it to a pin 1 * 1 structure £ via Pp- 1D ±X — PspinX x 
Pin ± (n) / 

~Spm, where (p,t) ~spin (ps,s H) for s G Spin(ra). Then, reducing £ with respect 
to the other orientation we get £ u /, and in order to implement this correspondence we require 
that there is an isomorphism of couples: 



dr : {Cu, r*£ u ) 



'.12.8) 



satisfying dr =1. Then we can easily see that dr gives an equivalence of pin 1 * 1 structures 
between £ and r*£, so that £ is the pull-back of a pin 1 * 1 structure on X. Summarizing, there 
are two ways to relate Spin structures relative to the two different orientations. The first one 
is the map £ u — > £„/ obtained via the corresponding pin^ structure as we have just explained, 
the second one is via t*. We require that, for fixed £ u , these two maps give the same value 
up to equivalence, and we also require that the equivalence squares to 1. 



Remark: This requirement depends upon whether we pass through Pin or Pin - exten- 
sions. One may wonder whether the two ways lead to the same result. Actually it is true 
that, starting from a u , we obtain the same structure a u > in both cases (we obtain the same re- 
sult we would get reversing the orientation as described in [15], without referring to pinors), 

~2 

but, as we will explicitely see for surfaces, the fact that dr = 1 depends on the kind of 
Pin-structure we consider. 

We now analyze the behaviour of spinors as sections of the associated bundle. Fixing a 

~2 

pin structure £ such that £ ~ r*£ with dr = 1, we can consider the couple of sections (s, s) 
relative to the couple of pin 1 * 1 structures (£, r*£ ~ £). The section s is supposed to satisfy 
s = dr o f] T (s), where the sign of dr is fixed by requiring that P Pm ±^X / dr is isomorphic to 
the pin 1 * 1 structure on X we started from. Then we restrict to the oriented couple of spin 
structures (£ u ,t*£ u /), so that the bundle of spinors is split in chiralities. Then we restrict 
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s to S^ u and S~*^ I obtaining Then s~ = dr o r] T (s + ), i.ejl s~ = dr(s^, x ^), so 

that we have ajiatural bijection between invariant pinors and couple of invariant spinors. 
If we consider dr o 7, we get s~ = dr o 7 o rj T (s + ) = —dr o rj T [s + ). Hence, as dr-invariant 
couples are of the form (s + , dr o r] T (s + )), similarly (dr o 7)-invariant couples are of the form 
— dr o rj T [s + )). In particular, for a given couple (s + ,t~), we have the two projectors 
(§(s + + dr o ^(t - ), |(r + dr o ?7 T (s + ))) and (±(s+ - dr o ^(t - ), ~(r - dr o 7^ r (s + ))). 

Had we chosen the other orientation w', we would have considered the couple (r*£ u ,£ u '), 
but since the sections of £ and r*£ are the same as subset of the total space, we had the 
same result. This is a consequence of the fact that for the couples r*£ u ) and (£ u /, r*£ u /) 
we have a canonical notion of r-invariant spinor. 

Summarizing: 

1. an equivalence of couples (£ u ,r*£ u ) ~ (r*£ u /,£ u /) via dr; 

2. two r-invariant couples (£ u , r*£ u ) and (£„/, r*£ u /) with a good notion of invariant spinor; 

3. two oriented couples (£ u ,r*£ u /) and (£u',r*£ u ). 

What we have done is fixing an orientation u of X and consider the oriented couple r*£ u /) 
of point 3: its components are the^first members of the two couples injpoint 1, so that such 
components are equivalent via dr and we have a good notion of dr-invariant couple of 
sections. These are the spinors we consider. Had we fixed the other orientation u', we 
should consider the ordered couple (£ u ',r*£ u ), but thanks to point 2 we have a canonical 
bijection between the sections of this couple and the ones of the previous, thus the choice of 
the orientation is immaterial. 

12.2 Surfaces 

All non-orient able surfaces can be obtained via connected sum of tori from the real projective 
plane or the Klein bottle. We use the following notations: 

• S g is the connected sum of g tori; 

• N g< i is the conntected sum of S 9 and the real projective plane MP 2 ; 

• iV ffj 2 is the conntected sum of S 9 and the Klein bottle K 2 . 

12.2.1 One cross-cap 

We first consider the case of surfaces with one cross-cap, starting from the real projective 
plane MP 2 . Its orientable double covering is the 2-sphere S* 2 with involution r given by the 
reflection with respect to the center. In this case we have the following situation: 

H^S 2 , Z) = 7di(MP 2 , Z) = Z 2 

3 We remark that r\ T reverses the chiralities with respect to £ and r*£, but here s + is positive-chiral with 
respect to £, so 7? r ( s x) = s t(x)> as ^ ^ s obvious from the fact that r\ T is the identity on the total space. 
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so that the projection ix : S 2 — > MP 2 induces a trivial immersion in homology, which is not 
surjective since there is a cycle in WP 2 which does not lift to a cycle in S 2 . Passing to Z 2 
coefficients we thus get: 

H 1 (S 2 ,Z 2 ) = H 1 (RP 2 ,Z 2 ) = Z 2 
H^S 2 , Z 2 ) = H^RP 2 , Z 2 ) = Z 2 

so that the induced maps are the zero maps: 

7T* : — ► Z 2 7T* : Z 2 — > 

and, in particular, the only non-trivial cohomology class, which corresponds to the element 
of Hom(Hi(X , Z), Z 2 ) assigning 1 to the class that does not lift, lies in the kernel of tt*. 

All other surfaces iV Si i with one number of cross-cap can be obtained adding g tori to 
WP via connected sum. The double of N g< i is S 2s , namely the connected sum of 2g-tori. In 
this case the situation is the following: 

#i(£ 2g , Z) = Z® 49 Hi(N gtl , Z) = Z® 29 © Z 2 . 

If we fix a canonical basis {a\, b\, . . . , a 2s , 6 29 } of _ffi(E 2g , Z), the involution r acts in such a 
way that r*(a,) = chi +g and r*(6j) = b i+g for i = 1, . . . , g. There is a trivial cycle c of which 
r exchanges antipodal points: half of it is the lift of a representative of the Z 2 -generator of 
N g> i via tt : £ 2g — > iV 9)1 . Passing to Z 2 -coefficients we have: 

^(S 29 , Z) = Z® 49 H^, Z) = Z® 29+1 . 

The push- forward 7r* sends and aj +9 to the same class, similarly for hi and bi +g . Instead 
of considering the Z 2 -reduction of the canonical basis, we consider the basis {ai,bi, . . . , 
a g ,b g , a g+ i + ai, b g+ i + 6 l5 . . . , a 2g + a g , b 2g + b g }. It is still a basis since it can be obtained 
from the canonical one via the invertible (Ag x 4<?)-matrix: 

h g 2g 

In this way we split Zf 49 = Z® 29 © Ker7r*, so that tt* is injective on the first summand. 
Moreover, its image has index 2 in Hi(N g< i,Z), since the only generator not lying in the 
image is the Z 2 -reduction of the 2-torsion integral one. Thus we have the following picture 
for homology: 

Z® 29 ©(Zf 9 = Kervr*) 
Zf 9 ©(Z 2 ~Coker7r,) 

which becomes in cohomology: 

Z® 29 ©(Z® 29 ~Coker7r*) 

7T* — 

Z® 29 © (Z 2 = Kervr*) . 
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12.2.2 Two cross-caps 

We now consider the case of surfaces with two cross-caps, starting from the Klein bottle 
K 2 = 7Vo,2- Its orientable double cover is the torus T 2 = Si with involution r defined in the 
following way: if we represent the torus as C/(27rZ + 2niZ), then we define 

t(z) =Z + 7T 

or equivalently in real coordinates r(x,y) = (x + ir,—y). We represent the torus as the 
square [0, 2n] x [0, 2ti} with (0, y) ~ (2-7T, y) and (x, 0) ~ (x, 27r), and the Klein bottle as 
[0,2vr] x [0,2tt] with (0,y) ~ {2n,y) and (x, 0) ~ (27r-x,27r). We call a the loop [0,2tt] x {0} 
and 6 the loop {0} x [0, 2n}. We have that: 

Tx l (T 2 ) = (a~b\aba~ 1 b- 1 = l) 

(12 9) 

th(K 2 ) = (a,b\abab- 1 = 1) 

The involution r is the antipodal map of the a-generator, thus (r*) 7ri [a] = [a], while it reflects 
the 6-generator with respect to y = \ and apply the antipodal map, thus (t*)^^] = [b]^ 1 . 
The injective map induced by the projection is: 



;i2.10) 



(T*)iri(5) = b 2 ; M„ 1 (b) = a. 

In homology, the abelianizations of (I12.9I) are: 

Hi(T 2 , Z) = Z © Z = ((5, 6)) ^i(i^ 2 , Z) = Z © Z 2 = ((b, a\a 2 = 1)) 

(where (( • )) denotes the abelian group with specified generators and relations) thus the map 
(112.10!) becomes: 

7T* : Z © Z — ► Z © Z 2 

tt*(1,0) = (2,0); tt»(0,1) = (0,1) ■ (12 ' U) 

Contrary to (112. 10p . the map (112.1 ip is not injetive any more, but its image has still index 
2 in the codomain, even if in this case the generator in Hi{K 2 ,1,) not lifting to ifi(T 2 ,Z) 
is the non-torsion one (i.e., the lifting of its representatives are now half of a non-trivial 
cycle of the covering, while for one-cross cap they were half of a trivial cycle). Passing to Z 2 
coefficients we get: 

^ 1 (T 2 ,Z 2 ) = Z 2 ©Z 2 H 1 {K 2 ,Z 2 ) = Z 2 ©Z 2 
H\T 2 ,Z 2 ) = Z 2 ©Z 2 H\K 2 ,Z 2 ) =Z 2 ©Z 2 

so that the induced map in homology is: 

7T* : ifi(T 2 ,Z 2 ) ► Hi(K 2 ,Z 2 ) 

7T*(1,0) = 7T*(0,1) = (0,1) 

For cohomology, we identify (1,0) G H l (K 2 ,7* 2 ) with the functional : i?i(-fT 2 ,Z 2 ) — > Z 2 
such that 0) = 1 and <p(0, 1) = 0, and similarly for (0,1) G H 1 (K 2 ,Z 2 ) with the 
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functional ip. Then n*(cp) = ip o 7r* so that n*(ip)(l, 0) = and 7r*(</?)(0, 1) = 0, while 
7r*(»(l, 0) = and tt*(»(0, 1) = 1. Hence: 

tt* : if 1 (iT 2 ,Z 2 ) — > H 1 (T 2 ,Z 2 ) 

7T*(1,0) = 7T*(0,l) = (0,l). 

and, in particular, the cohomology class which corresponds to the element of Hom(Hi(X, Z), Z 2 ) 
assigning 1 to the class that does not lift, lies in the kernel of 7r*. 

All other surfaces N 9y2 with two cross-caps can be obtained adding g tori to K 2 via 
connected sum. The double of N g> 2 is £29+1, namely the connected sum of 2g-tori. In this 
case the situation is the following: 

#i(£ 2fl +i, Z) = Z® 49 © Z © Z #i(iV 9 , 2 , Z) = Z® 29 © Z © Z 2 . 

If we fix a canonical basis {ai, 61, ... , 023+1, ^+1} of ifi(£ 29+ i, Z), the involution r acts in 
such a way that: 

• r*(oi) = a i+g and r*(&i) = b i+g for i = 1, . . . , g; 

• n(a 2g+ i) = a 2g+ i and n(b 2g+ i) = -b 2g+ i 

and r acts on two representatives a of a 2g+ i and 6 of b 2g+ i as in the case of the Klein 
bottle. Thus, half of a is the lift of a representative of the last Z-generator of if 1 (T 2 ,Z) via 
71 : Yj 2g — > Ng.i, while 6 is the lift of the Z2-generator. Passing to Z2-coefficients we have: 

#i(£ 2g +i, Z 2 ) = Zf 3 © Z 2 © Z 2 Fi(A^ :2 , Z 2 ) = Z® 29 © Z 2 © Z 2 . 

The push- forward 7T* sends a, and a i+9 to the same class, similarly for 6j and bi +g . As 
before, instead of considering the Z 2 -reduction of the canonical basis, we consider the basis 
{ai, bi, . . . , a ff , 6 9 , a g+ i + a x , b g+1 + 61, . . . , a 2g + a g , b 2g + b g , a 2g+ i, b 2g+ i}. In this way we split 
Z® 45 © Z 2 © Z 2 = Z® 29 © Z 2 © Ker so that 7r* is injective on the first summand. Moreover, 
its image has index 2 in Hi(N gi 2, Z), since the only generator not lying in the image is the 
Z 2 -reduction of the Z-factor of K 2 . Thus we have the following picture: 

Zf 9 © Z 2 © (Zf 9 © Z 2 = Ker tt*) 

Z® 29 ©Z 2 © (Z 2 ~ Cokervr*) 
which becomes in cohomology: 

Z® 29 © Z 2 © (Z® 29 © Z 2 ~ Coker tt*) 

7T* — 

Z® 29 ©Z 2 © (Z 2 = Ker 7r*) . 
12.2.3 Invariant structures on the sphere 

We think of the sphere S 2 as the Riemann sphere CP 1 , with two charts Uq = CP 1 \ {iV} and 
Ui = CP 1 \ {S} and transition function goi(z) = —-. The antipodal involution r is specified 
each of the two chartg^l by t(z) = —=. We compute its Jacobian to find the action dr on the 

4 Note that r commutes with <?oii that's why the expression is the same in both charts. 
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tangent bundle. In real cohordinates: 

r(x,y) 

so that the Jacobian becomes: 

Jr(x,y) 



—x 



-y 



x l + y 2 x 2 + y 



x 2 — y 2 2xy 
2xy y 2 — x 2 



x 2 + y 2 

which, on the equator \z\ — 1 becomes the orthogonal matrix 



Jr(cos 9, sin i 



cos 29 sin 29 ' 
sin 29 - cos 29 



;i2.12) 



We now consider the sphere as the union of the two halves glued on the equator, so that we 
restrict both the charts Uq and U\ to the disc \z\ < 1, and we glue them via g i • Now we 
consider the trivial spin structure for each of the two discs and we glue via a lift of dgoi on 
\z\ = 1. On the equator of both charts the transformation ( 112. 12ft is a reflection with respect 
to the real line generated by (cos 9, sin 9), i.e. by (— sin#, cos^)^. Thus, if we consider the 
point (cos 9, sin 9) G C ~ U , we get r(cos6 l , sin 9) = — (cos#,sin#) and dr( cos g tSin g) acts on 
the tangent bundle as a rotation of ir along the equator composed with a reflection of the 
orthogonal direction. Hence its possible lifts to a Pin ± -principal bundle are: 



dr(9, p) = {tx + 9, ±(— sin 9e% + cos 9e<i) ■ p) . 



Then dr is given by 
cos#e2)(— sin 9e\ 



sin 



+ 7r)ei + cos(6 l + vr)e 2 )(- 



sm i 



cos I 



sin 



cos 



Thus we see that dr 



cosfe 2 J 

2 



sm( 



1 if and only if 

ef = e| = —1, namely if the structure is Pin - : this shows that MP 2 ~ S 2 / r has two pin" 
structures, lifting to the one of the sphere, but no pin + structures (compare with [4"5]). 



12.2.4 Invariant structures on the torus 

The torus has trivial tangent bundle T 2 x M 2 ~ S* 1 x S 1 x ]R 2 . The four inequivalent Spin 
or pin 1 * 1 structures can be all obtained from the trivial principal bundle S 1 x S 1 x Spin(2) or 
S 1 x S 1 x Pin ± (2) in the following way: 



Jo 

(0,<P,P) 



1, tp, R e ■ p) 



(a 

1, If, Ry ■ P) 



{e,y,p') 
h 

(9, (p, R v R e ■ p) 



where R x is the rotation by the angle x. To see that, e.g., the first two are not equivalent, 
we notice that we would need a map: 



(9,<p,p' 





, <p, R-ep') 
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for R_q a lift of R-q to Spin or Pin 1 * 1 . But in this way p is not well defined, since for 9 and 
9 + 2tt we get two lifts differing by —1. 

We now see that all these pin 1 * 1 structures are r-invariant, where r is the involution giving 
the Klein bottle, namely t(9, tp) = {9 + n, —(f)- On the tangent frame bundle we have the 
action dr(9, <p,p) = (9 + ir, —<p,j2P) where j 2 is the reflection along e^~, i.e. (x, y) — > (x, —y). 
The equivalence between £ and r*£ is given by the following diagram: 




or equivalently by dr o 7 which can be obtained by choosing — e 2 - Here we see that for the 

~2 _ ~2 

Pin -structure, since e 2 — 1, we get dT =1, while for the Pin -structure we get dT = — 1. 
Thus, only the Pin + -structure is the pull-back of a Pin + -structure of K 2 . For £1: 




(0, </?, 



7r, -</?, R-e-^Rep') 
+ 7T, -(f,j 2 Rep) 



and dr is well-defined since with the shift — > 9 + 27r we get a minus sign in both liftings 
of the rotations. Then dr = R^e+^-TT^Re+irR-e-ir^Re = R-2^2 — — e 2% thus we S e t 
opposite results with respect to £ - F° r ^2 : 




7r, -ip, R v e 2 Ryp') 

7T, -ip } j 2 R<pP) 



and dr is well-defined since with the shift - 

the rotations. Then dr = R^^R-^R^R^. 
clear that £ 3 behaves as £1. 



+ 2tt we get a minus sign in both liftings of 
= e|, thus we get the same results of £o- If is 



If we consider pinors and spinors as sections of the associated vector bundles, for £ the 
condition on pinors is S(g <ip ) = e 2 ■ srg +7r -tp), while for spinors we consider the couple s~) 
with structure ((£o)uj t*(£o)u')) where s + is free and s7 ^ 
for the other spin structures. 



e 2 • s (0 +7r - v y Similar conditions 



12.3 Manifolds with boundary 

We now want to give the analogous description in the case of unorientable manifolds with 
boundary. We start with a brief recall of the well-known case of spinors on orientable mani- 
folds with boundary, in order to extend it to pinors and discuss the non-orientable case. 
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12.3.1 Orientable manifolds with boundary 

Let X be an orientable manifold of dimension 2n with boundary dX, and let us consider its 
double X d obtained considering two disjoint copies of X and identifying the corresponding 
boundary points. We mark one of the two copies considering an embedding i : X — > X d . In 
this way, an orienation of X d induces an orientation of X and the opposite one on the other 
copy We have a natural orientation-reversing involution r identifying corresponding points 
of the two copies, which is not a double covering since the boundary points are fixed. 

Remark: We have a natural projection n : X d — > X ~ X d / r, but it is in general not 
smooth, since on a local curve orthogonal to a boundary point the behaviour of r and 7r is of 
the form t(x) = —x and ir(x) = \x\. This is why in the open case it is more natural to deal 
with the immersion % : X — > X d which has no analogue in the closed non-orientable case. 

We consider on X couples of spin structure (£,£') with an isomorphism 9 : £|ax —> C\ex, 
where the restriction is obtained in the following way: we consider the immersion Po{dX) C 
PqX sending a basis {ei, . . . e 2 „_i} of T x (dX) to the basis {ei, . . . e2 n -i, u} of T X X where u is 
the outward orthogonal unit vector. We consider two triples (£, £', 9) and (77, 7/, <p) equivalent 
if there exist equivalences p\ : £ — > rj and p 2 : £' v' such that P2\dx 0( P° Pi\ox = 9. On each 
connected component Y C 9X, there are two possibilities for 9\y linked by 7. An overall 
change from 9 to #07 is irrelevant since (£, 9) ~ (£, £', #07) via p\ = id and P2 = 7; instead, 
the separate restrictions determined by 9 are meaningful, thus we must fix all of them except 
one. Let us show that equivalence classes of such triples (£, £', 0) correspond bijectively to 
equivalence classes of spin structures £ on X d associated only to positive chirality. 
From X to X d : given (£,£', #) we define £|x := £ and £|x d \int(x) := £'> an d we gl ue them 
on dX via the isomorphism 9. We call such a spin structure £ We can always restrict 

ourselves to the case 9 = id by considering ((£ £')U' t*((£ £')lx d \int(x)), id) • 
From X d to X: given £ we define £ := £\x and £' := T*(£|x d \int(X))- The isomorphism 6* is 
the identity on £|^x- 

A few comments are in order. When we define £' := r*(£|xd\int(x)); the set X d \ Int(X) 
is a copy of X oriented in the opposite way, but r recovers the original orientation, thus it 
reverses the chirality. In particular, considering spinors as sections of the associated vector 
bundles, we have a section s + on X d and a couple (s + , s~) on X, with the condition = s+ 
for dX and = s"^ for x G X d \ lnt(X), while on the boundary we consider s+ on 

one copy, s~ on the other and we glue them on dX via 9 : — > S~ extended to the vector 
bundles. Of course we could also choose negative chirality on the double, by exchanging the 
roles of £ and 

When we double a manifold, we can create new cycles. Let us think of the case of a 
cylinder whose double is a torus. Two structures £1 and £2 on the double can differ by 
the holonomy of the spin connection along one of those cycles: the corresponding couples 
(£i> 6i> $i) an d (£2, £25 ^2 ) w iH verify £1 ~ £ 2 and £J ~ £ 2 , but the difference can be read in 9\ 
and #2 : if we fix the same representative bundles for (£i,£2) and (£i,£ 2 ), then 9\ and # 2 w iU 
differ by a —1 in one of the two boundary components intersecting the involved half-cycle 
(which of the two boundary components depends on the overall sign). 
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In this section we have not referred so far to pinors, since an orientation was fixed both 
for X and X d and there was no reason to relate it to the other orientation. For later use 
we need however to consider a pin 1 * 1 structure on X, forgetting the orientation. In this case 
we do not consider a couple of pin 1 * 1 structures since we have no chirality, but we consider 
couples (£, 9) where 9 : £\qx — > £|dx is an automorphism. Then we can glue two copies of £ 
on X d to £ Ug £. For every connected component Y C dX, since 9\y lifts the identity of the 
tangent bundle of Y, it must be the identity or 7. Viceversa, if we have a pin 1 * 1 structure 
£ on X d , then £ is equivalent to j~\ x Uy T*(£|x d \int(x))- If there exists an isomorphism 

dr : £\x — — > T*(£|x d \int(x)); we restrict the latter to dr\gx '■ £,\ax £,\ax and if we apply 

dr to the second component, we obtain £|x U^|-i £|x (we can freely choose dr or dr o 7 

since they differ by an overall sign, thus we can suppose dr = dr). On sections, we just 
ask s x = dr(s T r x )). Thus we have an equivalence of categories: 



(£> 0) : £ P m± structure onl 1 )£,'■£, pin 1 * 1 structure on X d s.t. 

X d \Int(X), 



Here are some remarks about this picture. The condition of the existence of dr : £\x — 
T *£,\x d \int(x) nas no analogue for spin structures since for that case we considered only the 
positive chirality on X d . Should we consider also the negative chirality, the couple of spin 
structures should satisfy this condition. The same for sections. In particular, with spinors we 
have on X the freedom of choosing positive and negative chiralities, with the condition that 
they must be isomorphic at the boundary. With pinors, which are extendable to the non- 
orientable case, there are no distinction between chiralites: this is the analogue of considering 
the same chirality for positive and negative spinors. In this case, for spin structures we should 
consider triples (£,£,0), corresponding to the couples (£,9) for pinors. If we start from the 
double, in the spin case we can freely choose £ for positive-chiral spinors, then on X we have 
£|x for positive and r*(£|xd\int(x)) f° r negative ones: they are not in general isomorphic, but 
they coincide on the boundary since t\q X is the identity. For pinors (or spinors considering 
both chiralities) we recover the fact not to have only positive chirality by asking that there is 
an isomorphism dr between T*(£|x d \int(x)) and £|x, but we do not ask that such isomorphism 
restricts to the identity on the boundary. Thus, if we glue the two pieces with the identity we 
have an isomorphism which is not in general a restriction of a global one as dr: applying dr 
to both members we obtain dr itself as gluing isomorphism, but now both the members 

are equal and the identity between them still does not restrict to dr . Thus, we have a 
generic isomorphism at the boundary, not necessarily the restriction of a global one. 
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12.3.2 Unorientable manifolds with boundary 

Let X be an unorientable manifold with boundary. Then we can consider the diagram: 

(X,n) (12.13) 




(X d ,T 2 ) 

We remark that we have immersions X C X d and X C X d , while 7Ti and 7r 4 are double 
coverings. In particular T2 and r 3 have fixed points while T\ and r 4 do not. By the definition 
of X and X d with the relevant involutions we easily get the following properties: 

• 7Ti O 7T 3 = 7T 2 O 7T 4 ; 

• vr 4 |^ = 7Ti and r 4 |^ = Ti; 

• t 3 o r 4 = r 4 o r 3 . 

As for the open oriented case, we must fix a couple (£, 0) with £ a pin 1 * 1 structure on X and 
: CI ax ~ £|ax & n automorphism. To estabilish a correspondence with pin 1 * 1 structures on 
X d , we can follow the upper or the lower paths of diagram (112. 13[) . If we follow the lower 
path, we consider := £U#£ on X d , then we pull it back to 7r|(£ d ^). Otherwise, following 
the upper path, we first pull back £ to 7r*£ as in the closed case, so that £|ax pulls-back to 
(^lOlax an d the morphism pulls back to a morphism 7r*0 : (^lOlax ~^ i^iOlax- Then 
we double 7r^£ on X d putting it on both copies of X and using tt*9 as the isomorphism on 
dX, i.e. we consider 7r*£ U^g 7r*£, which we call (7r 4 £) d( - 7r i e ' ) . The two results are the same, in 
factjvr*^)))!^ = (vr 4 |^)*(£ d W|x) = = (vr^^lx, and the same for the other half 
of X d and for the isomorphism 9. Considering sections of the associated vector bundles of 
pinors, since under pull-back of pin 1 * 1 structures we pull-back also sections and under doubling 
we ask invariance of the sections, we obtain sections s G r(P pin± ^.^<j(it*s) (X d ) x p C 2 "), such 

that s x = s T3 ( x ) = s T4 ( x ) = s T3T4 ( x y Here we do not have dr 3 and dr 4 since we are working 
with explicit pull-backs. 

Viceversa, if we are given a pin 1 * 1 structure £' on X d , such that there exists g?t 3 : ~ 

( r 3)*(C'lx d \int(X)) restricting to the boundary, and rfr 4 : £' — =-> (t 4 )*£' with dr 4 = 1, then 
we can find a pin structure on X such that f ~ (tt^)^. We can find it using; the two 
paths of the diagram. If we follow the upper path, we consider the couple (£'|^,id) where 
id : C\dx ~^ £'\dx * s the restriction of dr 3 . Then, since r 4 |^ = T\, if follows that is 
Ti-invariant with dr\ = 1, thus we can consider £ = (£'\ x ) / d T i as i n the closed case. For 
sections on X d , we must ask s x = c?r 4 (s T4 ( x )) = dr 3 (s T3 ^). If we follow the lower path of the 
diagram, we first quotient by dr 4 and then we use the projection of <ir 3 to X d by 7r 4 . 
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Given the invariant structure we can consider the couple of spin structures (£' u , (74) 
and the relative spinors (s + ,s~): in this way the conditions become s~ = dT±(s^,C) and 
s~ = dr 3 (s^ 3 ^). Thus, s~ is completely determined by s + , and we have one condition 

s t = o dr 3 (s^ 3T4 ^) (necessarily dr 3 = 1 and dr 3 o dr 4 = dr 4 o dr 3 ). 

If we follow the upper path starting from £ on X, instead of 7r*£ we can directly consider 

a pin 1 * 1 structure £ with an isomorphism &t\ : £ — » (ti)*£, such that dr\ = 1, and the 
corresponding couple (£ u , (ri) If we double such a couple to a spin structure on X d via 
# = dri\gx, we obtain exactly the structure of positive-chiral spinors obtained from £' which 
is the double of £. 

We can also consider the orientation-preserving involution T34 = t 3 o T4 on X d . We now 
show that X' = X d / r 34 is an oriented and closed manifold with an orientation-reversing 
involution r' such that X' / r' ~ X. In fact, r 34 has no fixed points: r 34 (x) = x is equivalent 
to r 3 (a;) = 74(2;), but if x ^ C then r 3 maps it to a point of the other copy of X, 
while r 4 exchanges the sheets of the covering of the same copy of X; instead, if x G OX C X d , 
then r 3 (x) = x while r 4 has no fixed points. Therefore t 3 (x) = r 4 (x) is impossible. Hence 
X' = X d j r 34 is a smooth closed orientable manifolds double-covered by X d . Then r 3 and 
r 4 projects at the quotient to the same involution r' . We can thus complete the diagram: 




(X d ,r 2 ). 

The previous picture is analogous to considering a pin 1 * 1 structure £' on X' which is t'- 

~2 ~ 

invariant with or' = 1. Via 7r 34 we pull-back it to a structure on X satisfying the previous 
requirements. 

12.3.3 Moebius strip 

We now study as an example pinors on the Moebius strip. In this case diagram (112. 13f) 
becomes (calling Cyl the finite cylinder or annulus and M 2 the Moebius strip): 

(Cyl,7i) 
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with the involutions we now describe. We represent all the four surfaces involved as the 
square [0, 2tt] x [0, 2tt] with suitable identifications on the edges. In particular, for M 2 we 
identify (0,y) ~ (2tt,2tt - y), for Cyl (0,y) ~ (2vr,y), for T 2 (0,y) ~ (2tt,j/) and (x, 0) ~ 
(x, 27r), and for K 2 (0, y) ~ (2?t, y) and (x, 0) ~ {2tt — x, 2ix). When two edges are identified 
with the same direction {and only in this case), we think of the orthogonal coordinate as a 
27r-periodical coordinate R / 27rZ. With these conventions a possible choiche of involutions 
is: 

n(x, y) = (x + 7T, 2tt - j/) r 2 (x, y) = (y - x, y) 
Ts(x, y) = (-x, j/) r 4 (x, y) = (tt - x, y + tt) . 

We now analyze pin 1 * 1 structures on T 2 . We can prove as before that they are all T4-invariant. 
In the (9, (^-coordinates r 4 becomes t 4 (0, cp) = (—9 + tt, ip + tt). Then: 

(9, if, p') — ^ (-9 + TT, if + tt, ei • p') 



So 



(r 4 )*€o 




So 



(-0 + 7T,V9 + 7T, jip) 



(0,^p') 



^0 • p) 



d,T4 



- (-6 1 + 7r, if + 7r, i? e _ 7r - ex- R B - p') 
9 + 7r, <p + 7r,ji • -p) 




(0,¥>,p') 



d,T4 



(9, ip, R v ■ p) 

so that g?t 4 becomes respectively: 

• ef for £ ; 

• .fL • ei ■ -R_ 0+7r • Re-n • &x • Re = ej for £i; 



- (-9 + tt, ip + tt, R-^-k ■ ei • Rp ■ p') 

6 

# + 7T, </? + TT, ji ■ R v -p) 




R. 



ip-2 



tt • ei • -R^+tt • Re~n ■ &i ■ Re = —ej for £ 2 - 



The structures £i and £ 2 have opposite behaviour with respect to the involution previously 
considered, since in this case the varible changing sign is x and not y. 

We now analyze the situation for T3. First of all we can show that all the four structures 
satisfy £j|cyi — ( r 3)*(6|r 2 \int(c y i)) exactly in the same way as for r 4 , and in this case we do 
not have to require that the isomorphism squares to 1. Actually, we will now prove that £0 
and £1 (and similarly £ 2 and £ 3 ) restrict to equivalent structures on Cyl, but they differ by 
the isomorphism 9 at the boundary. In fact, the equivalence: 



(9,<p,p' 





, <p, R-ep') 



;i2.14) 



[d,(p,p] 
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is not well denned on T 2 since Rg = —Rg + 2n, but if we restrict 9 to the interval [0, tt], 
corresponding to the cylinder, there is no ambiguity left. This reasoning does not work 
between £ an d £2 since the interval of tp is not halved. For £ we have the diagram: 

(9,tp,p') -^t {-9,tp,e x -p') 



{Q,v,p) 




while for £1: 



So 

-0,<P,3iP) 

9, tp, RgeiRgp') 

£1 

9,tp,j 1 R e p) 

and we can show that the two couples (£ , (d>T 3 ) \gx) and (£1, (dr 3 )i\gx) are not equivalent. In 
fact, they are equivalent to the triples (£ , (t 3 )^o, id) and (£1, (t 3 )^i, id) via the equivalences 
p of diagram ( 112. 141) and (r 3 )*p of the following diagram: 




-9,tp,e x p') 



-9, tp, Reetp') 



;i2.i5) 



(9,tp,p). 



Comparing (112. 14j) and (112. 15j) we can see that the diagram: 

i T 3)*P\dX 



( r 3)*£o|dX 
id 



6 



lax 



T3)*£l\dX 
id 

^£i|ax 



does not commute or anti-commute. In fact, for 9 = we get p(0,tp,q') = (T 3 )*p(0,tp,q') 
while for 9 = n we get p{ji,p,q') = — (T 3 )*p(7r, tp, q') since R- n = —R n . The diagram would 
not commute either by choosing p o 7 or (r 3 )*p o 7 or both. 

Some comments about the behaviour of £ , £1, (t 3 )^ , (t 3 )*£ a t the boundary are needed 
in order to avoid possible confusion. If we embed Pso(<9Cyl) c Pso{T 2 ) via the outward 
orthogonal normal unit vector, it follows that {(ei,e2} the only orthonomal oriented basis^l 
at a boundary point (0, tp) with t\ outward, while for (tt, tp) the only embedded basis is 
{— e\, —€2}- Thus, since the principal bundle is Pso{T 2 ) is the bundle of isomorphisms from 
the trivial bundle T 2 x M 2 to the tangent bundle T(T 2 ), which is also trivial, it follows 
that the embedded basis for 9 = corresponds to (0, 99, id) G S 1 x S 1 x SO(2), while the 
embedded basis for 9 = ir corresponds to (tt, tp, —id) E S 1 x S 1 x SO (2). Thus, is we consider 



5 Since the boundary has dimension 1 there is only one oriented orthonormal basis. 
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the Spin-bundles Pspin(<9Cyl) C Ps P m(T 2 ) we have that the lifts of the embedded basis are: 





e = o 


6> = 7T 


Co-lift: 
li-lift: 

(r 3 )*Co-lift: 
(r 3 )*6-lift: 


(o,^±i) 

(0,<p,±l) 
(0,(p, ±ei) 
(0,(p, ±ei) 


(vr, ip, ±eie 2 ) 

(7T,(/?,±1) 

(vr,v9, ±(ei) 2 e 2 ) 

(7T,(/?,±ei) 



It may seem strange that at the boundary, whose tangent space is generated only by e 2 , 
also the outward vector e\ is involved, but that's due to the fact that on tx there is a — 1 
to lift due to the orientation and for all the structures different from £0 there is a twist in 
the projection of the third factor Spin(2) — > SO(2) which makes e\ enter in the lifting. The 
isomorphisms of spin structures we dealt with until now are then at the boundary: 

p(0, tp, ±1) = (0, tp, ±1) p(vr, if, ±eie 2 ) = (vr, tp, =pl) 

(dr 3 )o(0, Lp, ±1) = (0, ip, ±ei) (dr 3 )oO, V 3 > ±eie 2 ) = (tt, </?, ±(ei) 2 e 2 ) 
(dr 3 )i(0, <p, ±1) = (0, if, ±ei) (dr 3 ) 1 (7r, </?, ±1) = (tt, </?, ±ei) . 

We know that £0 U; d (ts)*Co — <Co ^(S^) £0 an d the same for £i- Some representatives of the 
two equivalence classes are then: 

Class inducing Co on T 2 : Co U ( ^ )q Co - Co U id (r 3 )*| - Ci U id Ci 
Class inducing & on T 2 : |i U (5 ^ }i £1 ~ £1 U id (r 3 )*£i ~ |o U id Co • 

It is easy to find the invariance conditions for pinors and spinors as sections of the associated 
vector bundles. Moreover, all this picture is equivalent to considering (T 2 ,r'); we leave the 
details to the reader. 
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A.l Direct sum and direct product 

We consider abelian groups, but all the discussion applies equally to the case of rings, vector 
spaces, or in general objects of a fixed abelian category. Given a family of abelian groups 
{G a }aei, we define the direct sum: 

ael 

as the group whose elements are families made by one element for each group G a , such 
that only finitely many of them are non-zero; the sum is defined componentwise. Thus, an 
element of G is a collection {g a } a ei for g a G G a Vet G / and such that there exists a finite 
set J G I such that g a = Va E I \ J. Instead, we define the direct product: 

l[G Q 

as the group whose elements are families made by one element for each group G Q , without 
any restriction. The direct sum is naturally a subgroup of the direct product; when the 
family is finite they coincide (in particular, the direct sum and the direct product of two 
groups coincide). 

For G* := Hom(G,Z) the following realtions hold: 

In fact, in order to give a homomorphism (p from © ag/ G a to Z it is enough to specify its 
restriction on each single group G a , since such groups generates their direct sum; thus, the 
homomorphism ip is specified by a collection {<p a } a ei for <p a G G* a Va G I. We do not have to 
impose a finitness condition, since, even if there are infinitely many non-zero homomorphisms 
in the family, when we apply them to an element of the direct sum they can assume a non- 
zero value only on the non-zero elements, which are a finite set. That's why every element 
of YlaGi ^« gives a well-defined homomorphism from © ag/ G a to Z. Instead, for the direct 
product, given a family {<p a } ae i for ip a G G* a Va G /, it gives a well-defined homomorphism 
from Yl aeI G a to Z if and only ip a ^ only for finitely many elements. In fact, let us define 
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J C / as the set such that tp a ^ if and only if a G J and let us suppose that J is infinite. 
Then, for each a G J, there exists g a G G a such tp a (g a ) = n a > 0. If we choose any element 
g a for a G / \ J, we obtain that {fa} {{9a}) is an infinite sum, thus it is not well-defined. 
That's why only the elements of © QgJ G* a give a well-defined homomorphism from Ylaei 
to Z. In this case we have just an inclusion, since it is not true that the single groups G a 
generate the direct product: actually, the subgroup of the direct product generated by the 
single groups is exactly the direct sum, since in a group we allow only finite sums. 

A. 2 Compactifications 

We briefly discuss the notion of compactification of a topological space. Given a topological 
space X, a compactification of X is a couple {X, f) where X is a compact topological space 
and / : X — > X is a continuous map with two properties: 

• / is a homeomorphism between its domain and its image; 

• the image of / is dense in X, i.e. its closure if the whole X. 

Thus, a compactification is an embedding of a topological space in a compact one such 
that the complement is small with respect to the space itself. A topological space has in 
general much different compactifications. For example, if X = M. n we can compactify it in 
at least three natural ways: we can add one point at infinity considering X = S n and / the 
embedding of lR n in S n whose image does not contain the north pole; we can add one point 
for each half-line going from the origin to infinity, obtaining X = D n and / the embedding 
of IR n as the interior of D n ; we can add one point for each line passing through the origin, 
obtaining the real projective plane X = MF n and / the natural embedding of M. n in IRP n 
excluding the "projective hyperplane at infinity" . 

While uniqueness definitely fails, existence is instead guaranteed. In fact, for every space 
X there exists its one-point compactification X + , also called Alexandrov compactification, 
which consists in adding one point at infinity, as in the first example considered for W 1 . 
It is defined as follows: we consider as as set the disjoint union of X with a point, i.e. 
X := JU{oo}, as we give X the topology such that A C X is open if and only if one of the 
two following conditions is satisfied: 

• A C X and A is open in X; 

• A = Y U {oo} for Y C X and X \Y compact. 

If X is locally compact, as any finite-dimensional manifold, then X is a Hausdorff space. 
We consider as / the immersion. This is a well-defined compactification, but, for example, 
if the space-time is R 1 ' 3 we prefer to consider one point at infinity for each direction, so it 
seems more natural to consider D A instead of S 4 as a compactification. 

If we analyze the three examples considered for IR n , we see that D n is in a certains sense 
bigger than S n and IRP n : more precisely, both S n and IRP n can be obtained as a quotient of 
D n by an equivalence relation on the infinity part. For example, S n ~ D n / dD n and dD n is 
exactly the infinity with respect to the embedding considered; similarly IRP n ~ D n / ~ where 
~ identifies antipodal points of dD n . Thus one might suspect that D n is maximal in the 
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family of compactifications of IR n , in the sense that it adds the biggest set of points in order 
for A to be dense in A, and that this maximal compactification is the one we can consider 
to definte infinity for a generic space-time. Actually the situation is different: in particular, 
such a maximal compactification, called Stone-Cech compactification, exists for any space, 
but it is more complicated than one might think; in particular, the maximal compactification 
of W n is much bigger than D n , so it is not physically reasonable at all. We just sketch the 
reason, for details the reader can see [22] . To define a maximal compactification of a space 
X we ask that any continuous function tp : X — > Y can be extended to Tp : X — > Y such that 
cp = f o Tp, so that the maximally compactified space containes one point for each possible 
direction at infinity of any continuous function. That's why, if we consider for example 
X = (0, 1], its maximal compactification cannot be [0, 1] as we naively expect: the function 
if : (0, 1] —> R given by <p(t) = sin | cannot be extended to [0, 1], thus on X we need one 
point also for such irregular functions. Instead, if we compactify M. n to D n , we add a point 
at infinity only for lines or functions going to infinity as lines, which are surely not the most 
generic continuous functions. 

We are thus forced to avoid maximal compactification of a generic space, so we consider 
the specific case of manifolds and search a compactification which is still a manifold (with 
boundary). If we compactify M. n to D n we obtain a manifold with boundary such that 
E n = D n \ dD n . We search for a generic situation like this. For a manifold X without 
boundary we define the collar compactification of X as a manifold with boundary X with 
a diffeomorphism tp : X — > X \ dX. Under this assumption X and X are homotopic: in 
fact, by the collar neighborhood theorem (see [36]) there is a collar neighborhood of dX 
in X, which is by definition a neighborhood U diffeomorphic to dX x [0, 1). Now we can 
retract both X and X to the same compact submanifold obtained retracting U to the image 
of dX x [|, 1) under the diffeomorphism, thus X and X are homotopic. Not every open 
manifold admits a collar compactification. In fact, if it exists, we have shown that X is 
homotopic to X, thus, being X compact, it is homotopic to a finite CW-complex. There are 
manifold not homotopic to a finite CW-complex: one counterexample is given by a surface 
with infinite genus. In this case i?i(A, Z) = where Ko is the cardinality of countable 
infinite sets as N or Z, in particular Hi(X, Z) is not finitely generated, hence X cannot be 
homotopic to a finite CW-complex. 

Although existence is not guarnteed, so that we must assume it as an hypoteses for our 
background manifolds, we can actually prove uniqueness, so that, if the hypoteses holds, 
infinity is intrinsecally determined by the space-time itself, it is not an additional data. 
In fact, let us consider a manifold X and a collar compactification X. We call U a collar 
neighborhood of dX in X and : dXx [0, 1) — > U the diffeomorphism realizing the definition. 
We call X := (p(dX x (~, 1)). Then A is a sumbanifold with boundary and A = AU<^(<9A x 
(0, |]) and A = X U <p{dX x [0, |]). Let us consider another collar compactification A'. 
Then its boundary dX' is made by the limit points of the segments <p({p} x (0, |]) near 0, 
so that X' = X U (p(dX x (0, |]) U dX'. Thus it is enough to prove that: 

(dX x [0, i]) ~ (dX x (0, i]) U dX 7 . (A.l) 

The r.h.s., which we call Y, is a cyclinder with lower base dX and upper base dX' which is a 
disjoint union of manifolds with boundary (one component for each end of A). We consider 
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the function / : Y — > [0, |] given by f(ip(p, t)) = t for p e <9X and /(g) = | for q G <9X'. It 
is smooth since it extends naturally the function f(<p(p,t)) = t to the compactification (one 
can see in local charts near the upper boundary that it is smooth), thus it is a Morse function 
for Y (see |48j). It has no critical points since along the vertical direction of the cylinder 
it has derivative 1: then, as proven in [H], Y must be the trivial cobordism, i.e. it must 
be diffeomorphicm to (dX x [0, |]) which is the l.h.s. of f lA.ll) . That's why the infinity 
manifold, if we suppose it exists, is intrisecally determined by the space-time manifold itself. 



1 We remark that in order to find the collar compactification of a manifold it is not always correct to 
embed it as subset of K n for some n and consider its closure in D n . In fact, for example, if we consider the 
unit ball with one hole B™ \ {0}, it is naturally embedded in K n by the immersion, but its closure becomes 
D™ and D"\dDi = B" which is not diffeomorphic to B{ 1 \{0}: that's because the origin becomes an interior 
point of the closure. Instead, if we embed _B™ \ {0} in R™ as B™ \ D™, then we obtain the right closure. 
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B.l Cech Hypercohomology 



We refer to [2] for a comprehensive treatment of hypercohomology. Given a sheaf T on 
a topological space X with a good cover il = {[/j}j e j, we construct the complex of Cech 
co chains: 



whose cohomology is by definition Cech cohomology of T. We recall, in particular, that 
¥ : C p (ii, T) -> f> +1 (il,.F) is defined by (5 p g) ao ... ap+1 = ES(-l)V.s<»%r If > instead 
of a single sheaf, we have a complex of sheaves: 



we can still associate to it a cohomology, called hypercohomology of the complex. To define 
it, we consider the double complex made by the Cech complexes of each sheaf: 



(7° (it, C^il, .F^ 1 ) C7 2 (il, 



(/'' 



</'' 



d c '- 



C°(iX, JP" 1 ) — C^H, C 2 {ii, J"" 1 ) 



6- 



d'i- 



d'i- 



261 



262 



APPENDIX B. APPENDICES OF PART II 



We now consider the associated total complex^: 

T n = C p (U,F q ) d n = (5 p + (-l) p d q ) 

p+q=n p+q=n 

By definition, the Cech hypercohomology of the complex of sheaves is the cohomology of the 
total complex H'(T n ,d n ). It is denoted by: 

H'(a, ...^r^r +1 •••) . 

Using hypercohomology we can describe the group of line bundles with connection, up 
to isomorphism and pull-back of the connection, on a space X. We recall that a bundle 
with connection is specified by a couple ({h a p}, {A a }) where 5{h a/3 } = 1 and A a — Ap = 
(27ri) -1 <i log h a/ 3 . The bundle is trivial if there exists a 0-cochain {f a } such that 5°{f a } = 
{h a p}. Let us consider the complex of sheaves on X: 

S_ > 

where S} is the sheaf of smooth S^-valued functions, fl^ the sheaf of 1-forms and d = 
(27ri)~ l d o log. (The complex is trivially extended on left and right by 0.) The associated 
Cech double complex is given by: 



(7° (it, S 1 ) C^il, S 1 ) (7 2 (il, S 1 ) — • • • 

Thus we have that C^il^S 1 -> = ^(il,^ 1 ) © (7 (il,^). Given a line bundle L -> X 
we fix a set of local sections, with respect to il, determining transition functions {g^} 
and local representation of the connection We claim that (g a a, —A a ) E C^Cil, S} — > 

is a cocycle. In fact, by definition, S 1 (g a ^,—A a ) = (5 x g a p, —dg a p + S°(—A a )), thus 
cocycle condition gives 5 1 g a p = 0, i.e., g a p must be transition functions of a line bundle, 
and A a — Ap = (2iri)~ l dlogg a f3, the latter being exactly the gauge transformation of a 
connection. Moreover, coboundaries are of the form S°(g a ) = (S°g a , dg a ) and it is easy to 
prove that these are exactly the possible local representations of the trivial connection dx on 
the trivial bundle X x C, i.e., the unit element of the group of line bundles with connection. 
Thus, such group is isomorphic to: 

H 1 (&,£>} ^k) ■ 



1 We use notation of [14] . in which the two boundaries of the double complex commute, so that the 
boundary of the total complex has a factor (— l) p . In the most common notation the two boundaries 
anticommute. 
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B.2 Gerbes 



We refer to [38] for a clear introduction to gerbes. A gerbe with connection is defined 
by a triple ({g a/3l }, {A a/3 }, {B a }) where 8{g aj3l } = 1, 5 l {A a p} = { ( 27ri ) ~ 1 log ^ ?; a T } and 
B a — Bp = dA a/ 3. The gerbe is trivial if there exists a 1-cochain {fap} such that 8{f a p\ = 
{g a /3-y}- We use the approach of [Hj. As the group of isomorphism classes of line bundles on 
X is isomorphic to H l (X, S}), the group of gerbes on X up to isomorphism can be identified 
with H 2 (X,S}). In this paper we consider this as the definition of gerbe. 
We consider the complex of sheaves: 



S_ > -» 

where S} is the sheaf of smooth S^-valued functions, the sheaf of p-forms and d = 
(27ri) — 1 d o log. (The complex is trivially extended on left and right by 0.) In analogy with 
the case of line bundles, we define the equivalence classes of gerbes with connection as the 
elements of the group: 

H 2 (X,S} — > fijjj — > r^) . 
The Cech double complex is given by: 



5° 



5° 



C 1 (il, 



C* 2 (il, f2 M 
C* 2 (il, 



5° 



c ,1 (ii,^ 1 ; 



5 2 



Thus we have that C 2 (ii,S} -> fi^ -^r) = ^(il,^ 1 ) © ^(il,^) © C (il,fi|). By 
definition, 5 l {g al3l , -A a/3 , B a ) = (S 2 g al3y , dg^ + ^i-A^), -d(—A a p)+S°B a ). Thus cocycle 
condition gives 5 2 g a ,a 7 = 0, i.e., g a f3 1 must be transition functions of a gerbe, and: 



B a — Bp — dA aj 3 
A a/3 + A^ + A. 



7a 



(2m)- l d\ogg 



Q/37 



Coboundaries are of the form S l (h a /3, —A a ) = (5 l h a p, —dh a p+S°(—A a ), d(—A a )), thus gerbes 
of this form are geometrically trivial. 
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C.l p-Gerbes 



We refer to appendix B of [H] and references therein for an introduction to gerbes. Here 
we just generalize the discussion to p-gerbes. In particular, we recall that a gerbe with 
connection is given by an element of the Cech hypercohomology group: 

H 2 (X,S} — > —> fijjj) • 
We thus define a p-gerbe with connection as an element of the Cech hypercohomology group: 

The Cech double complex with respect to a good cover il is given by: 

^* n p R +1 ) — c 2 (ii, n p R +1 ) ■ ■ • 



c (il, fi^ 



5° 



5" 



C 2 (il,^) 



5- 



so that CP +1 (iX,S} -> % -> ► fi p+1 ) = CP+^il,^ 1 ) © C p (H,^) © • • • © (7 (il,^ +1 ). 

Thus, a representative hypercocycle of a gerbe with connection is a sequence (g ao ---a p+1 , 
{Ci)a -a p i ■ ■ i (Cp+i)a )) while summing an hypercoboundary represents a gauge transfor- 
mation. It is easy to verify that for hypercocycles the local forms dC v+ \ glue to a global 
one G p+2 which is the curvature of the gerbe. Thus, the data of the superstring background 
must be an equivalence class like this one, not only C p+ \. 

Given a p-gerbe with connection [{g ao ... ap+1 , (Ci) ao -a p , • • • ? (Cp+i)a )}, we can forget the 
connection and consider just the p-gerbe Q = [g ao -a p+ i] £ H P+1 (X, S}). Then we can define 
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the first Chern class C\(Q) G H P+2 (X,Z): we write the transition functions as g ao ... a +1 = 
e 2 mPao ... ap+1 go that S{p ao ... ap+1 } = {c ao ... ap+iap+1 } with c ao ... ap+iap+1 E Z. We then consider 
C\{Q) := [{c Q0 ... ap+lQ , p+1 }] G H P+2 (X, Z). One can see that the de-Rham cohomology class 
of the curvature G p+ 2 corresponds to C\{Q) ®% E under the canonical isomorphism between 
de-Rham cohomology and Cech cohomology of the constant sheaf 1R. 



C.2 Hodge-* with minkowskian signature 

Let V be an oriented vector space of dimension n with a fixed euclidean metric. We recall 
that Hodge-* operation is defined on the exterior algebra A'V* by: 

a A */3 = {«, f3) ■ vol (C.l) 

where vol is the unit oriented volume form, given by vol = e* A . . . A e* for {ei, . . . , e n } an 
oriented orthonormal basis. In particular, for a = e* x A . . . A e* p , equation fIC.lj) with (3 = a 
gives *a = e^-hh-jn-pg* a ... A e* 

° Jl Jn — p 

If the metric is minkowskian, definition of Hodge-* via ( 1C.1I) still holds. Moreover, the 
volume form is the same, i.e. vol = A . . . A e* n _ x for {eo, . . . , e n _i} an oriented orthonormal 
basis, although it has square-norm —1 (to correct this we should multiply it by i, but we 
are on a real vector space). We use the convention ||eo|| 2 = — 1. In this case, there is 
sometimes, but not always, a sign change with respect to the euclidean case. For example, 
*(e* A ... A e*_ 1 ) = (— l) n ~ 1 eQ, exactly as in the euclidean case, since ( IC.lj) becomes, for 
a = /3= (e^ A ... A e*_ x ): 

(e* A ... A <_!) A {-ly^el = ((e* A ... A e^), (e* A ... A e* n _ x )) ■ vol 

which is true since both the l.h.s. and the r.h.s. are equal to the volume form. Instead, 
*( e o) = ~ e * A ... A e*„ 1; while in the euclidean case there is no minus sign. In fact, (IC.lj) 
becomes, for a = [3 = e^: 

e o A (— e* A ... A e*_ 1 ) = (e*,e*)vol 

and this is true because (e^e^) = —1 in the minkoskian case. Thus, given a summand 
x ■ el x A . . . A e* , its Hodge duals in the euclidean and minkowskian cases are equal if is not 
one of the indices i\, . . . ,i p , and they are opposite otherwise. In particular, since applying 
* 2 to any summand of this form we get the index one of the two times, it follows that * 2 
in the minkowskian and euclidean cases are always opposite (we recall that in the eulidean 
case * 2 \apv* — (—l) p( * n ~ p \ as it is easy to verify). 
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